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Operations that preserve convexity

practical methods for establishing convexity of a function

1. verify definition (often simplified by restricting to a line)
2. for twice differentiable functions, show V2f(z) = 0

3. show that f is obtained from simple convex functions by operations
that preserve convexity

nonnegative weighted sum
composition with affine function
pointwise maximum and supremum
composition

minimization

perspective

Convex functions 3-13

Positive weighted sum & composition with affine function

nonnegative multiple: «of is convex if f is convex, a > 0
sum: f; + fo convex if f1, fo convex (extends to infinite sums, integrals)

composition with affine function: f(Ax + b) is convex if f is convex

examples

e log barrier for linear inequalities

f(x) = _Zlog(bi —al'r), dom f = {z|alz <bs,i=1,...,m}
i=1
e (any) norm of affine function: f(x) = || Az + b||

Convex functions 3-14



Pointwise maximum
if f1, ..., fm are convex, then f(z) = max{fi(z),..., fi(x)} is convex

examples

e piecewise-linear function: f(x) = max;—1 . mn(alx + b;) is convex

e sum of r largest components of z € R™:
fl@)=zp+ap+- +ap

is convex () is ith largest component of x)
proof:

f(x) = max{z; + 25+ 2, | 1 <0y <dp < -+ <dp <n}

Convex functions 3-15

Pointwise supremum

if f(x,y) is convex in z for each y € A, then

g(x) = sup f(z,y)
yeA

IS convex

examples
e support function of a set C: Sc(r) = sup,cc yTx is convex

e distance to farthest point in a set C"

f(x) =sup ||z — 9|
yel

e maximum eigenvalue of symmetric matrix: for X € S",

Amax(X): sup yTXy
llyll2=1

Convex functions 3-16



The conjugate function

the conjugate of a function f is
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The conjugate function

the conjugate of a function f is
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The conjugate function

the conjugate of a function f is

fy)= sup (y'z— f(z))

r€dom f

f(x)

v 0, =7 (w)
e f*is convex (even if f is not)

e will be useful in chapter 5

Convex functions

examples
e negative logarithm f(z) = —logz
f*(y) = sup(zy+logx)
z>0
_ [ —1-log(—y) y<O
o 00 otherwise

e strictly convex quadratic f(z) = (1/2)z7Qz with Q € S},

ffly) = Sgp(yTw—(l/Q):vTQw)
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Extended-value extension

extended-value extension f of f is

f(x)zf(:c), x € dom f, f(:r:)zoo, x & dom f

often simplifies notation; for example, the condition
0<9<1 = [f(lz+(1-0)y) <6f(z)+(1-6)f(y)
(as an inequality in RU {oo}), means the same as the two conditions

e dom f is convex

e for z,y € dom f,

0<8<1 = flz+1-0)y) <O0f(x)+(1-06)f(y)

® [z o x>0 f()is bwer semids & ewi (1)
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Examples on R

convex:

e affine: ax +bon R, for any a,b € R \/ .
tial: e f R ! g

e exponential: e®*, for any a € "M>/GM

e powers: z%on Ry, fora>1ora <0 — ?0{ KL

e powers of absolute value: |z|P on R, for p > 1

e negative entropy: zlogx on R,

concave:
e affine: ax + b on R, for any a,b € R
e powers: z%on Ry, for0 <a <1

e logarithm: logx on R, 4+
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Examples on R" and R™*"

affine functions are convex and concave; all norms are convex

examples on R"

e affine function f(x) = a’z +b

Ly o norms: [lall, = (X, [af?)/7 for p > 1;|

D“%Q \X,

(™ examples on R"*" (m x n matrices)

Z||oo = maxy |z

e affine function

Aij Xij+0
1

FX) =tr(A"X) +b=>"

i=1 j=
(A\Y%‘f‘lo

e spectral (maximum singular value) norm

FIX) = X > = ue(X) = (e (X7 X)) E( ]
mex |8z o e W

Convex functions \’
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