Convergence Analysis
Instructor: Prof. Ganesh Ramakrishnan



Convergence

Linear convergence Superlinear convergence Sublinear convergence

F(x) - f(x")
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R-convergence

@ Let us consider the convergence result we got by assuming
Lipschitz continuity with backtracking and exact line searches:
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@ We will characterize this using R-convergence

@ 'R’ here stands for ‘root’, as we are looking at convergence
rooted at x*
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Q-convergence

@ We say that the sequence s', ..., s*is R-linearly convergent if
Hs" — 5"‘” < vk, Vk, and {V*} converges Q-linearly to zero
o v!,..., v is Q-linearly convergent if
[t = v o1
Tav] < €0

for some k> 6, and re (0,1)
» ‘Q’ here stands for ‘quotient’ of the norms as shown above
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R-convergence assuming Lipschitz continuity

X0 —x= ||
o Consider V¢ = w = 2, where a is a constant
[t —v]|

@ Here, we have
—v*

< % where K is the final number of

iterations
K ' K
> K—+1<1= but we don't haveK—H<r

@ Thus, v = % is not Q-linearly convergent as there exist no

v<1s.t
af(k+1) _  k
afk _mSV’VkEB

@ Strictly speaking, for Lipschitz continuity alone, gradient descent
is not guaranteed to give R-linear convergence

@ In practice, Lipschitz continuity gives “almost” R-linear
—— T
convergence — not too bad!
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R-convergence assuming Strong convexity

@ Now, let us consider the convergence result we got by assuming
Strong convexity with backtracking and exact line searches:
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» We now have an upper bound < 1, unlike before
o As r= (1 - ﬁ) € (0,1), vk is Q-linearly convergent
» Thus, under strong convexity, gradient descent is R-linearly
convergent
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e Question: Is gradient descent under Strong convexity also
Q-linearly convergent?

@ Recall one of the intermediate steps in getting the convergence
results:

A tT) — fx) < (1— @) (fxk) — flx))
- = e < 0-4)
e Now, r=(1—2) € (0,1)

@ Yes, gradient descent under Strong convexity is also Q-linearly
convergent
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e Taking hint from this analysis, if Q-linear,

H5k+1

Hsk— <'€ (0,1)

then,
HS"+1 5“H<r\5" s
fQHS“ s*|

5 r"”s(“) — 5"‘” which is v for R-linear

@ Thus, Q-linear convergence = R-linear convergence

» Q-linear is a special case of R-linear
» R-linear gives a more general way of characterizing linear

convergence Lineox @W&wgc |
® Q-linear is an ‘order of convergence’ 7 snd), |
\xskenq 16
ris the ‘rate of convergence'— 13 L\stn\ z j.
W\IL—/) 4
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oo

e Q-superlinear convergence:
G
lim "——— =
el Dt
@ Q-sublinear convergence:
s
o fls s

» e.g. For Lipschitz continuity, v in gradient descent is
Q-sublinear: lim,_, Wkl =1

J
o Q-convergence of order p: Q' Dot 7235 SU’?“\‘“M ,
<M

[+ =]
[FsP*

> jb for Q-quadratic, p = 3 for Q-cubic, etc.
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e Claim: Q-convergences of the order p are special cases of
Q-superlinear convergence

o Vk >0,
=5 4y
o=l <
o Easter| =
— |lim =0

k00 Hsk — 5*” < klné'o MHSk -2

@ Therefore, irrespective of the value of M (as long as M > 0),
order p > 1 implies Q-superlinear convergence
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