Option 1: Generalized Gradient Descent

@ Interesting because in many settings, prox:(z) can be computed efficiently
1 2
proxi(z) = argmin —||x — z||” + ¢(x)
x 2t

o lllustration on Lasso: x* = argmin ||Ax — y||*> + [|x||1. You can successively use
X
z = xK — tVAxK).
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[[lustration on Lasso



Iterative Soft Thresholding Algorithm for Solving Lasso

o (= J ® ® E DAl



Proximal Subgradient Descent for Lasso

o Let e(w) = ¢w — ylI3
@ Proximal Subgradient Descent Algorithm:
Initialization: Find starting point w(®)

» Let w*1) be a next gradient descent iterate for e(w*)
» Compute w1 = argmin||w — wk¥1)||2 - \t||w||1 by setting subgradient of this
w

objective to 0. This results in (see
https://wuw.cse.iitb.ac.in/~cs709/notes/enotes/lassoElaboration.pdf )

Qo ..
Q ..
Q ..
» Set k= k+ 1, until stopping criterion is satisfied (such as no significant changes in w
W(k_l))

K w.r.t
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Iterative Soft Thresholding Algorithm ( ) for
Lasso

o Let e(w) = ow — ylI3
o lterative Soft Thresholding Algorithm:
Initialization: Find starting point w(?

» Let w(k+1) be a next iterate for (wX) computed using using any (gradient) descent
algorithm
» Compute wkt1) = argmin||w — w&+t1)||2 - \t||w||1 by:

Q@ If W™ > At/2, then i = —_at/2+ wi)  Basically we translated
Q If WY < —at/2, then WV = At/2 + @Y inequalities for w into

© 0 otherwise. inequalities for \hat{w}
» Set k= k+ 1, until stopping criterion is satisfied (such as no significant changes in w* w.r.t
(kfl))
w
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Option 1: Generalized Gradient Descent

@ Recall 1
prox¢(z) = argmin 2—tHx —z/|” + c(x)
@ Gradient Descent: ¢(x) =0
@ Projected Gradient Descent: c(x) = >, Ic,(x)
@ Proximal Minimization: f{x) =0

We will discuss these specific cases after a short discussion on convergence

"Else we just treat this as another minimization problem and obtain an approximate solution. Practical
convergence rate can be very slow. Exceptions are partial proximation minimization:[Bertsekas-and Tseng:'94]
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Option 1: Generalized Gradient Descent

@ Recall ]
prox:(z) = argmin —||x — z||* + ¢(x)
x 2t

© Gradient Descent: ¢(x) =0
@ Projected Gradient Descent: c(x) =, /¢ (x)
@ Proximal Minimization: f{x) =0
We will discuss these specific cases after a short discussion on convergence
e Convergence: If f{x) is convex, differentiable, and Vfis Lipschitz continuous with
constant L > 0 AND c(x) is convex and prox;(z) can be solved exactly’ then

"Else we just treat this as another minimization problem and obtain an approximate solution. Practical
convergence rate can be very slow. Exceptions are partial proximation minimization:[Bertsekas-and Tseng:'94]
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Option 1: Generalized Gradient Descent

@ Recall ]
prox:(z) = argmin —||x — z||* + ¢(x)
x 2t

© Gradient Descent: ¢(x) =0
@ Projected Gradient Descent: c(x) =, /¢ (x)
@ Proximal Minimization: f{x) =0
We will discuss these specific cases after a short discussion on convergence
e Convergence: If f{x) is convex, differentiable, and Vfis Lipschitz continuous with
constant L > 0 AND c(x) is convex and prox;(z) can be solved exactly’ then

convergence result .(and proof) is similar to that for gradient descent
Just use a convenient step size t™k = 1/L
HX(O) o

k
k) — 1) < 2 3 () — 1)) < el

i=1

2

"Else we just treat this as another minimization problem and obtain an approximate solution. Practical
convergence rate can be very slow. Exceptions are partial proximation minimization:[Bertsekas-and Tseng:'94]
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Convergence Rate: Generalized Gradient Descent vs. Subgradient Descent

@ Recap: For Subgraident Descent: The subgradient method has convergence rate
O(1/V'k); to get f(x(k) ) — fix*) < ¢, we need O(1/+/€2) iterations.

best
This is actually the best we can do; e.g., we can't do better than O(1/V/k).
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Convergence Rate: Generalized Gradient Descent vs. Subgradient Descent

@ Recap: For Subgraident Descent: The subgradient method has convergence rate
O(1/V'k); to get f(xg;)st) — f(x*) <€, we need O(1/V/¢€?) iterations.
This is actually the best we can do; e.g., we can't do better than O(1/V/k).

