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Directional Derivative: Simplified Expression

Define g(h) = filx + vh). Now:
e g(0)= Iln0 0+hh_ 9 — A@OKL’“;IMEZ, which is the expression for the directional
derivative defined in equation 1. Thus, g'(0) = Dyf(x).
@ By definition of the chain rule for partial differentiation, we get another expression for

g (0) as
g(0) =

Therefore, g'(0) = Z

Homeworks:

axk

o Consider the polynomial f(x, y, z) = x2y+ zsin xy and the unit vector vl = 715 1,1, 1]T. Consider the point pg = (0, 1, 3). Compute the
directional derivative of fat pg in the direction of v.
e find the rate of change of f(x, y, z) = 9% at pg = (1, 2, 3) in the direction from p; = (1,2, 3) to po = (—4,6, —1).
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The Gradient Vector and Directional Derivative

@ We can see that the right hand side of (2) can be realized as the dot product of two

T
. Of(x) Of(x) Of(x)
vectors, viz., [8X1 B D and v.

@ Let us denote Qf(y’:) by £ (x). Then we assign a name to this special vector:

Definition
[Gradient Vector]: If fis differentiable function of x € ", then the gradient of f(x) is the
vector function Vf(x), defined as:

Vix) = [fxl (%), fp(x),..., an(X)]

The directional derivative of a function f at a point x in the direction of a unit vector v can be
now written as

e P ——



The Gradient Vector and Directional Derivative

@ We can see that the right hand side of (2) can be realized as the dot product of two

T
. Of(x) Of(x) Of(x)
vectors, viz., [8X1 B D and v.

@ Let us denote Qf(y’:) by £ (x). Then we assign a name to this special vector:

Definition
[Gradient Vector]: If fis differentiable function of x € ", then the gradient of f(x) is the
vector function Vf(x), defined as:

Vix) = [fxl (%), fp(x),..., an(X)]

The directional derivative of a function f at a point x in the direction of a unit vector v can be
now written as

Dy f(x) = VTf(x).v (3)
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lllustrating Computation of Directional Derivative

e Consider the polynomial f(x, y, z) = x>y + zsin xy and the unit vector v’ = %[1, 1,17
Consider the point py = (0,1, 3). We will compute the directional derivative of fat py in
the direction of v.
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lllustrating Computation of Directional Derivative

e Consider the polynomial f(x, y, z) = x>y + zsin xy and the unit vector v’ = %[1, 1,17
Consider the point py = (0,1, 3). We will compute the directional derivative of fat py in
the direction of v.

@ To do this, we first compute the gradient of fin general:

Vf= [2xy+ yzcosxy, x> + xzcosxy, sin xy] T
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lllustrating Computation of Directional Derivative

e Consider the polynomial f(x, y, z) = x>y + zsin xy and the unit vector v’ = %[1, 1,17
Consider the point py = (0,1, 3). We will compute the directional derivative of fat py in
the direction of v.

@ To do this, we first compute the gradient of fin general:

V= [2xy+ yzcosxy, x* 4+ xzcosxy, sin xy] T

o Evaluating the gradient at a specific point py, VA0,1,3) = [3, 0, 0]. The directional
derivative at pg in the direction v is Dyf(0,1,3) = [3,0,0].%[1, 1,117 = /3.

@ This directional derivative is the rate of change of f at py in the direction v; it is positive
indicating that the function fincreases at pg in the direction v.
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lllustrating Computation of Directional Derivative

@ As another example, let us find the rate of change of flx,y,z) = 9% at pp = (1,2,3) in
the direction from p; = (1,2,3) to po = (—4,6,—1).
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lllustrating Computation of Directional Derivative

@ As another example, let us find the rate of change of flx,y,z) = 9% at pp = (1,2,3) in
the direction from p; = (1,2,3) to po = (—4,6,—1).

@ We first construct a unit vector from p; to pa; v = 715—7[—5,4, —4].

