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Abstract

Availability of an overlay network is a necessary con-
dition for event delivery in event based systems. The
availability of the overlay links depends on the under-
lying physical network. Overlay networks have to be
underlay aware in order to provide assured levels of
availability. We propose two models of availability for
overlay networks, Manifest and Latent Availability. In
the Manifest availability model, distinct paths at the
overlay level are also node disjoint at the underlay and
hence the alternate paths viewed by the overlay are in-
dependent in the underlay also. In the latent avail-
ability model, it is only guaranteed that any two over-
lay nodes have a guaranteed number of node disjoint
paths between them in the underlay. We analyze both
the models for complexity of formation and mainte-
nance, and prove that in the general case, both are
NP-complete. Then we identify a set of practical con-
straints applicable to large scale networks. We demon-
strate that under these constraints, latent availability
constraint becomes a polynomial time problem. We also
introduce the concept of reduced underlays, and further
reduce the complexity of the problem of determining la-
tent availability overlays.

1 Formalization of underlay aware
overlay

An overlay network is a logical abstraction of the
communication network needed by the distributed ap-
plication or the event based middleware, which allows
nodes running the application to communicate using
a transparent broker network of event brokers. The

event broker nodes, the client nodes and the logical
links between these form the overlay network. The
communication required is provided through a physical
network of computers connected via physical commu-
nication links. The network and transport layers of the
network provide the facilities for routing and transfer
of information. We hereby refer to the entire physical
network as the underlying network or the underlay of
the overlay network.

The physical network is represented by a the under-
lay graph Gu =< Vu, Eu > where Vu is a set of nodes
each corresponding to a physical node in the computer
network and Eu is a set of edges corresponding to each
physical link existing between a pair of computers in
the network.

Eu ={(p, q)|p, q ∈ Vu, and there exists a physical link
in the computer network between nodes corresponding
to p and q}.

Some computers in the network are broker nodes
and hence a part of the overlay network. A link in the
overlay network between two nodes is conceptual and
implies the existence of a physical path in the computer
network between the two nodes, which may contain
other nodes in the computer network.

Thus an overlay network is represented as the over-
lay graph Go =< Vo, Eo >, where Vo is the set of over-
lay nodes, and Eo ={(p, q)|p, q ∈ Vo, and there exists
an overlay link in the overlay network between nodes p
and q}.

Each overlay node has a unique underlay node
associated with it. Thus,
V ERTEXMAP : Vo → V u is a function that maps
every overlay node to a unique underlay node. More-
over,
(p, q) ∈ Eo ⇒ ∃x(0 ≤ x ≤ |Vu|) ∧ ∀i(0 ≤ i ≤
x)∃ni(ni ∈ Gu) :
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((V ERTEXMAP (p), n0, n1 . . . nx, V ERTEXMAP (q))
is a simple path in Gu).
Let PATHSu be the set of all simple paths in Gu.
An overlay graph, the underlay graph and
V ERTEXMAP also define a set (EDGEMAPS) of
functions (MAP ).
A MAP is defined as a function which has Eo as its
domain and PATHSu as its range and every link in
Eo is mapped to a simple path in the underlay graph,
between the corresponding V ERTEXMAP s of its
end nodes.
If M is a member of EDGEMAPS, then for any
overlay link l = (b, c), M(l) = p where p is a simple
path in Gu with end points V ERTEXMAP (b) and
V ERTEXMAP (c).
For any simple path path ∈ PATHSu, we define
INT NODES(path) to be the set of nodes in path
which are not the end points of path.
For example, if path = (p, a, b, c, q), then
INT NODES(path) = {a, b, c}.
We also define END NODES(path) to be the set of
end points of path.
In the previous example, END NODES(path) =
{p, q}.

2 Different availability models for un-
derlay aware overlay

The question addressed at this point is given a physi-
cal topology and a set of broker nodes can an algorithm
be found to determine whether the set of brokers can
form an overlay which is fault tolerant in the face of k
node/link failures ?