@ For generalized Gradient Descent: If f(x) is convex, differentiable, and Vfis Lipschitz
continuous with constant L > 0 AND c¢(x) is convex and prox:(x) can be solved exactly

then convergence result (and proof) is similar to that for gradient descent

L0 _ 1P
1) — ) <23 (100) - 1) < o 2t:kH

i=1

Better convergence (O(1/k)) because of assuming (i) Differentiability of f{x) and
(ii) Lipschitz continuity of Vf(x).
Can we do even better without strong convexity (which is not possible for c(x))?
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(Nesterov) Accelerated Generalized Gradient Descent
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(Nesterov) Accelerated Generalized Gradient Descent

The problem is:

Xng]iRrL fx) + c(x)

where f(x) is convex and differentiable, ¢(x) is convex and not necessarily differentiable.

@ Initialize x( ) e R"
@ repeat for k=1,2,3,.

y has replaced < y = x(k=1) + ( (k=1) _ 5 (k=2))
your gradient k+1

descent update x® = proxu(y — t*VAly))

Or Equivalently, real iterateat k-1, ynrestricted iterate
Yy = ( gk) (k= )+9 u k=1) atk'l
xK = proxu(y — t“VAy))
X = (k1) 4 _( (k) _ x(k=1)y
Ok
where 0, = 2/(k+ 1)
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Algorithm: (Nesterov) Accelerated Generalized Gradient Descent

Convergence of O(1/k™2)

o~

6.
until stopping criterion (such as ||x¥ — x*71|| < € or f(x¥) > fixk~1)) is satisfied?

Initialize xf,o),x(o) e R"

Initialize k=1
repeat
1. 9k=2/(k+ 1)

y = (1 - 0)x)

Choose a step size tk>0 using exact or backtracking ray search.often t~k = O(1J/k

+ akXS,k_l) .

xk = prox(y — thf(y))
X — x(k=1) | (x(9) — x(k-1)

Set k= k+ 1.

“Better criteria can be found using Lagrange duality theory, etc.

Figure 11: The gradient descent algorithm.
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(Nesterov) Accelerated Generalized Gradient Descent initially no momentur

© First step k = 1 is just usual generalized gradient update: x(!) = prox, (x(©) — ! VAx())
@ Thereafter, the method carries some "momentum” from previous iterations

@ c(x) = 0 gives accelerated gradient method

@ The method accelerates more towards the end of iterations

—

2

et

k-2

as

0 = 40 L) L 1
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(Nesterov) Accelerated Generalized Gradient Descent
Examples showing the performance of accelerated gradient descent compared with usual
gradient descent.

Example (with 1 = 30, p = 10}
Initial behaviours are P
similar for the two —7, )
] !
) Momentum helps you
I accelerate only after
e SOME timMe

Figure 13: Example 1: Performance of accelerated gradient descent compared with usual gradient
descent
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(Nesterov) Accelerated Generalized Gradient Descent: Convergence

Minimize f(x) = f(x) + c(x) assuming that:

fis convex, differentiable, Vfis Lipschitz with constant L > 0, and
c is convex, the prox function can be evaluated.

Theorem

Accelerated generalized gradient method with fixed step size t < 1/L satisfies:

2[|x(©) — x| |2
Ky _ fix*) < 202 201
Axt) = Ax) = t(k+ 1)2

Accelerated generalized gradient method can achieve the optimal O(1/k?) rate for first-order
method, or equivalently, if we want to get ix()) — f{x*) < ¢, we only need O(1//¢)
iterations. Now we prove this theorem.
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(Nesterov) Accelerated Generalized Gradient Descent: Proof

Proof:
First we bound both the convex functions f(x¥) and c(x*).
@ Since t < 1/L and Vfis Lipschitz with constant L > 0, we have

