
Epigraph and sublevel set

α-sublevel set of f : Rn → R:

Cα = {x ∈ dom f | f(x) ≤ α}

sublevel sets of convex functions are convex (converse is false)

epigraph of f : Rn → R:

epi f = {(x, t) ∈ Rn+1 | x ∈ dom f, f(x) ≤ t}

epi f

f

f is convex if and only if epi f is a convex set

Convex functions 3–11

Jensen’s inequality

basic inequality: if f is convex, then for 0 ≤ θ ≤ 1,

f(θx + (1 − θ)y) ≤ θf(x) + (1 − θ)f(y)

extension: if f is convex, then

f(E z) ≤ E f(z)

for any random variable z

basic inequality is special case with discrete distribution

prob(z = x) = θ, prob(z = y) = 1 − θ

Convex functions 3–12











The conjugate function

the conjugate of a function f is

f∗(y) = sup
x∈dom f

(yTx − f(x))

f(x)

(0,−f∗(y))

xy

x

• f∗ is convex (even if f is not)

• will be useful in chapter 5

Convex functions 3–21

examples

• negative logarithm f(x) = − log x

f∗(y) = sup
x>0

(xy + log x)

=

{

−1 − log(−y) y < 0
∞ otherwise

• strictly convex quadratic f(x) = (1/2)xTQx with Q ∈ Sn
++

f∗(y) = sup
x

(yTx − (1/2)xTQx)

=
1

2
yTQ−1y

Convex functions 3–22
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