2.1 Manifest Availability model

A manifest availability overlay network of degree k
on an underlay network Go is defined as an overlay net-
work which satisfies two conditions
(i) Connectivity constraint: The overlay graph Go has
a node connectivity of k, which means every pair of
nodes in Go have k pairwise node disjoint paths be-
tween them in Go, and
(ii) Manifest Availability constraint: A pair of simple
paths that are node disjoint in the overlay graph Go

have corresponding node disjoint simple paths in the
underlay graph Gu.
Condition (ii) would be satisfied if and only if every
link in the overlay graph has a mapping to a simple
path in the underlay graph which is node disjoint with
the simple path that is mapped to by any other overlay
link. This can be formally stated as
∃MAP |((MAP ∈ EDGEMAPS) ∧ ((∀p∀q(p ∈ Eo ∧
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Figure 1. A Manifest Availability Overlay

q ∈ Eo ∧ (p 6= q)) ⇒ (INT NODES(map(p)) ∩
INT NODES(map(q)) = Φ)).

This would imply that there exists a mapping from
all overlay links to underlay paths such that any node
n in the underlay graph belongs to at the most one
underlay path in the mapping.

2.2 Latent Availability Model

The latent availability overlay network of degree k
is a general overlay network which has the property
that there are at least k distinct vertex disjoint paths
in the underlay network between every pair of nodes
in the underlay network corresponding to the nodes in
the overlay. Formally, a latent overlay graph Go =<
Vo, Eo > of availability degree k on an underlay graph
Gu =< Vu, Eu > is a graph such that

1. ∃V ERTEXMAP : (∀p∀q((p ∈ Vo ∧ (q ∈ Vo) ∧
(p 6= q)) ⇒ (∃a∃b : ((a ∈ Vu) ∧ (b ∈ Vu) ∧
(a 6= b) ∧ (a = V ERTEXMAP (p)) ∧ (b =
V ERTEXMAP (q))))))

which means that there exists a mapping function
V ERTEXMAP which maps every node in the
overlay graph to a distinct underlay node.

2. ∀p∀q((p, q ∈ Vo) ⇒ (∃k
i=1pathi : ((pathi ∈

PATHSu) ∧ (END NODES(pathi) =
{V ERTEXMAP (p), V ERTEXMAP (q)})) ∧
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(∀j∀l(j 6= l) ⇒ (INT NODES(pathj) ∩
INT NODES(pathl) = Φ))))

which means that between every pair of overlay
nodes there are k node disjoint paths in the corre-
sponding underlay.

We next analyze the complexity of overlay formation
for the two availability models.

3 NP Completeness of Manifest Avail-
ability Constraint

Consider the problem, Given a physical network and
an overlay network, is it possible to construct a mani-
fest availability overlay on the physical network.

This problem is at least as difficult as the problem
of determining whether an overlay network satisfying
the connectivity constraint also satisfies the manifest
availability constraint on the given underlay network.
Hence we address the problem of finding whether a
given overlay and underlay graph satisfy the manifest
availability constraint. The formal statement is: Given
an underlay graph Gu and the overlay graph Go, find a
V ERTEXMAP and map ∈ EDGEMAPS such that
∀p∀q, p, q ∈ Eo ∧ p 6= q ⇒
INT NODES(map(p))

⋂
INT NODES(map(q)) =

Φ. In the next section, we demonstrate that the prob-
lem is NP-complete.

The manifest availability constraint problem, stated
in Section 2 is NP-Complete. We prove that by showing
that it is
(i)NP
(ii)NP Hard

3.1 Manifest Availability constraint is NP

In order to prove this we have to prove that prob-
lem is polynomial time verifiable, which means that
given an underlay graph Gu, an overlay graph Go,
V ERTREXMAP and M ∈ EDGEMAP , we can ver-
ify whether M satisfies the manifest availability crite-
rion in time polynomial in terms of the size of graphs
and the map. Each vertex can be checked for inclusion
in two paths in time O(|map| ∗ (V0)), using simple lin-
ear search. Each overlay link’s map can be tested for
validity in time O(|map|), by looking up the underlay
graph. Hence Manifest availability constraint is NP.

