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ot i )
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\ g is concave, can be —oo for some A, v
lower bound property: if A\ = 0, then g(\,v) < p* ?\ O

proof: if x is feasible and A > 0, then mzar\S >\ & Q+)

fo(Z) > L(Z,\,v) > inf L(z,\,v) =g(\,v)

xzeD
minimizing over all feasible Z gives p* > g(\,v)
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Least-norm solution of linear equatlons{\'i.

«ﬂ)‘“
minimize 2Tz — &QOB\ qrjo:'>
subject to Az =b ce
c,(\(L

dual function

e Lagrangian is L(z,v) = aTx + vT(Ax — b) \Y" 5 B-\\G(\

e to minimize L over z, set gradient equal to zero: / (,G&\
Vol(z,v) =20 +ATv =0 = z=—(1/2)A%v
e plug in in L to obtain g:
g(v) = L((-1/2)ATv,v) = —%VTAATV — by

\/\/\
a concave function of v @U\adryar\'\r, Y
lower bound property: p* > —(1/4)vT AATY — b for all v
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’*Lu 'X;
A\ Uk
N - |Wn W Two-way partitioning 1)”7(1@%-’ ﬂ}
Wi /
© )Q’\L«S\ 6\%\ -
Y minimize Wz \ose' w® OS

Yy

: 2 _ C

subject to 27 =1, i=1,...,n la MOAQ‘S
Non) GNEZ ey rﬁ

e a nonconvex problem; feasible set contains 2™ discrete points

e interpretation: partition {1,...,n} in two sets; W;; is cost of assigning
i, j to the same set; —W;; is cost of assigning to different sets

dual function
g(v) = inf(zTWa + Z vi(z? — 1)) = infa? (W + diag(v))z — 17v

B { —1Ty + diag(v) = 0

X
—00 otherwise 0~‘0
QN
QS X

lower bound property: p* > —17v if W + diag(v) = 0
example: v = )\mm(W)l gives bound p* > nApi (W)

W+ Q"Bwbo “ N cubehiute T

5-7
Lagrange dual and conjugate function
minimize  fo(x)
subject to Ax <Xb, Cx=d
\ W ] V\\/}-
dual function N
ghv) = i ; (folz) + (ATA+ CTv) e —b" A — d'v)
redom fo
= —f3(=ATXN=CTv)—b"\ —d'v
e recall definition of conjugate f*(y) M
e simplifies derivation of dual if conjugate of fj is kown
| P \, "’ctg)
example: entropy maximization
P Py Cms-\qaﬂ\ Jl\\\

{ fo(w) = éxz log ;, foly) = ieyi_l \::’;:g.;o\{:x\:
\/\/Z_\‘ \/\l_/——
@m‘\ 6\9 OM \ 4 A ‘\0‘()
Duality ej‘ g(\\‘"bYD CIM &e LD%’\Q—]C %’Qg )



The dual problem
Lagrange dual problem

maximize  g(\,v)
subjectto A >0

finds best lower bound on p*, obtained from Lagrange dual function

e a convex optimization problem; optimal value denoted d*

A, v are dual feasible if A = 0, (\,v) € domg

often simplified by making implicit constraint (A, ) € dom g explicit

example: standard form LP and its dual (page 5-5) Q\SD Seen g(’{ (e

C">
minimize ¢z — maximize —bTv
subject to Ax =1b = subject to ATv +c¢>=0

x>0

\ ) md] Q_ &MOQ gne &o&lﬂ!— A&
pusiity %(1;, %&j(()ﬁ t\ 5\1&'\»’) fegsi\e = 70 OQMO%

bt delarled hcq’nmn}. o %w [P & CLP see

(g docby

eak and strong duality

weak duality: d* < p*

e always holds (for convex and nonconvex problems)
e can be used to find nontrivial lower bounds for difficult problems

for example, solving the SDP

maximize —1Tv
subject to W + diag(v) = 0

gives a lower bound for the two-way partitioning problem on page 5-7

strong duality: d* = p*
e does not hold in general
e (usually) holds for convex problems

e conditions that guarantee strong duality in convex problems are called
constraint qualifications

