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sure that all required additional assumptions have been stated. If
absolutely necessary, do make more assumptions and state them very

I'Tu.l.-. T mel- somet L ing statec

cleaﬂy Urniless 1 ask you to prove something stated in c}ass, you <can
assume facts proved or stated in class without proof.

1. Find and classify {as local or global maximum or minimum or as a saddle
point) the stationary points for the following function.
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2
2. FindP’.S € R for which the function f(z,y) = F ('7( + Y ) + e 7L\f Y X ‘t‘\!

(a) has no stationary points

(1 Mark)
(b) has exactly one stationary point and it is a global strict minimum
(1 Mark)
(¢) has infinite stationary points, and all of them are global minimizers
(1 Mark)
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3. Consider the quadratic function

flx)=x"Ax+x"b+ec (1)

convex domain D. That is, f(x) is convex when x € D. Is it necessary
that f(x) be convex in any other convex domain £7

@ { Suppose vou are told that the quadratic function is convex in a particular

What about strict and strong convexity? : Oﬁ(\
e . . _ . WO

What if f(x) were any arbitrary function, convex in a convex domain D7 \\Q ¢ 0

Is it necessary that f(x) is also convex in any other convex domain £7 DY %6 L

Prove your claims. } ¢ SV {\
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4. The set of subgradients of a function f at a point x is called its subdiffer-
ential df(x).

(a) Prove that the subdifferential df(x) is a closed convex set.
(b) Prove that if f(x) = aj fi1(x) + azfa(x) with ay.az > 0, then

f(x) = a1 df1(x) + @20 f2(x)
where RHS is element-wise addition bet sets. That is

adfa(x) ={g | g = a1g1 + @282, g1 € df1(x), g2 € Ifa(x)}
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(d) Fo n-differentiable (but let us say continuous on its convex do-
ma D) x functio j( ) d h ed o D, dcrivc a1‘1d provc a
y 1 l‘h ent c lt f gl } ] € Din

¥ ge 05, %3 ) +3( ) @

Neeﬁﬂi 4(3}25@”} i yeD
Obyiou&lj; j:O c D m;\\ l){ a&u%dm\: C@n&s‘k\c’m 44{
aw@r\ @

W ® N gchc f]\f(‘/’f)zo ’g‘\rgD 5 \{se\g &
SQH:ICIC(‘\Z/ Condition

Next &)ﬂw %\@%C@) Y yeb & @\\o\&
/hen obwouﬂ O Mt hold jwa 5 0. /lWS 3() te,

OCDS:@,) 1S O MecedSa Cm&;hm as  we| 'gﬂ‘f
% 4 ke 0 ok %Moa RO

L0ek ) s a necessar) & SuSS—,c.mt ond hon



(e) Prove the conjugate subgradient theorem, which states that if f is a
closed convex function, then for any x;, x;

(x1,%x2) = f(x1) + f"(x2)

holds if and only if
Xz € 0f(x1)

where f*(x) is the convex conjugate of f(x)
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(10 Marks)

5. Consider a constrained convex optimization problem:

minimize  f(x) (2)
subject to  gi(x) <0 fori=1...m o

where f and g;’s are closed convex functions.
We will discuss two ways of reformulating this problem:
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1...m such that I, (x) = 0 iff g;(x) < 0 and I, (x) = 1 otherwise.

qu: SJ‘ ) {\I [8‘(@$ O} i. Prove that 91, (x) is a convex cone. Is it closed?

ii. Pose (2) as an equivalent unconstrained convex optimization

Sj. l.J G Conweo problem making use of I, (x).
l

1. Now derive a necessarv and sufficient condition for olohal con-
MNOW-Gerve a necessary -anda suliicient condition lor global coll

(SUR Wf)\ %Q\’ 6 ConN (% strained optimality of (2) at a point x*.
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(b) We define the following Conic Linear Program (Conic LP):

Ty

minimize '
subject to x e K (3)
Ax=b

where IC is a closed convex cone. Prove that corresponding to any
convex optimization problem of the form (2), there exists a corre-

sponding Conic LP (3) which has the same solution. Your proof is
by deriving the conic program corresponding to the convex optimiza-

tion problem.

Extra and Optional: Now how would you derive the convex con-
jugate for the Conic LP (3). What is its relation with the dual cone
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Consider the direct sum of the inner product spaces Z; & Z, given by
T, ® Iy = (Vi x Vo, +3, %3, <>3) such that, for all v;;,v12 € Vi and
v21,V22 € Vo and v € RN

Q3 (011,021) = (a *1 V11, (kg U21)

and
(v11,v21) +3 (V12,v22) = (V11 +1 V12, V21 +2 V22)

Let K1 C V4 and Ko C V5 be closed convex cones. Now answer the
following questions:

i. Is K1 x K5 a closed convex cone?

ii. Write an expression for the dual cone (K; x K3)* in terms of the
dual cones K7 and K5. Prove that your answer is correct.
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