3.2 Manifest Availability constraint is
NP-Hard

We prove that Manifest Availability Constraint is
NP hard by showing that Node Disjoint Subgraph
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Figure 2. A Node disjoint Homeomorphism

Homeomorphism, a known NP Complete problem is
polynomially reducible to Manifest Availability Con-
straint. The Node disjoint Homeomorphism
problem as defined in [1]is

“Let H and G be two graphs both directed
or both undirected. A subgraph homeomor-
phism is defined as a pair of one-to-one map-
pings (v,a), the first from nodes of H to nodes
of G; the second from edges of H to simple
paths in G. We require that a path in G which
corresponds to edge (x,y) of H go from v(x) in
G to v(y) in G. the graph H is called a pattern
graph. If the image of edges of H is a set of
paths which are node disjoint upto end points
the homeomorphism is a node disjoint home-
omorphism. We say that H is node disjoint
homeomorphic to a subgraph of G. The most
general node disjoint homeomorphism prob-
lem is NP-Complete.”

. Node disjoint homeomorphism has been proved poly-
nomial only for simple patterns like triangles and two
independent edges [1].

We demonstrate that the general node disjoint
homeomorphism problem is polynomially reducible
to general manifest availability constraint, in fact
manifest availability constraint is a straight reduction
from the general node disjoint homeomorphism.
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Reduction
Let Go be the pattern graph H =< Pv, Pe > and

Gu be the input graph G =< Iv, Ie >.

Lemma: < Gu, Go > satisfies the manifest
availability criterion if and only if H is a node
disjoint homeomorphism of G

Proof:

1. < Gu, Go > satisfies the manifest availability con-
straint

⇒ ∃V ERTEXMAP , ∃map ∈
EDGEMAPS|∀p∀q : ((p, q ∈ Eo ∧
p 6= q) ⇒ INT NODES(map(p)) ∩
INT NODES(map(q)) = Φ)

⇒ ∀h : (h ∈ Pv ⇒ V ERTEXMAP (h) ∈ Iv) ∧
∀h∀i : (h ∈ Pe ∧ i ∈ Pe) ⇒ (map(h) and map(i)
are paths in G and node disjoint)

⇒ H is a node disjoint homeomorphic on G

2. H is a node disjoint homeomorphic on G

⇒ ∃v∃a|∀h : (h ∈ Pv ⇒ v(h) ∈ Iv) ∧ ∀p∀i|((p ∈
Pe) ∧ (i ∈ Pe)) ⇒ (a(h) and a(i) are paths in G
and node disjoint)

⇒ ∃V ERTEXMAP (= v), (∃map(= a) ∈
EDGEMAPS) : (∀p : p ∈ Vo ⇒
V ERTEXMAP (p) ∈ Vu) ∧ (∀p∀q((p ∈ Eo) ∧
(q ∈ Eo) ∧ p 6= q)) ⇒ (INT NODES(map(p)) ∩
INT NODES(map(q)) = Φ)

< Gu, Go > satisfies the manifest availability con-
straint

Theorem: Manifest Availability is NP-
Complete

The second model for availability is based on the un-
derlying connectivity between overlay nodes provided
in the underlaying network. It does not call for the
rigid condition that any path that is node disjoint in
the underlay should be node disjoint at the overlay level
also.

4 NP Completeness of the Latent
Availability Overlay

We prove that the Latent availability problem is NP-
Complete. The first step towards this is to show that
Latent availability is NP-Hard.