@ The gradient of fin general is Vf= [yze¥? xze¥?, xyeV?| = &¥?|yz, xz, xy].

e Evaluating the gradient at a specific point py, VA1,2,3) = €% [6, 3, 2] T The directional
derivative at py in the direction v is Duf(1,2,3) = €°[6, 3, 2].715—7[—5,4, —4)T=¢ *2(7’

e This directional derivative is negative, indicating that the function f decreases at py in the
direction from p; to po.

e oy s T )



More on the Gradient Vector

@ All our ideas about first and second derivative in the case of a single variable carry over to
the directional derivative.

e What does the gradient Vf(x) tell you about the function f(x)? While there exist
infinitely many direction vectors v at any point x, there is a unique gradient vector Vf{(x).

@ Since we expressed Dy f(x) as the dot product of Vf(x) with v, we can study Vf(x)
independently.

e P ——



More on the Gradient Vector

@ All our ideas about first and second derivative in the case of a single variable carry over to
the directional derivative.

e What does the gradient Vf(x) tell you about the function f{x)? While there exist
infinitely many direction vectors v at any point x, there is a unique gradient vector Vf(x).

@ Since we expressed Dy f(x) as the dot product of Vf(x) with v, we can study Vf(x)
independently.

Claim

Suppose f is a differentiable function of x € R". The maximum value of the directional

derivative Dy f(x) is ||VA(x|| and it is so when v has the same direction as the gradient vector
VAx).
Proof: Directional derivative is a dot product of gradient and directior
which can be upper bounded using Cauchy Shwarz inequality
I February 13, 2018 18 / 86




More on the Gradient Vector (contd.)

Proof:
@ The cauchy schwartz inequality when applied in the eucledian space gives us
IxTy| < ||x]||ly]| for any x,y € R", with equality holding iff x and y are linearly
dependent.
@ The inequality gives upper and lower bounds on the dot product between two vectors;
=IxlllIyll < xTy < [Ix[lly]]
@ Applying these bounds to the right hand side of (3) and using the fact that ||v|| = 1, we

8t Upper and lower bounds for directional derivative at x.

Are these upper and lower bounds attainable?
ANS: Yes. In or against direction of gradient of f at x!

e P —



More on the Gradient Vector (contd.)

Proof:

@ The cauchy schwartz inequality when applied in the eucledian space gives us
IxTy| < ||x]]|ly]| for any x,y € R", with equality holding iff x and y are linearly
dependent.

@ The inequality gives upper and lower bounds on the dot product between two vectors;
=IxlllIyll < xTy < [Ix[lly]]

@ Applying these bounds to the right hand side of (3) and using the fact that ||v|| = 1, we
get

—[|[VAx)|| < Dyfix) = VT ix).v < [|VAx)]|

with equality holding iff v = kVf(x) for some k > 0.

@ Since ||v|| =1, equality can hold iff v = #\\g‘ié)\\'
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More on the Gradient Vector (contd.)

@ Thus, the maximum rate of change of fat a point x is given by the norm ||Vf(x|| of the
gradient vector at x.
@ And the direction in which the rate of change of fis maximum is given by the unit vector

VAx

IV Ax[|

@ An associated fact is that the minimum value of the directional derivative D, f(x) is
—||Vf(x)|| and it is attained when v has the opposite direction of the gradient vector,
e, — X

! Vix

@ The method of steepest descent uses this result to iteratively choose a new value of x by
traversing in the direction of —Vf(x), especially while minimizing the value of some
complex function.

e ey B s 0 )



Visualizing the Gradient Vector

Consider the function f{x1, x2) = x1€2. The Figure below shows 10 level curves for this
function, corresponding to f(x;,x2) = cfor c=1,2,...,10.

will be useful and discussed for constrained optimization

The idea behind a level curve is that as you chanﬁe x along any level curve, the function value

remains unchanged, but as you move x across level curves, the function value changes.

e discuSsed now ﬂ)or functlon bem%
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Level curves for
54 f(x,y) = x * exp(y)




Vanishing of the Directional Derivative
What if Dy f(x) turns out to be 07

Level curves for x~2 + y~2

30 13
16
25 Expect directional derivative
14 to be 0 in direction tangential
to any level curve
20
10
15
8
10 6
4
a5
2
0

0%0 a5 30
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Vanishing of the Directional Derivative

What if Dy f(x) turns out to be 07
We then expect that Vf(x) and v are othogonal.

