choice of Wst descent oo nduted Wr) y

e steepest descent with backtracking line search for two quadratic norms
o ellipses show {z | ||z — 2| p =1} " @)\\‘{56 Spow> Geordh o /@% o

e equivalent interpretation of steepest descent with quadratic norm || - || p
gradient descent after change of variables z = P'/2x

shows choice of P has strong effect on speed of convergence
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Newton step 5\@“)§C OW:{C
2 1 ’\_\Me Rﬂ u}(ﬁ\& Q %@;
Aty = —V2f(2) 'V f(z } Mk )Wov‘}\“‘

interpretations A wa\ms A 0?

e x + Ax,; minimizes second order approximation
N . T L roo QL’Y(@
f@+v) = f(z) + V@) v+ 50" V() \no

Seslh
G;(aclf Ta \{\W AN
e x + Ax,y solves linearized optimality condition ;‘m, Sl \j/ 7(5( L (O \3

Vix+v)~ Vf(x-i—v)—Vf( )4+ V3f(x)v =0

mwbﬂﬂ?
@ g&-\\c ’
(2, f(x)) |

({13' + Afcn‘ca f(x + A'rn‘c)n)k—/ f

f

(m + Axnt, f (37 + Amnt))
(z, f'(=))
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e Az, is steepest descent direction at x in local Hessian norm

1/2
lullg2p) = (W V2 f(2)u)

dashed lines are contour lines of f; ellipse is {z + v | vI V2 f(z)v = 1}

arrow shows —V f(z)
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Newton decrement

1/2

Mz) = (Vf(2)' V2 (2) 'V f(z))
a measure of the proximity of x to x*

properties

*

e gives an estimate of f(z) — p*, using quadratic approximation ]?

Lo 1
f(z) — inf Fly) = sM@)?
e equal to the norm of the Newton step in the quadratic Hessian norm
M) = (Az V2 f(2) Azy)

e directional derivative in the Newton direction: Vf(z)T Axy = —\(z)?

e affine invariant (unlike |V f(x)]2)
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Newton’s method

wcvro £
given a starting point z € dom f, tolerance ¢ > 0. Q_C 25\
repeat Q @603 &
1. Compute the Newton step and decrement. ) Ul@ \<Oﬂ(\ Q
,\(GK Axy = —V2f(2)'Vf(z), N :=Vf(z)'Vif(z) 'Vf(z). éf—“é B\O(&\
k {Stopping criterion. quit if >\2/2 <e. (>\()A o '\(}“Q
“\3«,&\ @} 3. Line search. Choose step size t by backtracking line search. 0 ®~ ~
Q! 4. Update. © := x + tAx, \\(\Q
é \OL &gﬂ\ i 5 d‘“‘(ﬁ WS\O
o s Q
O‘QW S0
z e., independent of linear changes of coordinates:
Newton iterates for f Ty ) with starting pomt re
0
Pz, I
PSS A=l e K T tAspee
( 7Y Y= A= bavk
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h? be (o\u\> A pask
b}
ooy (B (1Y) 1o
Ad@( e A=\
= D Anul
' Classical convergence analysis N
e
. VT
assumptions ,(
e f strongly convex on S with constant m
e V2f is Lipschitz continuous on S, with constant L > 0:
IV2f(z) = V2 f(y)ll2 < Lz = yll
(L measures how well f can be approximated by a quadratic function)
outline: there exist constants € (0,m?/L), v > 0 such that
o if (SUEIEED then F(0+1) - f@®) < — 2 Gradion
. ~NON\ - s e D
o ifd{Vf(2)|[2 <@ then S Subinea

zl\Vf SRl << |V F () H) @\m&%ahc

%QOmmﬂ*z&%ﬂg&)+ e 469y £)






damped Newton phase (|Vf(z)|]2 > 7n)

e most iterations require backtracking steps
e function value decreases by at least ~

e if p* > —o0, this phase ends after at most (f(x(®)) — p*) /v iterations

quadratically convergent phase (||Vf(x)|2 < n)
e all iterations use step size t =1

o |V f(z)||2 converges to zero quadratically: if |V f(x)||5 < 7, then

L L 2l—k: 1 2l—k:
— By < [ — k <= >k
SSIViE < (5 SIVIEHR) < (5) . 12
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conclusion: number of iterations until f(x) — p* < € is bounded above by
\/\/\/\/_'__

+logylogy(eo/e) YW
—_—

f (@) = p*
Y %

® 7, ¢ are constants that depend on m, L, 2(0)

e second term is small (of the order of 6) and almost constant for
practical purposes

e in practice, constants m, L (hence 7, €g) are usually unknown

e provides qualitative insight in convergence properties (i.e., explains two
algorithm phases)
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Examples

example in R? (page 10-9)

e backtracking parameters a = 0.1, § = 0.7

e converges in only 5 steps

e quadratic local convergence
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example in R (page 10-10)

10° ‘ : : : 2
exact line search
N 10° Lo
& e
! backtracking &
acktrackin )
~ 105 e N
- [7p]
% _ a
= exact line search f'_,uj
10-100 0.5 acktracking
715 L L 1 1 O L L
1077 2 1 8 10 0 2 4 6 8

e backtracking parameters a = 0.01, 3 = 0.5
e backtracking line search almost as fast as exact |.s. (and much simpler)

e clearly shows two phases in algorithm
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example in R°%%Y (with sparse a;)

10000 100000
fla)y=-> log(l—a?)— > log(b; —alx)
i=1 i=1
10°
2
| 100 L
2
B
o
1075
0 5 10 15 20
k

e backtracking parameters o = 0.01, 3 = 0.5.

e performance similar as for small examples
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Self-concordance

shortcomings of classical convergence analysis

e depends on unknown constants (m, L, .. .)

e bound is not affinely invariant, although Newton's method is

convergence analysis via self-concordance (Nesterov and Nemirovski)

e does not depend on any unknown constants
e gives affine-invariant bound
e applies to special class of convex functions (‘self-concordant’ functions)

e developed to analyze polynomial-time interior-point methods for convex
optimization
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Implementation

main effort in each iteration: evaluate derivatives and solve Newton system
HAx =g

where H = V2f(x), g = -V f(x)

via Cholesky factorization
H=LL", Azu=L""L7"g, Xa)=|L 9|2

e cost (1/3)n? flops for unstructured system

e cost < (1/3)n3 if H sparse, banded
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example of dense Newton system with structure
f@) =) () + vo(Az+b), H=D+ATHyA
i=1

e assume A € RP*", dense, with p < n

e D diagonal with diagonal elements v (z;); Ho = VZo(Az + b)

method 1: form H, solve via dense Cholesky factorization: (cost (1/3)n?)

method 2 (page 9-15): factor Hy = LoLZ; write Newton system as
DAz + ATLow = —g, LEAAT —w =0
eliminate Ax from first equation; compute w and Az from
(I+LEAD 'ATLo)w = ~LEAD g, DAz = —g— ATLyw
cost: 2p*n (dominated by computation of LYAD~1AT L)
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