4.1 The latent availability problem is NP
Hard

The problem of latent availability overlay can be
stated as: Given an underlay graph Gu, and an overlay
graph vertex set Vo, find V ERTEXMAP such that
every overlay node is mapped to a distinct underlay
node and for every node pair in the underlay which are
mapped to from overlay nodes by V ERTEXMAP ,
there are at least k pairwise node disjoint paths be-
tween the node pairs in the underlay. In other words
find a V ERTEXMAP such that the conditions 1 and
2 above, hold.

The latent availability criterion is NP complete for a
general underlying graph and overlay node set cardinal-
ity |Vo|. We demonstrate the NP Hardness by showing
that the k-clique problem [2], a well known NP com-
plete problem, is polynomially reducible to the latent
availability problem.

Reduction: The k-clique problem is: Given a graph
G and a positive integer k, find whether a k-clique ex-
ists as a subgraph of G, and return the k-clique if it
exists, and otherwise indicate that a k-clique does not
exist.

Let < G, k > be the input to the k-clique problem,
such that |V | > 2. We polynomially construct an in-
stance of the latent availability problem such that the
solution to the latent availability problem answers the
k-clique problem,

Construct a graph Gu in the following manner. A
sample graph G and the constructed Gu are illustrated
in Figure 3.

• STEP I: Corresponding to every node i in G add
a node vi in Gu. Let D be the set of nodes added
in this step.

• STEP II: Let n = |VG|. Corresponding to every
edge (i, j) in G, add n vertices v1

ij to vn
ij in Gu,

and add edges (viv
k
ij) and (vk

ijvj) for all k from 1
to n. Thus 2 ∗ |VG| ∗ |EG| edges and |VG| ∗ |EG|
nodes are added. Let I be the set of nodes added
in this step.

Find a latent availability overlay of degree n and
overlay node cardinality k in Gu.

Lemma:

A k-clique exists in G if and only if a latent
availability overlay of degree n with k nodes
exists in the underlay graph Gu.

4



a

d

cb

A Graph G

va

vb vc

vd

v1
bd v2

bd v3
cd v4

cd

v1
bc

v2
bc

v3
bc

v4
bc

v3
bd v4

bd v1
cd v2

cd

v4
ac

v1
ac

v2
ac

v3
ac

The constructed graph Gu

Figure 3. Reduction from k-clique to Latent
Availability

Proof:

1. If k-clique exists in G then latent availability over-
lay of degree n with k nodes exists in Gu

Let K be the set of nodes in the clique in G.

∀p∀q : (p, q ∈ K)

⇒ ((p, q) ∈ EG)

⇒ vp and vq have n node disjoint paths
∀n

i=1(vp, v
i
pq, vq)between them in Gu

⇒ If K be the range set for V ERTEXMAP of an
overlay Go of size k, then Go is a latent availability
overlay of degree n

⇒ a latent availability overlay of k nodes of degree
n exists in the underlay graph Gu

2. If a latent availability overlay of k nodes of degree
n exists in the underlay graph Gu then a k−clique
exists in G

Let V ERTEXMAP be the vertexmap obtained
in Gu for the overlay network. Let Q = {x|∃y, y ∈
Vo : V ERTEXMAP (y) = x} i.e let Q be the set
of nodes in Gu that are mapped to by the overlay
nodes.

Then, ∀x∀y(x, y ∈ Q ⇒
∀n

i=1∃pathi|(END NODES(pathi) =
{x, y} ∧ (∀j∀i(j 6= i) ⇒ ((INT NODES(pathi) ∩
INT NODES(pathj)) = φ)))

Claim I: For any x x ∈ Q ⇒ x ∈ D, i.e., it is
a node added by STEP I of the construction We
prove the claim using proof by contradiction.

Assume ¬(x ∈ D).