Definition

Level Surface/Set: The level surface/set of f(x) at x* is

b4

&

8

S}

5

[}

. U {x[f{x) = Ax")}
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Vanishing of the Directional Derivative

What if Dy f(x) turns out to be 07
We then expect that Vf(x) and v are othogonal.

Definition

Level Surface/Set: The level surface/set of f(x) at x* is

{x[f{x) = Ax")} (4)

There is a useful result in this regard.

Claim

Let f: D — R with D € R" be a differentiable function. The gradient Vf evaluated at x* is

orthogonal to the tangent hyperplane (tangent line in case n = 2) to the level surface of f
passing through x*.

00 fhe level serfas gradient orthogonal to tangent ling



Vanishing of the Directional Derivative & Level Surfaces: Proof

Proof: Let K be the range of fand let k € K such that f{x*) = k.

o Consider the level surface f(x) = k. Let r(t) = [xi(t), x2(t), ..., xa(t)] be a curve on the
level surface, parametrized by t € R, with r(0) = x*.

e Then, f(x(t), y(t),z(t)) = k. Applying the chain rule

For this example in 3d, df/dt = dot product of gradient of f with the vector
of derivatives of xi wrt t

e P ——



Vanishing of the Directional Derivative & Level Surfaces: Proof

Proof: Let K be the range of fand let k € K such that f{x*) = k.

o Consider the level surface f(x) = k. Let r(t) = [xi(t), x2(t), ..., xa(t)] be a curve on the
level surface, parametrized by t € R, with r(0) = x*.

e Then, f(x(t), y(t),z(t)) = k. Applying the chain rule

dr(t)
dt

dfie(t) ¢~ OF axi(1)

_ T
dt £~ Ox; dt =V fx(1)

=0

@ For t = 0, the equations become

e P ——



Vanishing of the Directional Derivative & Level Surfaces: Proof (Kot rigorous)

Proof: Let K be the range of fand let k € K such that f{x*) = k.

o Consider the level surface f(x) = k. Let r(t) = [xi(t), x2(t), ..., xa(t)] be a curve on the
level surface, parametrized by t € R, with r(0) = x*.

e Then, f(x(t), y(t),z(t)) = k. Applying the chain rule

dir(t)) <= Of dxi(t)  _t dr(t)
dt & 0x dt =V x() = =0
@ For t =0, the equations become
dr(0)
T * _

@ Now, ﬂdtg represents any tangent vector to the curve through r(£) which lies completely
on the level surface.

The tangent plane is the plane containing all such tangent vectors.across-all such «(t
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Vanishing of the Directional Derivative & Level Surfaces: Proof

va(x*)d?tO) =0

@ That is, the tangent line to any curve at x* on the level surface containing x*, is
orthogonal to Vf(x*).

@ Since the tangent hyperplane to a surface at any point is the hyperplane containing all
tangent vectors to curves on the surface passing through the point, the gradient Vf(x*) is
perpendicular to the tangent hyperplane to the level surface passing through that point

x*.

@ The equation of the tangent hyperplane is given by

Hyperplane(x*,gradient of f at x*)
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Vanishing of the Directional Derivative & Level Surfaces: Proof

va(x*)dijf) =0

@ That is, the tangent line to any curve at x* on the level surface containing x*, is
orthogonal to Vf(x*).

@ Since the tangent hyperplane to a surface at any point is the hyperplane containing all
tangent vectors to curves on the surface passing through the point, the gradient Vf(x*) is
perpendicular to the tangent hyperplane to the level surface passing through that point

x*.

o The equation of the tangent hyperplane is given by (x — x*)TVf(x*) = 0
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Vanishing of the Directional Derivative & Level Surfaces: Proof

o (= J ® ® E DAl



Level Surface based Interpretation of Gradient

@ Recall that the normal to a plane can be found by taking the cross product of any two
vectors lying within the plane. Thus, the gradient vector Vf(x*) at any point x* on the
level surface of a function f{.) is normal to the tangent hyperplane (or tangent line
in the case of two variables) to the surface at the same point.

@ The same gradient vector Vf(x*) at a point x* can also be conveniently computed as the
vector of partial derivatives of the function at that point.