L 1
fx") < fly)+V T Ay) (" —y)+5 I = yll* < Ay)+ VAY) T (x“—y)+ o [Ix~yI[* (48)
o In xk = prox,(y — tVf(y)), let h = x* and w = y — tVAy). Then
.1 2

h = prox,(w) = arg min 2—t||w — h||* + ¢(h)
@ For this, we must have

1 1 1

0€0(llw- h||? + c(h)) = —=(w—h)+0c(h) = ——(w—h)€dc(h)

@ According to the definition of subgradient, we have for all z,
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(Nesterov) Accelerated Generalized Gradient Descent: Proof

Proof:
First we bound both the convex functions f(x¥) and c(x*).
@ Since t < 1/L and Vfis Lipschitz with constant L > 0, we have

L 1
fx") < fly)+V T y) (" —y) +5 I = ylI* < Ay)+ VAY) T (x“—y)+ o [Ix~yI[* (48)
o In x¥ = prox,(y — tVAy)), let h = x¥ and w = y — tVf(y). Then
1
h = prox,(w) = argmin —||w — h||* + c(h)
h 2t
@ For this, we must have
1 1 1
0 € d(5lIw - h||? + c(h)) = —z(w—h)+0c(h) = ——(w—h)edc(h
@ According to the definition of subgradient, we have for all z,
1 1
c(z) > c(h) — ;(h —~w)T(z—h) = c(h) <cz)+ ;(h —w)(z—h)

for all z, w and h = prox,(w).
April 3, 2018 194 / 280



(Nesterov) Accelerated Generalized Gradient Descent: Proof (contd.)
Substituting back for both h and w in the above inequality we get for all z,
1 1
c(x) < clz)+ < (" —y +tVAy)) T (2—x") = c(z) + < (x*—y) "(2=x")+ VAy) "(z—x") (49)
Adding inequalities (48) and (49) we get for all z,

) < fly) + clz) + 0k — 3) (s — %) + 2 lx* — |2+ Vy) (s~ y)

Since fis convex,
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(Nesterov) Accelerated Generalized Gradient Descent: Proof (contd.)
Substituting back for both h and w in the above inequality we get for all z,

() < efa) 4 [y + 1V Ay)) T = efa) 4 (5 —y) (o xH) 4 Vy) (o xH) (49)

Adding inequalities (48) and (49) we get for all z,
) < fly) + clz) + 0k — 3) (s — %) + 2 lx* — |2+ Vy) (s~ y)
Since fis convex, using f(z) > f(y) + Vfly)"(z —y), we further get
k) < )+ (2t = 3) (e = x4) + ol —
Now take z = x(*=1 multiply both sides by (1 — 6) and for z = x* multiply both sides by 6,

(1= 0)x) < (1= O)ftx ) + 8k = y) Tk oy 1 =Dy 2

OfixK) < 0x") + 2k = y) T — ) + o=k —
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(Nesterov) Accelerated Generalized Gradient Descent: Proof (contd.)
Adding these two inequalities together, we get

o))~ (1=0) (x k)= Ax)) < 26— 3) (1 = x4 05" — >l P

(50)
o Using xk = x(k=1) ¢ 2(xk— x(Dyand y = (1 — 0)xk1 + ox ", we have
(1 —0)x 1D 4 x* — x¥ = f(x* — x¥) and using this again in the second equation,

xk —y = 0(xk - XEJ/GD)

@ Substituting these equations into the RHS of inequality (50) we have
0 1. T .
flxk) = fix*) = (1= O)(Axk) = flx*)) < e ™) (200 = xb) + 00— )

u
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(Nesterov) Accelerated Generalized Gradient Descent: Proof (contd.)
Adding these two inequalities together, we get

fx*) = fx*) —(1-0) (Ax"D)~fx")) < %(Xk )@= o) 4 ox” — Xk)+%llxk ~vlI?
(50)

o Using xk = x(k=1) ¢ 2(xk— x(Dyand y = (1 — 0)xk1 + ox ", we have
(1 —0)x D 4 ox* — xk = f(x* — x¥) and using this again in the second equation,
xk -y =0(xk - x5 l>)

@ Substituting these equations into the RHS of inequality (50) we have
o) — fx) — (1= O)(xD) — ) < ok ) T0oer — ) 00— <)

u

0> 1y T
= 0 ) e =)+ 0 —xTY)]

= dfract?2¢(||x Y — x*[|2 — ||xk — x*[|2)

u
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(Nesterov) Accelerated Generalized Gradient Descent: Proof (contd.)