Then, x ∈ I

⇒ degree(x) = 2 because in STEP II nodes are
added with just two edges

⇒ x can have at most two disjoint paths to any
node, as all its paths go through two adjacent
nodes

⇒ ¬x ∈ Q which is a contradiction. Hence, x ∈ D

Claim II: There is at least one path between x
and y consisting of just a single node of degree
two, added in STEP II. Formally,

x, y ∈ Q ⇒ ∃pathq∃p : END NODES(pathq) =
{x, y} ∧ INT NODES(pathq) = {p} ∧ p ∈ I

To prove by contradiction, let us assume the op-
posite, i.e. all paths between x and y have one or
more nodes added in STEP I, or have more than
one node added in STEP II without any nodes
added in STEP I.
Formally,
∀path ∈ Pathsu(END NODES(path) =
{x, y} ⇒ ((∃a|(a ∈ INT NODES(path) ∧ a ∈
D)) ∨ ((∃a, b ∈ INT NODES(path) ∧ {a, b} ⊂
I ∧ (a 6= b))∧ ((INT NODES(path)∩D) = φ))))

The second clause on the right hand side is not
true as a and b have a degree of just 2 and each
link of a (and of b) is to a node in D. Hence any
path between two nodes belonging to I contains a
node belonging to D. Hence the second clause can-
not be true. Hence the assumption can be changed
to contain the first clause alone, i.e., all paths be-
tween x and y have one or more nodes added in
STEP I.
Formally

∀path ∈ Pathu

(END NODES(path) = {x, y} ⇒
((∃a|(a ∈ INT NODES(path)
∧a ∈ D))

As there are n node disjoint paths between x and y,
each has a different node belonging to D− {x, y}.
But |D − {x, y}| = n − 2 by STEP I. Hence by
the pigeonhole principle, there should be at least
two paths without a node from D−{x, y}. Hence,
it must have been true that there is at least one
path between x and y which contains a single node
p which belongs to I, i.e added in STEP II as
(2 > 1).
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By construction p would have been added in STEP
II only if there was an edge between nodes corre-
sponding to x and y respectively in G.

Hence the nodes corresponding in G to the nodes
in the latent availability overlay of size k in Gu

form a clique, as an edge exists between each pair
of those nodes in G.

Thus G has a clique of size k.

4.2 Latent availability overlay is NP

The problem of Latent Availability overlay is NP can
be stated as: Given graphs Gu, Go, V ERTEXMAP
which maps every overlay node to a node in Gu, and a
positive integer k, it can be verified whether the overlay
forms a latent availability overlay in Gu of degree k.

The problem now is to verify whether
∀x∀y((x ∈ Vo) ∧ (y ∈ Vo)) ⇒ ∃k

i=1pathi|
((END NODES(pathi) = x, y)∧ ∀k

i=1∀k
j=1(i 6= j ⇒

((INT NODES(pathi) ∩ INT NODES(pathj)) =
φ))

The problem can be polynomially reduced to the
k vertex disjoint path problem for directed graphs
which is polynomially reducible to the maximum flow
problem [2]. The maximum flow problem has an
O(|V |3) solution, using the Relabel-to-Front algorithm
[2]. The reduction is explained in the algorithm
Latent Availability and the constructed graph is
illustrated in Figure 4.

Algorithm: Latent Availability (Gu, Go, k)

1. Construct G′u, a directed graph from Gu, by re-
placing each node x in Gu with two nodes x and
x′, adding a directed edge < xx′ >, and for ev-
ery undirected edge (x, y) in Gu, add two directed
edges < x′y > and < y′x > in G′u and assign a
capacity of 1 to each edge in G′u.

2. For every node pair < x′y > in G′u such that
∃ vx∃vy|vx, vy ∈ Vo∧ V ERTEXMAP (vx) = x ∧
V ERTEXMAP (vy) = y, do step 3

3. Run the Relabel to front [2] algorithm on
(G′u, x′, y) and determine M , the maximum set of
pairwise edge disjoint paths between x′ and y. Any
node p and its image p′ occur in only one path in
the set, as the only outgoing edge from p is to p′,
and the only incoming edge to p′ is from p, and
< pp′ > is included in only one path in M . Hence
each path corresponds to a path in Gu which is
node disjoint from every other path obtained.
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Figure 4. The reduction to maximum flow de-
termination

4. If for every such pair the flow is equal to k or
more then Go forms a latent availability overlay of
degree k on the underlay Gu.

