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Operations that preserve convexity

practical methods for establishing convexity of a set C'
1. apply definition
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2_snow that C' is obtained from simple convex sets (hyperplanes,

halfspaces, norm balls, . . . ) by operations that preserve convexity
® intersection waﬂ‘\
e affine functions 1.“ l.-nc:j e
e perspective function \e v & & ‘:A
e linear-fractional functions ‘ kj /)40 5o.m'f V\i\.‘
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Intersection

the intersection of (any number of) convex sets is convex

s that. S 18 convee
S={reR™ (pll<tiori <njzp 48wy Hais propelly

where p(t) = x1 cost + xgcos 2t + - ‘-{‘4— T cOSMNE gm ‘2 x.l‘os(‘%)\ S l}
for m = 2: LY “'l /ﬂls {c — 2!

example:
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Let C be a finite family of convex sets in R" such that, for k<n+ |, any k (set)
members of C have a nonempty intersection. Then the intersection of all (set)

members of C is nonempty.|
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Affine function 3 b\ ,){‘41 %
suppose f : R" — R™ is affine (f(z) = Ax + b with ~llle R™ ™ (b e le-b’fydﬂﬁ\a{‘w
. e the image of a convex set under f is convex ?‘mrts ¢ \Hal'm‘- s s((at
& G\\N‘“ Vo ot *SCR"convex = [f(S)={f(x)]|x E*gﬁ:gr:\fsex S(a\wﬁ
oot wi\ e
e the inverse image f~!(C) of a convex set under f is convex
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Jovare WA\ ¥E .,-A <.\: Ao dM;M se\

examples
_ . o (Q,qc %J\‘-
e scaling, translation, projection

¥ o)
( \ e solution set of linear matrix inequality {x ‘wlAl + -+ xmAn 2 B} 5{\'
Kiv (with A;, B € S”)

e hyperbolic cone {z | 27 Pz < (¢Tx)?, ¢Tx > 0} (with P € ST!)
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l Perspective and linear-fractional function t’md%l-

erspective function P : R"™' — R™:
P(x,t) = x/t, dom P = {(z,t) | t > 0}

images and inverse images of convex sets under perspective are convex

linear-fractional function f : R" — R™:

Ax <+

. d ={z |z
T g omf={x|cz+d>0}

fa) =

images and inverse images of convex sets under linear-fractional functions
are convex
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example of a linear-fractional function
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Separating hyperplane theorem

if C"and D are disjoint convex sets, then there exists a # 0, b such that

aT$§bf0r:1:€C, afz>bforzeD

the hyperplane {z | a’2 = b} separates C' and D

strict separation requires additional assumptions (e.g., C is closed, D is a
singleton

)
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- Separating hyperplane theorem

A
\ / if C"and D are disjoint convex sets, then there exists a # 0, b such that

aT$§bf0r:E€C, afz>bforzeD

the hyperplane {z | a’2 = b} separates C' and D

strict separation requires additional assumptions (e.g., C is closed, D is a

singleton)
( Convex sets
zy <
C
(A
N
o.o\ Supporting hyperplane theorem

supporting hyperplane to set C' at boundary point z:
{z]aTz = aTx}

where a # 0 and a’z < aTzg forall z € C
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supporting hyperplane theorem: if (' is convex, then there exists a
supporting hyperplane at every boundary point of '

Convex sets
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