e—i(f(x(k))—f(x*))+%|]xf,k)—x*”2 < “10;%90(( X))+ L e

Since § = 2/(k+ 1), using £=7% < 51—, we have
k k—1

S ) — 7)) + 3]0 — X < S () — ) + 5]

k k—1
Iterating this inequality and using 61 = 1 we get

L (x)— x| P < B0 (700 ey L)@ o2 < 2@ et
62 2 03 2 2
Hence we conclude

) (0) _ *2
Homework: Ax) — Ax*) < k||x x*||? = A7 — <17 X2 I
Understand and appreciate mportan%% of ch0|ces on \thgf%\fklétc
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Generalized Gradient Descent and its Special Cases

Recall )
prox(z) = argmin —||x — z||? + ¢(x)
x 2t
It's special cases are:

O Gradient Descent: ¢(x) =0

@ Projected Gradient Descent: ¢(x) = l¢(x) (Example: sum of indicators on
constraints g _i(x) <= 0)
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Generalized Gradient Descent and its Special Cases

Recall )
prox(z) = argmin —||x — z||? + ¢(x)
x 2t

It's special cases are:
O Gradient Descent: ¢(x) =0
@ Projected Gradient Descent: ¢(x) = lo(x) (Example: = )", Ig,(x))
@ Alternating Projection/Proximal Minimization: f{x) =0 o
@ Alternating Direction Method of Multipliers
© Special Cases for Specific Objectives
» LASSO: (Fast) Iterative Shrinkage Thresholding Algorithm (ISTA/FISTA)

Accelerated ISTA ==> FISTA

I 4 a4 April 3, 2018
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Case 1: Projection Methods

= ¥ ¥ E DA



Case 1: Projected (Gradient) Descent

@ We can find Ax as the change in x along some steepest descent direction of f without
constraints

o Thus, let xk+!

(unbounded)
@ To find the constrained working set, we project x
xkT by solving:

= xK 4 Ax be the working set that reduces f{x) without constraints

k+1
u

onto C to get the projected point
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Case 1: Projected (Gradient) Descent

@ We can find Ax as the change in x along some steepest descent direction of f without
constraints

o Thus, let x*! = x¥ 1 Ax be the working set that reduces f(x) without constraints
(unbounded)

e To find the constrained working set, we project x*! onto C to get the projected point
xkT by solving:

XI(7k+1) _ Pc(xgkﬂ)) = argmin H (k+1) —zH + le(z) = arngSH by ZHz

(k+1)

@ Thus, the projected point x, is the point in C that is the closest to the unbounded

optimal point xf, VifCisa non-empty closed convex set
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Recall: Descent direction for a convex function

@ For a descent in a convex function f, we must have
fix**1) > Value at x**! obtained by linear interpolation from x

;(i(:%\‘} v

y [ D

k

3{ F(x¥) /

o je. fixkt1) > fixk) + VTHxK)(xk1 — xk) + Jf(z") (1“'—19

@ Thus, for Ax* to be a descent direction, it is necessary that
VTxK)Axk <0
(where AxK = x*t1 — xk)

April 3, 2018
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Question: Descent Direction and Projected Gradient Descent

k+1

@ We want that the point obtained after the projection of x|

the function f

be a descent from x’; for

VAxk) - Ax, <0

(where Axfgkﬂ) = Pc(x5+1) — x,’j = xfgkﬂ) — x’;)

@ Are we guaranteed this? [Leaving it as homework]

Recall: For subgradient descent, we could give no such guarantee!
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Algorithm: Projected Gradient Descent

Find a starting point xg eC.
Set k=1
repeat
1. Choose a step size t% oc 1/v/k.
2. Set xk = xk~1 — t*Vf(xk~1). Use your unconstrained update

2
3. Set xf = argTeingﬁ -z Project the unconstrained update onto the

4. Set k= k+1. constraints
until stopping criterion (such as ||xk — xk || < e or f(xf) > fixx~1)) is satisfied?

“Better criteria can be fcw Lagrange duality theory, etc. NGX\

j/:igure 15: The projected gradient descent algorithm_.\‘ )
successive iterates are almost (more stringent is) that function value

coinciding is consistently increasing over several
projection iterations
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Convergence of Projected Gradient Descent: Weaker assumptions

@ Recall: Assuming Lipschitz continuity on gradient Vf and convexity of f and assuming
bounded iterates and assuming convexity of C (and therefore of I¢) we obtained O(1/k)
convergence rate for (Generalized and hence for) Projected Gradient Descent