Complexity analysis
Step 1 is O(|Vu|+ |Eu|)
Step 2 is O|V 2

o |
Step 3 is O|Vu|3 : Thus O(|Vo|2|Vu|3) for the loop

execution
Step 4 is O(|Vo|2)
Hence the algorithm is polynomial on the input size.
Hence latent availability is NP. As it is also NP Hard

it is NP complete.

Theorem: Latent Availability is NP-
Complete

5 Pragmatics induced constraints

The complexity for the availability models discussed
makes it infeasible to have efficient solutions to the
problems unless P=NP. Hence, in order to have meth-
ods of generating available overlays, we need to look
at pragmatic issues and use the information to restrict
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the problem to a set of cases and thereby reduce the
complexity involved in solving the problem.

An important point is that in a practical scenario
on the internet, or a similar large network, every node
in the network cannot be a potential broker or run
the application software. It is decided by proprietary
issues, node capabilities, application requirements and
similar external factors. Hence instead of considering
the issue of whether a particular availability model can
be supported by the given underlay, we can consider
the mapping of the overlay nodes to underlay nodes,
i.e., the V ERTEXMAP as fixed, and analyse whether
the availability model can be supported by the set of
overlay nodes on the given underlay. We name this as
the spatial invariability constraint.

Secondly, the application software or broker software
runs on an asynchronous distributed system. The in-
formation about a particular nodes joining or aspiring
to join the broker network may be generated at differ-
ent points of time, while the broker software or appli-
cation is running on an existing broker network. We
call this as the temporal variability constraint.

Thirdly, the whole underlay is not static, and at in-
ternet scales, it is also too large for the whole informa-
tion to be present at every node. Hence only a partial
knowledge of the underlay graph could be available at
any node. This is known as the Local Knowledge con-
straint.

In the next section we study the effect of the spatial
invariability criterion on the two availability models,
and the complexity improvement it produces on them.

6 Spatial Invariability

When the spatial availability constraint is satisfied,
the nodes to become broker nodes are fixed, i.e the
V ERTEXMAP is invariable. In this situation the
manifest availability criterion can be modified. the re-
vised constraint is:

Given an underlay graph Gu and the set of over-
lay nodes Vo, and V ERTEXMAP which maps nodes
in Vo to nodes in Vu find whether there exists Eo and
map ∈ EDGEMAPS such that it satisfies the condi-
tions for the manifest availability, i.e.,

(i) Every overlay node (v ∈ Vo) has d node disjoint
paths to every other overlay node in Go.

(ii) All edges p, q ∈ Eo are mapped by map to paths
in Gu such that

INT NODES(p) ∩ INT NODES(q) = φ
As with the given number of nodes, many overlay

graphs of node connectivity d can be formed, and this
number is combinatorial, it is given a lower bound by
nCd, where n = |Vo|. The testing of a given overlay for

node disjointedness in the underlay can be done using
the technique of flow determination in polynomial time.
But the total time for testing all the possibilities would
be exponential as the number of possible overlay graphs
is exponential.

Under the spatial invariability constraint, the latent
availability criterion changes to

Given an underlay graph Gu and the set of over-
lay nodes Vo, and V ERTEXMAP which maps nodes
in Vo to nodes in Vu, and availability degree k, find
whether there exist k node disjoint paths between ev-
ery node pair.

We can observe that this problem is the same as the
verification problem for Latent availability overlays, de-
scribed in the previous section. We have already proved
it to be polynomial time solvable.

Thus the fixed spatiality constraint advocates the use
of the latent availability model for overlay networks.

7 The temporal variability criterion

The temporal variability constraint states that the
size of the overlay graph is not constant over time.
Nodes may join or leave (stop being broker nodes) at
any point of time. Whenever a new broker node is to
be added to the overlay, the overlay has to be recon-
structed and its availability requirements have to be
assured. The impact this has on the two availability
models is analyzed below.

