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Two-way transducers
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(Courcelle) MSO Transducers
“interpreting the output structure in the input structure”

I output predicates defined by MSO[S] formulas interpreted
over the input structure

s t r e s s e d

S S S S S S S

SSSSSSS
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S

(x, y) ⌘ S(y, x)

�

�

(x) ⌘ �(x)

I input structure can be copied a fixed number of times:
u 7! uu, or u 7! u.mirror(u).
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Other example : u 7! u.mirror(u)

s t r e s s e d

s t r e s s e d

copy 1

copy 2

S S S S S S S
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SSSSSSS
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S

Formulas

copy 1: �

1
S(x, y) ⌘ S(x, y)

copy 2: �

2
S(x, y) ⌘ S(y, x)

copy 1 to copy 2: �

1!2
S (x, y) ⌘ x = y ^ last(x)

copy 2 to copy 1: �

2!1
S (x, y) ⌘ ?

for all copies i: �

i
�(x) ⌘ �(x)
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S S S S S S S

S S S S S S S

SSSSSSS

S

SSSSSS

S

Formulas

copy 1: �

1
S(x, y) ⌘ S(x, y)

copy 2: �

2
S(x, y) ⌘ S(y, x)

copy 1 to copy 2: �

1!2
S (x, y) ⌘ x = y ^ last(x)

copy 2 to copy 1: �

2!1
S (x, y) ⌘ ?

for all copies i: �

i
�(x) ⌘ �(x)

13 / 20
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Büchi Theorems for Word Transductions

Let f : ⌃⇤ ! ⌃⇤.

Theorem (Engelfriet, Hoogeboom, 01)

f is 2ST-definable i↵ f is MSO-definable.

Consequence Equivalence is decidable for MSO-transducers,
and they are closed under composition.

Theorem (Bojanczyk 14, F. 15)

f is 1T-definable i↵ f is order-preserving MSO-definable.

Order-preserving MSO: �i,j

S

(x, y) |= x � y.
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EXAMPLES OF SPECIFICATIONS

. True : [
*

×
-2

*

.
There exists an

'

a

'

in the output [
*

× I *aI*

. Output Is a subword of Input
{ ( n ,✓ ) 1 Fine . . . <

in
,

. ✓ =

at
in ] . .

.at
in , ] }

. Every request is processed exactly once

{ ( rn . . . rie , 9Th ,
. - gam ) / it permutation }

. More generally : shuffle

{ ( rn . . . Te , ran,
- .  . then , ) 1 IT permutation }
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IDEA : SEE TRANSDUCTIONS AS SINGLE STRUCTURES WITH ORIGIN

( called origin graphs)

INPUT a b a c  a  a  a

ORIGIN

OUTPUT b a b a a

MSOE E in , four ,
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input order output order origin function

Characterizations of  classes -
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EXAMPLES

. True : T

. Output contains
'

a

'

: F "t×
. al × )

. Output is a sub word of input :

.
shuffle : bijection ( o ) a label - pres ( o )

. identity : shuffle ^ order -

preserving
( o )
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WORD SET of ORIGIN GRAPHS
x

*

ue -2 { on |(u,v,o)eEtD}
v

1 X E Courcelle 's word . to . graph transductions

2 Backward Translation theorem : d
' ' ( EMD ) EREGCE )

3 Check a
" ( END ) = 01
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RESULTS

• Undeniable ( even for F0z[ tour , sour , Ein ,o] )

• Decidable for Lt ÷ F0z[ four ,
0

, MSOB
, .n[ fin ] ]

Example : ttY Fouty PC old ,d y , ) → tiiryzonrx → Q( oly ) ,o(n) )
P

, QEMSO [ E
, ;]

CONSEQUENCES

• Decidable equivalence problem for Lt - transductions

. Decidable satiifiabihty for Lt

Fxn . . .ZXnLt
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Lt :-. FOz[ four ,
0

, MSOB
, .n[ fin ] ]

EXPRESSIVENESS OF Lt

•
all previous examples (including shuffle )

• LT > 2DFT= MSOT

ZLT

schuffle LT
O

ZNFT NMSOT

yrvt
•
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tojyme,q . ].f :[ *→E* . §; doff,Iyd°m
4



SYNTHESIS

THEOREM 1
. f E MSOT

VYEFL,
. Ff :I*→E* . §

,

domf = dom 4

f t 4

CONSEQUENCES

. New characterization of MSOT : MSOT =L
,

n functions

. Decidable functionality problem for Lt

y
.

y : y
,

synthesis µ : Mgot
expressiveness 4

'

: Lyn functions

2 .

Test 4=4
'
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DATA WORDS COVER E. D)

Definition infinite set of

( F ,
d

, ) . . .
( on , dn ) € ( [×D)*

ordered data

finite

alphabet

DATA WORD AS FINITE STRUCTURE
.

finite word structure + data comparison

÷
,

. . . ,n } : positions £ : preorder on positions

{ : linear .
order Bojaiczyk

Museum
LOGICS For DATA WORDS Sehwenhich

'
06

FOz[ S
, Sp , ~d] : decidable FOE f. Sp

,
-4 ] : undeniable Segofn

FOZ [ s
, Sa ,

I ] : decidable [ Schwentick
,

Zeume
,

'

10 ] David



TYPED DATA WORDS ( over I. D. T )

DEFINITION ( w
,

I :D T )

T T
data finite set
Word of types

closed if data ( w )= data ( w )

cnet.ae#eaEitEit



TYPED DATA WORDS vs TRANSDUCTIONS

1 2 3

a G a

a a b a b

{ data = origin
!

"""**"
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NOW - ERASING TRANSDUCTIONS < → CLOSED TYPED DATA WORDS

WITH ORIGIN OVER E. r OVER E
,

IN
,

P

LOGICS

F0z[ four .io/Ms0b..nTEiiD <→ FOZ [ f
,

MSOB ,
.n[ f ] ]

TRANSDUCTIONS DATA WORDS

CONSEQUENCE
. FOz[ s

, Msob , .n[ I ] ] is decidable on typed data words over IN

( closedness does not

. EMSOz[ {
, MSOB ;n[ f ] ] is decidable too

. matter )
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SUMMARY

• new logic tailored to
express non - functional transductions

•
decidable sahisfiabihitg / model .

checking / equivalence / functionality

•
MSOT synthesis

• new characterization of MSOT

• origin - sensitive ! otherwise undeidable

FUTURE WORK

• synthesis of
"

memory - efficient
"

machines from Lt

• extensions to trees & data word transductions

CHALLENGE

• MSOT = ZDFT .

. ZRFT = SST = Ltn functions = .  . .

•
Canonical model ?



NON - DETERMINISTIC MSO TRANSDUCERS

Use monadic second order parameters

a be a a b a

Ydom ( X ) = odd
. cardinality ( × )

Ys ( x ,y ,X)=x,yEX^nFzeX . x<z< y

output : babe

a b a a b a

output : aba