@ Assuming upper bound on norm of gradient Vf (that is, Lipschitz continuitu of f), we get
weaker O(1/v/k) convergence rate for Projected Gradient Descent
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Convergence of Projected Gradient Descent: Weaker assumptions

@ Recall: Assuming Lipschitz continuity on gradient Vf and convexity of f and assuming
bounded iterates and assuming convexity of C (and therefore of I¢) we obtained O(1/k)
convergence rate for (Generalized and hence for) Projected Gradient Descent

@ Assuming upper bound on norm of gradient Vf (that is, Lipschitz continuitu of f), we get
weaker O 1/ﬂ ) convergence rate for Projected Gradient Descent

e Proof: To project xkT! = xk — tVf(x¥) onto the non-empty closed convex set C to get
2
the projected point xk+1 we solve: x"Jrl Pe(xkt1) = argmin,cc||xkt! — 2
2
* —xi P = = xM[? = 26V Ax5) (x = x) + 2V AXE)? (51)

o If: (i) d is diameter of C, i.e., Vx,y € C, ||x —y| < d (ii) /is upper bound on norm of
gradients, ie., ||Vf(x)|| < land (iv) step size t = ﬁ}-(, then substituting for /into (51)

HOMEWOrk  ocr — s H 112 < ot — K| — 269 M) ok — x7) + £ (52)
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Convergence of Proj. Grad. Descent: Weaker assumptions (contd.)

e Further, based on (52)
AVAXF) (xF — x*) < ||x* — xX)|? — ||x* — x*FL2 + 22 (53)

@ As per definition of convexity:

1<, o1
fT(ZX _f(X)SI'—(
k=1

o Substituting for VAx¥)(xk — x*) from (53) into (54), we get (55):

K K
1 1 X ¥
f(szk> — ) < e > (I =2 =[x w2 + 2R) (55)
k=1

k=1

]
Ve
=Y
»
=
|
)

*
N
A\
xI
<
=
»
N
X
|
»
N
@
=

1 =1

x
Il
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Convergence of Proj. Grad. Descent: Weaker assumptions (contd.)

(56)

o Expanding the summation over ||x* — x*||2, all terms get canceled except for the first and
last:
K
1 ! 012 keip2) , tF
Fl e 2o | = fx) < g (I =07 = o = xl12) +
k=1

o Since d is diameter of C, i.e., ||x* — x°||? < d? and since —||x* — xK*1||2 <0,

K
@ Therefore, ift:ﬁ- f %Zxk gmig flx )-|—§}L<

I 4 a4 April 3, 2018
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Convergence of Proj. Grad. Descent: Weaker assumptions (contd.)

@ To get solution that is ¢ approximate with € = %;i(, you need number of gradient

. . . de) 2 1\2
iterations that is K = <§) =0 (-)

€
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Demystifying the Projection Step

2
xE,kH) = Pc(xf,kﬂ)) = argmin fo,kﬂ) — ZH2 + Ie(2z)
z
| 2 1 2
= rapigf™ o], = arepin 5



Easy to Project Sets C (with closed form solutions)

Needs more tools (Lagrange
e Solution set of a linear system C = {x € " : ATx = b}
o Affine images C = {Ax+b:x € R"}

e Nonnegative orthant C = {x € " : x = 0}. It may be hard to project on arbitrary
polyhedron.

e Norm balls C = {x € R" : ||x]|, < 1}, for p=1,2,00

Your assignment 1 is primarily the first constraint
(and possibly also third)
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Projected Gradient Descent for Affine Constraint Set C
Solution set of a linear system C = {x € R": ATx = b}

Xf,kﬂ) = Pc(xf,kﬂ))— arg m|n

(k+1) 2
2‘ ZH

2

For z,x € R", A as an n X m matrix, b is a vector of size m, consider the slightly more general
problem (58) with B as an n x n matrix:

min Lz —%x)TB(z — x
zeR" E( ) ( ) (58)
subjectto ATz=b

For projected gradient descent, B = | (identity matrix)
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Projected Gradient Descent for Affine Constraint Set C