7.1 The Manifest Availability Model

If an existing overlay Gu satisfies the manifest avail-
ability requirements, then a new broker node has to be
added such that the overlay has a node connectivity of
d, as well as every edge in the overlay is node disjoint
in the overlay. This problem could be stated in two
ways.

I. Given an overlay graph Go, an underlay graph
Gu, V ERTEXMAP and EDGEMAPS such that
the Manifest Availability Constraint are satisfied, and
an underlay node b′ determine a new overlay graph
G′o such that V ′

o = Vo ∪ x, with V ERTEXMAP ′ =
V ERTEXMAP ∪< x, b >, and G′o satisfies the man-
ifest availability criterion on Gu.

II. Given an overlay graph Go, an underlay graph
Gu, V ERTEXMAP and EDGEMAPS such that
the Manifest Availability Constraint are satisfied,
and an underlay node b′ determine a new overlay
graph G′o such that V ′

o = Vo ∪ x, Eo ⊆ E′
o with

V ERTEXMAP ′ = V ERTEXMAP ∪ < x, b > such
that the manifest availability criterion is satisfied by
G′o on Gu.
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In the first case new manifest overlay graphs of con-
nectivity k having one more node than before have to
be found. Hence all possible such overlay topologies
have to be generated and tested for the manifest avail-
ability criterion, calling for an exponential time com-
putation.

In the second case, the existing overlay and
EDGEMAP elements are retained, and new edges
and paths are to be added to EDGEMAP such that
it has no nodes in common with existing paths in
EDGEMAP . The possible new overlay edge sets have
to be tried out, thus V[o|−1Cd number of combinations
have to be evaluated for the manifest availability crite-
rion, again giving an exponential time solution.

7.2 The Latent Availability Model

In the latent availability model, the temporal vari-
ability constraint problem says that the new node to
join the network should also have k node disjoint paths
to each existing overlay node. The problem can be for-
mally stated as he problem of latent availability overlay
can be stated as:

Given an underlay graph Gu, and an overlay graph
vertex set Vo, and V ERTEXMAP such that every
overlay node is mapped to a distinct underlay node and
for every node pair in the underlay which is mapped to
from an overlay node by V ERTEXMAP , there are
at least k pairwise node disjoint paths between the
node pairs in the underlay, an underlay node b, deter-
mine G′o, such that V ′

o = Vo ∪ vx, V ERTEXMAP =
V ERTEXMAP ∪ vx, x and every node pair p, q ∈ V ′

o

is such that there are k node disjoint paths in Gu be-
tween V ERTEXMAP (p) and V ERTEXMAP (q).

This problem is polynomial time solvable, as it
amounts to determining whether the x has k node dis-
joint paths in overlay to every node which is mapped to
by V ERTEXMAP from a node in Vo. Thus the tech-
nique outlined in Step 3 of Section 4.2 can be repeat-
edly applied to the |Vo| node pairs each taking polyno-
mial time, to ascertain the latent availability constraint
satisfaction.

8 The Local Knowledge constraint

The Local Knowledge constraint states that the full
knowledge of the underlay graph is practically very
large for large scale networks, and hence a full knowl-
edge of the underlay for individual nodes is impossible
to store. For the manifest availability constraint, for
every new node joining the broker network, the full
knowledge about the overlay graph and its underlay

map is required to ascertain the satisfaction of avail-
ability constraints. For the latent availability overlay,
at a time only the knowledge about the paths to a par-
ticular overlay node are needed, hence the knowledge
requirement is ”local” and more manageable.

In this manner, all the constraints indicate that
latent availability model is more practical, economic
and easy to use. Hence we concentrate on the latent
availability model availability model for underlay aware
highly available overlays.