Duality 5-10



\\ﬁ‘ Slater’s constraint qualification 5'("603
[

strong duality holds for a convex problem e

D &K"b o

minimize

fo(z)
subject to  fi(z) <0, i=1,...,m k‘\
Ax =0

\If/LL’I§ strictly feasible, i.e

dr € int D : filx) <0, i=1,...,m, Arz =b

e also guarantees that the dual optimum is attained (if p* > —o0)

e can be sharpened: e.g., can replace int D with relint D (interior
relative to affine hull); linear inequalities do not need to hold with strict

e there exist many other types of constraint qualifications

Duality 5-11

Inequality form LP

primal problem

minimize Iz

subject to Ax <b

dual function

g(\) = inf ((c+ AT\ Tz

x

BT :{ —bTA ATX+c=0

—00 otherwise

dual problem
maximize —bT\
subjectto ATA+c=0, A>=0

e from Slater’'s condition: p* = d* if Az < b for some & B DY*
&

e in fact, p* = d* except when primal and dual are infeasible
Stotes’s condvhen: Sv%/\mpb «)cay LP & C\Y. v
ﬁ% L?/CL‘P S\\N’F)Y yazS\bn \ma\ (, O\MO.\\ S SU%)UM 5-12
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Complementary slackness
\ e

‘\
e

):-) assume strong duality holds, x* is primal optimal, (A\*, v*) is dual optimal
® :
folx®) =g\, v*) = mf ( )+ Z Aj fi() + Z l/z*hz(x)>
i=1

< fO(x*)+Z>‘;fi($*)+zy;hi(x*) .
:,\/—~ =y @)0

< fo(z") > 0 ,9(¢4>< 0

A u\a‘ ..
&g hence, the two inequalities hold with e\qulz?lltﬁl\ls_\ sk s )

Sj e x* minimizes L(x, \*, ") /S:QQQ\\Q-\L

o \fi(x*)=0fori=1,...,m (known as complementary slackness):

COYIJ( 7‘1

Z'e’)’() Cpua

AN>0= fi(z*) =0, filz*)<0= N\ =0

/VOC(»*S 3SC
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Karush-Kuhn-Tucker (KKT) conditions

the following four conditions are called KKT conditions (for a problem with
differentiable f;, h;):

1. primal constraints: f;(x) <0,i=1,...,m, hy(x)=0,i=1,...,p
dual constraints: A > 0

complementary slackness: \;f;(z) =0,i=1,...,m

= W

gradient of Lagrangian with respect to = vanishes:

Vfol@ Z AV fil Z viVhi(z

from page 5-17: if strong duality holds and x, A, v are optimal, then they
must satisfy the KKT conditions

Duality 5-18



KKT conditions for convex problem

if &, \, U satisfy KKT for a convex problem, then they are optimal: Q\
o
\

e from complementary slackness: fo(Z) = L(&, \, )

e from 4th condition (and convexity): g(\,7) = L(&, \, D)

hence, fo(%) = 9(5\7 V) 19
K " 5,00

. \
‘ ov\j <
if Slater’s condition is satisfied: »\
x is optimal if and only if there exist A\, v that satisfy KKT conditions

e recall that Slater implies strong duality, and dual optimum is attained

e generalizes optimality condition V fo(x) = 0 for unconstrained problem
Duality 5-19

example: water-filling (assume a; > 0)

minimize  —>""_ log(z; + ;)
subjectto >0, 1Tz =1

x is optimal iff z > 0, 17z = 1, and there exist A € R”, v € R such that

1

in—l—()éi

+>\i:V

o ifv<1/a;: \j=0and x; =1/v —
o ifv>1/a;: \ij=v—1/a; and z; =0
e determine v from 17z ="  max{0,1/v —a;} =1
interpretation

e n patches; level of patch i is at height «;

e flood area with unit amount of water

e resulting level is 1/v*
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