Solution set of a linear system C = {x € R": ATx = b}

1
KD po ()= argArpzin 5‘

2

k+1

x|
2

For z,x € R", A as an n X m matrix, b is a vector of size m, consider the slightly more general
problem (58) with B as an n x n matrix:

min Lz —%x)TB(z — x
zeR" E( ) ( ) (58)
subjectto ATz=b

For projected gradient descent, B = I. Further, if n=2 and m = 1, the minimization problem
(58) amounts to finding a point y* on a line aj;1z; + a1222 = b that is closest to x.
Expect y* to lie on the line/plane such x--y* is perpendicular to the line/plane
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Projected Gradient Descent for Affine Constraint Set C

@ Consider minimization of the modified objective function
L(z,\) = 3(z—x)"B(z —x) + AT(ATz —b). Constraint that should disappear
is multiplied with a penalty lambc

: Ly TRy T(AT, _
zeéRr']::;\neRm 5(z—x)'B(z—x)+ A (A'z—b) (59)

The function L(z, ) is called the lagrangian and involves the lagrange multiplier A € ™.
e A sufficient condition for optimality of L(z, \) at a point L(z*, \*) is that VL(z*,\*) =0
and V2L(z*,\*) = 0. For this specific problem:

o Bz* — L(B+ BT)x + A)* 0
vuz,A):[ Ol ¢

and
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Projected Gradient Descent for Affine Constraint Set C

o The point (z*, \*) must therefore satisfy, A7z* = b and A\* = —Bz* + 3(B+ BT)x.
@ Recap: If Bis taken to be the identity matrix, n = 2 and m = 1, the minimization problem
(58) amounts to finding a point y* on a line aj;1z; + a1222 = b that is closest to x.

@ From geometry, the point on a line closest to x is the point of intersection p* of a
perpendicular (or least possible® obtuse angle) from the origin to the line. However, the
solution for the minimum of (59), for these conditions coincides with p* and is given by:

ai1(ai1xit+aioxa—b ai2(aii1xi+aioxa—b
ZT:Xl_llflll+]22 Z§:X2_12(111+122 )

(a11)?+(a12)? (a11)?+(a12)?

That is, for n =2 and m = 1, the solution to (59) is the same as the solution to (58)
@ For general n and m,

z" = x,(,kH) = Pc(XE,k—H)) = arg min

2
2 H (k+1) ZH _ X,(Jk+1) A<ATA)—1(ATXEJ/<+1) _ b]
ATz=b 2

8See following slides for some elaboration on geometry of the projection
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Elaboration on the Geometry of the Project
Right angle FOR Affine Set/Unbounded sets
Least possible obtuse angle FOR
Polyhedron /Bounded Sets



e Claim: If Pc(x) is a projection of x, then

(z— Pc(x))—r (x— Pe(x)) <0,Vz el

e That is, the angle between (z— P¢(x)) and (x — Pc(x)) is obtuse (or right-angled for the
projected point), Vz € C
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Proof for (z— Pe(x), x — Pe(x)) <0

@ To be more general, let us consider an inner product (a, b) instead of a' b

o Let z* = (1 — a)Pe(x) + az, for some a € (0,1), and z€ C
= 7' =Pe(x)+ a(z— Pe(x)), 2 €C

=y,
N

e -
Pr(y™> 5"
o Since Pe(x) = argminec||x — 2||3,
2 *
Ix = Pe(||” <llx— 2
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Iz 2
~ [~ (Pe + atz— Petoy)|

=[x = P9 + 02|z = Pe()||* = 20 (x = Pe(x), 2= Pe(x))
]|

ZHX—PC x) |2

— (x—Pe(x),z— Pe(x)) < %Hz— Pe(¥)||*, Ya € (0,1)

@ Thus, the LHS can either be 0 or a negative value. Any positive value of the LHS will
lead to a contradiction for some small o« — 0

@ Hence, we proved that (z— P¢(x),x — Pe(x)) <0
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@ We can also prove that if (x — x*,z— x*) <0, Vze C s.t. z# x*, and x* € C, then

X* = Pe(x) = argmin||x — 3
zeC

o Consider [|x — z||* —||x — x*||?
2
=[x —x* + (x = 2)||” = ]x— x||”
=[x = x*[* +]lz = x| = 2 (x = x*, 2= x*) =[x = x|
=[lz— x| =2 (x = x",z— x")
>0
o = |Ix—z|® >|Ix—x*|?, Vze Cst. z#X*
@ This proves that x* = P¢(x)
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