9 Reduced Underlay Graph

We define a reduced underlay graph of an underlay
graph Gu as a multigraph Gru =< Vru, Eru >

where Vru = Vu − {x|(degree(x) = 1) ∨
(¬(∃u(V ERTEXMAP (u) = x)) ∧ (degree(x) ≤ 2))}

and Eru = {(x, y)|(x, y ∈ Vru ∧ ((x, y) ∈ Eu) ∨
∃path ∈ PATHSU (END NODES(path) = (x, y) ∧
(INT NODES(path) ∩ Vru = φ))}

Thus in the reduced underlay graph the nodes of
degree 1 (pendant) are not included. Nodes of degree
two which are not broker nodes (connector nodes) are
simply “joined across” by their adjacent nodes and re-
moved from the picture.

Lemma: An overlay graph Go forms a latent
(or manifest) availability overlay of degree k
on an underlay graph Gu if and only if Go

forms a latent (or manifest) availability over-
lay of degree k on the reduced underlay graph
Gru

Proof:
1. If Go forms a latent (or manifest) availability over-
lay of degree k on the reduced underlay graph Gru then
Go forms a latent (or manifest) availability overlay of
degree k on an underlay graph Gu.

We claim that any two paths in Gru that are in-
ternally node disjoint in Gru have mappings to dis-
tinct node disjoint paths in Gu. Let (x, p1, p2..pn, y)
and (x, q1, q2..qm, y) be the two node disjoint paths
in Gru. Then p1, p2..pn and q1, q2..qm are all ex-
pander nodes or overlay nodes. Consider any edge
(pipj) or (qlqk) in the path. It implies that ei-
ther there was an edge in Gu between the nodes or
that there was a path between them in Gu consist-
ing of only connector nodes (degree 2). Hence the
paths (x, p1, p2..pn, y) and (x, q1, q2..qm, y) have corre-
sponding paths (x, p01, ..p1, p11..p2...pn−11..pn, pn1..y)
and (x, q01, ..q1, q11..q2...qn−11..qn, qn1..y) in Gu, where
all the nodes between pi and pi+1 or qi and qi+1 are
connector nodes. It can be proved that the same node
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x cannot be pij as well as qkl which means that the
connector nodes in the first path are distinct from the
connector nodes in the second path. If there was such
a node x, it is connected to only two nodes as its de-
gree is two. Hence the adjacent nodes would also have
to be common in both paths. following this line of
reasoning for all the succeeding two degree nodes, the
expander/overlay nodes pj and ql will have to be the
same, thus implying that the paths were not internally
node disjoint in Gru.

2. If Go forms a latent (or manifest) availability
overlay of degree k on an underlay graph Gu then Go

forms a latent (or manifest) availability overlay of de-
gree k on the reduced underlay graph Gru

We claim that any two paths in Gu that are inter-
nally node disjoint in Gu have mappings to distinct
node disjoint paths in Gru. Let (x, p1, p2..pn, y) and
(x, q1, q2..qm, y) be the two node disjoint paths in Gu.
Each node in this is either a connector node or an ex-
pander/overlay node. Consider two nodes a and b in
such a path that are expander/overlay nodes. Then
a and b have an edge between them in Gru. Thus
there is path in Gru between x and y consisting of ex-
pander/overlay nodes in the path in Gu. As the paths
are internally node disjoint in Gu, the set of internal
nodes in the path in Gru being a subset of the nodes in
Gru, the paths in Gru are also internally node disjoint.

Hence, we further restrict our problem to that of
finding overlays for the given set of overlay nodes on
the reduced underlay graph Vru, satisfying the latent
availability constraint.

10 Conclusion

In this paper we present two models of availability
for overlay networks, Manifest and Latent Availabil-
ity. We have analyzed both the models for complexity
of formation and maintenance, and proved that in the
general case, both are NP-complete. Then we iden-
tified a set of practical constraints applicable to large
scale networks and demonstrated that under these con-
straints, latent availability constraint becomes a poly-
nomial time problem. The concept of reduced under-
lays, which further reduces the complexity of the prob-
lem of determining latent availability overlays is also
introduced.
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