@ We will illustrate this geometric understanding through some examples.

e P —



Level Surface based Interpretation of Gradient: Examples

o Consider the same plot as earlier with a gradient vector at (2,0) as shown below. The
gradient vector is perpendicular to the tangent hyperplane to the level curve

x1 € .atﬁe equation of the dangentihyperplanenisn(xiE=2)==2a=0)=10

and it turns out to be a tangent line.




Level Surface based Interpretation of Gradient: Examples

The level surfaces for f(xi, xa, x3) = x2 + x2 + x2 are shown in the Figure below. The gradient
at (1,1,1) is orthogonal to the tangent hyperplane to the level surface

fixi, x2,x3) = X3 + x5 +x3 =3 at (1,1 1) i,and
the tanget hyperplane has the equatio = 0, which is a plane
in 3D.
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Level Surface based Interpretation of Gradient: Examples

On the other hand, the dotted line in the Figure below is not orthogonal to the level surface,
since it does not coincide with the gradient.
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Level Surface based Interpretation of Gradient: Examples

o Let f{x1,xx3) = x3x3x4 and consider the point x’ = (1,2, 1). We will find the equation of
the tangent plane to the level surface through x°.

Compute gradient at x0

e T Rt



Level Surface based Interpretation of Gradient: Examples

o Let f{x1,xx3) = x3x3x4 and consider the point x’ = (1,2, 1). We will find the equation of
the tangent plane to the level surface through x°.

@ The level surface through x° is determined by setting f equal to its value evaluated at x°;
that is, the level surface will have the equation x}x3x3 = 122314 = 8.

@ The gradient vector (normal to tangent plane) at (1,2,1) is
VHxi, %0, 58| 5.1y = (206, 3x§x§x§,4x§x§x§]T‘(l =6, 12 32]T.

14

@ The equation of the tangent plane at x°, given the normal vector VAx") can be easily
written down: VAx?)".[x — x°] = 0 which turns out to be
16(x; — 1) + 12(x2 — 2) +32(x3 — 1) = 0, a plane in 3D.
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Level Surface based Interpretation of Gradient: Examples

e Consider the function f(x,y,z) = }%z The directional derivative of fin the direction of

the vector v = 711—4[1, 2, 3] at the point X’ = (4,1,1) is
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Level Surface based Interpretation of Gradient: Examples

e Consider the function f(x,y,z) = 53+ The directional derivative of fin the direction of

the vector v = 71—4[1, 2, 3] at the point X’ = (4,1,1) is

1,2, 3" =1, 2, 3] =
(47171) \/ﬁ

\val ] = [L X _¢:|
(4,1,1) V1L vtz T 0422 T 2P
1 1 T_ 9
[5, 1, —1] el 2, 3T = .
@ The directional derivative is negative, indicating that the function decreases along the
direction of v. Based on an earlier result, we know that the maximum rate of change of a

function at a point x is given by ||Vf(x)|| and it is in the direction Tl%f@m

@ In the example under consideration, this maximum rate of change at x is 2 and it is in

the direction of the vector £ {%, -1, —1].

e P ——



Level Surface based Interpretation of Gradient: Examples

Let us find the maximum rate of change of the function f(x, y, z) = x2y3Z* at the point
x% = (1,1,1) and the direction in which it occurs. The gradient at x° is
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Level Surface based Interpretation of Gradient: Examples

Let us find the maximum rate of change of the function f(x, y, z) = x2y3Z* at the point
x% = (1,1,1) and the direction in which it occurs. The gradient at x° is

\val 11 = [2, 3, 4]. The maximum rate of change at x* is therefore 1/29 and the direction

of the corresponding rate of change is 7—[ 3, 4]. The minimum rate of change is —/29
and the corresponding direction is 75 2, 3, 4].
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Level Surface based Interpretation of Gradient: Examples

Let us determine the equations of

(a) the tangent plane to the paraboloid P : x; = x3 + X3 + 2 at (—1,1,0) and

(b) the normal line to the tangent plane.

To realize this as the level surface of a function of three variables, we define the function

f (such that P corresponds to one of its level sets)
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Level Surface based Interpretation of Gradient: Examples

Let us determine the equations of

(a) the tangent plane to the paraboloid P : x; = x3 + X3 + 2 at (—1,1,0) and

(b) the normal line to the tangent plane. -

To realize this as the level surface of a function of three variables, we define the function
f(x1, X2, X3) = x1 — x% — x% and find that the paraboloid P is the same as the level surface
f(x1, X2, x3) = +2. The normal to the tangent plane to P at x* is in the direction of the
gradient vector VA(x") = [1,—2,0]7 and its parametric equation is

[x1, x2, x3] =[-1+1¢t 1—2t 0].

