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W avefron t T ransform ation

do I1=  0 , 3 , 1

     do I2 =  0 , 2 , 1

         A (I1,I2)=A(I1-1,I2)+A(I1,I2-1)

     end do

end do

do K 1= 0 , 5 , 1

     do K 2 =  max {0,K 1-3} , min {2,K 1} ,1

          A (K 1-K 2,K 2)=A(K 1-K 2-1,K 2)

       +A(K 1-K 2,K 2-1)

    end do

end do



U nim odu lar M atrices

(K 1,K 2)=(I1,I2) U

where U is integer unimodular 

matr ix (det(U)=1).

First  Column def ines the direc-

t ion of the wavefront

Second Column is chosen such 

that U  is unimodular

Original Loop:

L1:      do I1 =  n1 ,  N1 ,  1

L2:      do I2 =  n2 ,  N2 , 1

H( I1 , I2 )

     end do

end do

Transformed Loop:

:      do k1 =  m1 ,  M 1 ,  1

      :      do k2 =  m2  ,  M 2 , 1

     end do

end do

L1U

L2U K1

HU K1 , K2

U=[u11 u12
u21 u22 ]=[1 1

1 0 ]



D istance and  D irection  V ecto rs

 (I1,I2)>(J1,J2) if  either I1>J1 or I1=J1 and I2>J2

 Distance Vector (D1,D2).

 Thus D>0.                                             

 Also that  direct ion vector d=(s1,s2) >  0

 I f  d irect ion vector if  of  the form (1,s2) then level-1 dependence

 I f  d irect ion vector if  of  the form (0,1) then level-2 dependence



O utline  o f transfo rm ing  a  nest using  B anerjee 's  

U n im odu lar T ransfo rm ations

 We have a nest           

 We have an appropriate unimodular matr ix say 'U '

 Banerjee's algorithm transforms the nest  into a new nest                using 'U '

 The transformation applied for convert ing from               to               , depends 

upon the value of 'U '

 The transformation could be any of Loop interchange, Loop reversal or   

simply  a parallelizing transformation.

L1 , L2

L1 , L2UL1 , L2
L1 , L2U



E xam ple

Orig inal Loop                :

L1: do I1 =  n1 ,  N1 ,  1

L2: do I2 =  n2 ,  N2 , 1

Body ( I1 , I2 )

end do

end do

L1 , L2

Example  :

L1: do I1 =  0 ,  3 ,  1

L2: do I2 =  0 ,  2 , 1

A  (I1 , I2) =  A  (I1–1 , I2) 

     + A  (I1 , I2-1)

end do

end do

n1 =  0   

N1 =  3   

n2 =  0   

N2 =  2   

 1         0

 1         1

Given a unimodular matrix 'U':

u11 = 1

u12 = 0

u21 = 1

u22 = 1



A lgorithm  fo r transfo rm ing  the  nest

Step 1:

 Set D = determinant(U)

    If |D| not 1, then terminate ( U is not Unimodular)

    

                                      

 1         0

 1         1
D = 1



Step 2:

  Find Expressions for I1 and I2 in terms of K 1 and K 2

  Replace- 

I1 by D. u22. K 1 + ( -D  ). u21. K 2  

  Replace- 

I2 by ( -D  ). u12. K 1 + D. u11. K 2 

    in the loop body to get t ransformed body

        

u11 =  1 u12 = 0 u21 = 1 u22 =  1

D =  1

I1  =  (1). (1). K 1 + (-1). (1). K 2 =  K 1 - K 2 

I2  =  (-1). (0). K 1 + (1). (1). K 2 = K 2

Old Body:

A  (I1 , I2) =  A  (I1–1 , I2)  + A  (I1 , I2-1)

T ransformed body:

A  ( K 1–K 2,  K 2 ) =  A  ( K 1–K 2-1,  K 2 )  + A  ( K 1–K 2,  K 2-1 ) 



Step 3:

In the T ransformed Loop                 :

      : do K 1 = m1 ,  M 1 , 1

 : do K 2 = m2(K 1)  , M 2(K 1) , 1

Body   ( K 1 , K 2 )

end do

end do

Set,

L1 , L2U

m1=u11 . n1−u11− . N1u21 . n2−u21− . N2
M1=u11 . N1−u11− . n1u21 . N2−u21− . n2

We know, 

n1 =  0 N1 =  3 n2 = 0 N2 = 2

u11 = 1 u12 =  0 u21 =  1 u22 =  1

 

m1 =   ( (1). (0) – (0). (3) ) + ( (1). (0) – (0). (2) ) =  0

M 1 =  ( (1). (3) – (0). (0) ) + ( (1). (2) – (0). (0) ) =  5

L1U

L2U K1

U



Step 4:

I f  (-D . u21 >  0 )

then

LB1=(n1–D.u22.K 1)/(-D .u21) 

UB1=(N1–D.u22.K 1)/(-D .u21)

else

UB1=(n1–D.u22.K 1)/(-D .u21) 

LB1=(N1–D.u22.K 1)/(-D .u21)

end

If  (D . u11 >  0 )

then

LB2=(n2+D.u12.K 1)/(D.u11) 

UB2=(N2+D.u12.K 1)/(D.u11)

else

UB2=(n2+D.u12.K 1)/(D.u11) 

LB2=(N2+D.u12.K 1)/(D.u11)

end

We know,  D  =  1 (A lready Calculated)

n1=0    N1=3      n2=0      N2=2

u11=1     u12=0    u21=1    u22=1

So,

        -D.u21=-1  

Expression         Value  -D .u21>0    -D .u21<0

(n1–D.u22.K 1)/(-D .u21)      K 1          LB1          UB1

(N1–D.u22.K 1)/(-D.u21)     K 1-3       UB1          LB1

        A lso,  D .u11=1

                                                           D .u11>0      D .u11<0

 (n2+D.u12.K 1)/(D .u11)        0            LB2          UB2

(N2+D.u12.K 1)/(D.u11)        2            UB2          LB2



Step 5:

    m2(K 1) =  ceiling(max(LB1,LB2))

    M 2(K 1) =  f loor(min(UB1,UB2))

 

 From Prev ious Slide -

       -D .u21=-1  

Expression         Value  -D .u21>0    -D .u21<0

(n1–D.u22.K 1)/(-D .u21)      K 1          LB1          UB1

(N1–D.u22.K 1)/(-D .u21)     K 1-3       UB1          LB1

        A lso,  D .u11=1

                                                           D .u11>0      D .u11<0

 (n2+D.u12.K 1)/(D.u11)        0            LB2          UB2

(N2+D.u12.K 1)/(D.u11)        2            UB2          LB2

So,  m2(K 1) =  ceiling(max(0,K 1-3))

and,M 2(K 1) =  f loor(min(2,K 1))



Step 6:      Subst itu te the calculated values in the foll nest-

T ransformed Nest :

      : do K 1 =  m1 ,  M 1 , 1

           : do K 2 = m2(K 1)  , M 2(K 1) , 1

Body   ( K 1 , K 2 )

end do

end do

We have calculated-

m1=0  M 1 = 5 m2(K 1) =  ceiling(max(0,K 1-3)) M 2(K 1) =  f loor(min(2,K 1))

Body  (K 1,K 2)  :   A  ( K 1–K 2,  K 2 ) =  A  ( K 1–K 2-1,  K 2 )  + A  ( K 1–K 2,  K 2-1 ) 

SUBST ITUT ING, we get the Transformed N est  :

L1: do K 1 = 0 ,  M 1 , 5

L2: do K 2 = ceiling(max(0,K 1-3))  , f loor(min(2,K 1)) , 1

A  (K 1–K 2, K 2) =  A  (K 1–K 2-1, K 2)  + A  (K 1–K 2, K 2-1)

end do

end do

L1U

L2U K1

U

U



do I1 =  n1, N1, 1

do I2 =  n2, N2, 1

H(I1, I2)

end do

end do

U=[−1 0
0 1 ]

Original Loop Transformed Loop

do K 1 =  -N1, -n1, 1

do K 2 = n2, N2, 1

H(-K 1, K 2)

end do

end do

Reversal Matrix:

O uter Loo p  reversal



do I1 =  n1, N1, 1

do I2 =  n2, N2, 1

H(I1, I2)

end do

end do

U=[0 1
1 0 ]

Original Loop Transform ed Loop

do K 1 =  n2, N2, 1

do K 2 = n1, N1, 1

H(K 2, K 1)

end do

end do

Interchange Matrix

Loo p  In terchange



do I1 =  n1, N1, 1

do I2 =  n2, N2, 1

H(I1, I2)

end do

end do

U=[1 q
0 1 ]

Original Loop Transformed Loop

do K 1 =  n1, N1, 1

do K 2 =  n2 + q*K 1, N2 + q*K 1, 1

H(K 1, K 2 - q*K 1)

end do

end do

Skewing Matrix

Loop  S kew ing



A lgorithm s to  find  U n im odu lar M atrix  'U '

 Given a nest (L1, L2)

 Algorithm 1
 Transformed nest is equivalent to the orig inal nest.