The equation of the tangent plane is therefore (x; +1) — 2(xo — 1) = 0.
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Gradient and Convex Functions?

@ How do we understand the behaviour of gradients for convex functions?

@ While we have a lot to see in the coming sessions, here is a small peek through sub-level
sets of a convex function

Definition
[Sublevel Sets]: Let D C R" be a nonempty set and f: D — R. The set

Lo(f) = {x[x € D, fix) < a}

is called the av—sub-level set of f.

Now if a function fis convex, each of its sublevel set will be convex

e P —



63 Level sets for x1*exp(x2)
Sublevel sets are not convex

54 ==> function cannot be
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is a convex function
1 and so are its sublevel sets




Gradient and Convex Functions?

@ How do we understand the behaviour of gradients for convex functions?

@ While we have a lot to see in the coming sessions, here is a small peek through sub-level
sets of a convex function

Definition
[Sublevel Sets]: Let D C R" be a nonempty set and f: D — R. The set

Lo(f) = {x[x € D, fix) < a}

is called the av—sub-level set of f.

Now if a function fis convex, its a—sub-level set is a convex set.

e P —



Convex Function = Convex Sub-level sets

Theorem

Let D C R" be a nonempty convex set, and f: D — R be a convex function. Then L,(f) is a
convex set for any o € R.

Proof: Consider x1,x2 € Lo (f). Then by definition of the level set, x1,x2 € D, f(x1) < « and
flx2) < a. From convexity of D it follows that for all # € (0,1), x = x; + (1 — 0)x2 € D.
Moreover, since fis also convex,

| fix) < 0fix1) + (1 — 0)fixa) < fa + (1 — )a = a/

which implies that x € L, (f). Thus, L,(f) is a convex set. 3
The converse of this theorem does not hold. To illustrate this, consider the function

fix) = %;{ The O-sublevel set of this function is {(xi,x2) | x2 <0}, which is convex.
However, the function f(x) itself is not convex.
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Convex Function = Convex Sub-level sets

Theorem

Let D C R" be a nonempty convex set, and f: D — R be a convex function. Then L,(f) is a
convex set for any o € R.

Proof: Consider x1,x2 € Lo (f). Then by definition of the level set, x1,x2 € D, f(x1) < « and
flx2) < a. From convexity of D it follows that for all # € (0,1), x = x; + (1 — 0)x2 € D.
Moreover, since fis also convex,

fx) <O0f(x1)+ (1 —0)fixz) <ba+ (1—-60)a=«

which implies that x € L, (f). Thus, L,(f) is a convex set. 3
The converse of this theorem does not hold. To illustrate this, consider the function

fix) = %;{ The 0-sublevel set of this function is {(xi,x2) | x2 < 0}, which is convex.
However, the function f(x) itself is not convex.

A function is called quasi-convex if all its sub-level sets are convex sets Eg: Negative of

T — 2 . -
the normal distribution —ngexp (—%) is quasi-convex but not convex. [Homework]
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Gradient, Convex Functions and Sub-level sets: A First Peek

We have already seen that
@ The gradient Vf(x*) at x* is normal to the tangent hyperplane to the level set
{x|flx) = fix")} at x*
e The gradient Vf(x*) at x* points in direction of increasing values of f{.) at x*

Now, if f{x) is also convex
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Gradient, Convex Functions and Sub-level sets: A First Peek

We have already seen that
@ The gradient Vf(x*) at x* is normal to the tangent hyperplane to the level set
{x|flx) = fix*)} at x*
@ The gradient Vf(x*) at x* points in direction of increasing values of f{.) at x*
Now, if f{x) is also convex
@ The gradient Vf(x*) at x* is normal to the tangent hyperplane to the sub-level set
{x|f(x) < fix*)} at x*
@ The tangent hyperplane defined by VA(x*) at x* is a supporting hyperplane to the
convex set {x|f(x) < f(x*)} at x*
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