 The outer loop L1 can be executed in parallel.

 The iterat ion count of  L1 is maximized.

 Algorithm 2
 Transformed nest is equivalent to the orig inal nest.

 The inner loop L2 can be executed in parallel.

 The iterat ion count of  L1 is minimized.



A lgorithm  1

1. Find all dependence distance vectors.

L1: do I1 =  5, 100, 1

L2: do I2 =  16, 80, 1

S: A(I1, I2) =  A(I1 – 2, I2 – 4) + A (I1 – 3, I2 – 6)

end do

end do

Distance Vectors:

(2, 4) 

(3, 6) 



A lgorithm  1 (con t.)

2. If there are no distance vectors, then set

U=[1 0
0 1 ] If  N1 – n1 >= N2 – n2, 

U=[0 1
1 0 ] Otherwise,

     And go to step 5.

3. If all depedence vectors are of the form c*(a1, a2) goto next step.

    Else “No unimodular transformation such that outer loop can be  executed in                

    parallel”.

(2, 4) =  2(1, 2)

(3, 6) =  3(1, 2)



A lgorithm  1 (cont.)

4. Find g = gcd(a1, a2) and a pair of integers (u12, u22)

    such that a1*u12 + a2*u22 = g. 

    Calculate,

   (u11, u21) = (a2/g, -a1/g)

gcd (1, 2)  =  1

1*u12 + 2*u22 = 1

u12 = 1, u22 =  0

u11 = 2 / 1 =  2

u21 = -1 / 1 =  -1

U=[u11 u12
u21 u22 ]=[ 2 1

−1 0 ]
Solution



A lgorithm  to  P ara lle lize  Inner Lo op

1. Find all the dependence distances of form (D1,D2) and direct ion vectors in (L1,L2).

2. In it ialize List= {         ,       ,         ,          }

3. Generate Final L ist

if  the nest has the direct ion vector (1,0) then 

          delete from List  :                    

if  the nest has the direct ion vector (0,1) then 

         delete  f rom List  :                   

if  the nest has the direct ion vector (1,1) then 

        delete from List  :  

if  the nest has the direct ion vector (1,-1) then 

begin

        delete from List  :      

       set m =  ceil( max( -D2/D1) ) + 1 , where M aximum is taken over all    

       d istance vectors  (D1,D2) such that D1>0 and D2<0.

       Add to the list

 end

 

    

1,0T

1,0T

1,1T0,−1T0,1T

0,1T0,−1T

0,−1T

0,−1T

0,1T 1,1T

m ,1T



A lgorithm  to  P ara lle lize  Inner Loop  (C ont..)

4. Get the best choice for u11,u21

If  (N1-n1)>(N2-n2)

Take f irst  vector f rom the follow ing  sequence which is in the list       

             else 

                   Take f irst vector f rom the follow ing  sequence which is in the list       

5. I f  the best choice of (u11,u21)=(1,0) then simply mark the inner loop as parallel.

    Otherwise,

Form U by taking the f irst  column from best choice and set u12=1 ,u22=0. 

Then  t ransform the nest using algorithm seen prev iously .

m ,1T1,0T
1,1T0,−1T0,1T

1,0T
1,1T0,−1T0,1T m ,1T



E xam ple

 The distance vectors are (0,1) , (2,-3) and 

(3,-7)

 The direct ion vectors are (0,1) and  (1,-1)

 Init ialize List= {                                            }

 Consider pair (0,1) f rom direct ion vectors. 

so delete pairs                           from List .

 Consider pair (1,-1) so 

 Delete pairs                          f rom List .           

    Now m=ceil(max{-(-3)/2,(-7)/2})+1=3   

Add  to the List 

 Thus the only  element lef t  in the list  is        

 And w ill be selected as best choice. Thus 

U is                                     

1,0T0,−1T

1,1T0,1T

3,1T

3,1T

do I1 =  5, 100, 1

     do I2 =  5, 100, 1

             A(I1, I2) = A(I1, I2 – 1) + A(I1 – 2,I2+3)

+A(I1-3,I2+7)

    end do

end do

U=[u11 u12
u21 u22 ]=[3 1

1 0 ]

1,0T
1,1T0,−1T0,1T



S um m ary

 Wavefront Transformation
 Basics : Unimodular Matrices
 Algorithm to apply Unimodular Transform ations
 Special Cases of Transform ations
 Algorithm s to find U.



Thank Y ou!


