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Abstract

We study the arithmetic complexity of iterated matrix multiplication. We show that any
multilinear homogeneous depth 4 arithmetic formula computing the product of d generic

matrices of size n x n, IMM,, 4, has size V) ag long as d = n®® . This improves the
result of Nisan and Wigderson (Computational Complexity, 1997) for depth 4 set-multilinear
formulas.

We also study SIHIO@WNOINIIMH formulas, which are depth 4 formulas with the stated
bounds on the fan-ins of the IT gates. A recent depth reduction result of Tavenas (MFCS,
2013) shows that any n-variate degree d = n®® polynomial computable by a circuit of size
poly(n) can also be computed by a depth 4 SIIO@OISII formula of top fan-in n@(@/H). We
show that any such formula computing IMM,, 4 has top fan-in n2(d/Y) | proving the optimality
of Tavenas’ result. This also strengthens a result of Kayal, Saha, and Saptharishi (ECCC,
2013) which gives a similar lower bound for an explicit polynomial in VNP.
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1 Introduction

Valiant [Val79, Val82] gave a clean theoretical framework to study the complexity of polyno-
mials via the arithmetic circuit model, introducing the “tractable” class VP and the larger
“intractable” class VNP. In particular, Valiant showed the VNP-completeness of the perma-
nent. Combined with the completeness of the determinant for a slightly restricted class of
tractable computations called VPg [Tod92, MPO0S§]|, this means that the major open question

VPg L VNP can be stated as asking whether a permanent can always be expressed as a “not
too big” determinant, without mention of a computation model. Many other questions remain
open in arithmetic circuit complexity. One of them is whether polynomials from the class VPg
can be computed efficiently by weaker models such as formulas (which define the class VPy), or
constant-depth circuits. In this paper we will focus on iterated matrix multiplication, another
fundamental computation which is complete for the class VPg, and whether it can be computed
by depth 4 formulas with alternating sum and product gates (so-called XIIXII formulas).

Motivation and Results Interest in depth 4 formulas for arithmetic computation was sparked
by the result of Agrawal and Vinay [AV0S§|, showing that, for certain lower bound questions, it
was enough to consider this depth 4 case. This was later pursued by Koiran [Koil2] and Tave-
nas [Tav13|, the latter showing that a polynomial of degree d over N variables computed by a
circuit of size s can also be computed by a formula of depth 4 and size exp(O(4/dlog(ds) log N)).
In particular, every polynomial p of degree d = N O that has a circuit of size N1 has a
depth 4 SIIXII formula C of size exp(O(v/dlog N)). The formula C, additionally, has the prop-
erty that its II-gates have fan-in O(+/d); such formulas are called SOV LTIOWD] formulas.
In the special case that p is homogeneous, C is also homogeneous.

There has been recent progress towards proving strong lower bounds for rloWalylowa)
formulas as well: in a breakthrough result, Gupta, Kamath, Kayal and Saptharishi [GKKS13]
give exp(Q(y/n)) lower bounds for LIIOWMISTIOWM] formulas computing the n x n perma-
nent and determinant polynomials. Note that this gives a lower bound of exp(2(+/d)), for a
polynomial in VP of degree d, which is off by a factor of log N (here N = n?) in the exponent
as compared to the upper bound given by Tavenas. More recently, Kayal, Saha, and Sapthar-
ishi [KSS13] give a polynomial of degree d in N variables (for d = v/N) in VNP such that
any SIIOGVDISIOVD] formula computing the polynomial has size exp(Q(v/dlog N)). Thus,
improving either the result of Tavenas or the lower bound techniques of [GKKS13), [KSS13] could
yield the desired separation between VP and VINP. Here, we look at the first approach and
consider the question of whether the result of Tavenas [Tav13| can be strengthened, asking:

Is it possible to show that any polynomial (respectively homogeneous polynomial) of
degree d over N variables that has a poly(IV)-sized circuit has a STOWAlploWd)]
(respectively homogeneous LIIXII) formula of size exp(o(v/dlog N))?

Our results indicate that the answer to this question is negative: Theorem [17] implies that
for all d there is an explicit polynomial f € VP of degree d on N variables such that any
SHOVIISIOVD] formula computing it has size exp(Q(v/dlog N)). Thus, we strengthen the
result of [KSS13] by obtaining a similar lower bound (for all d) for a polynomial in VP.

Moreover, the polynomial f is the Iterated Matrix Multiplication polynomial, which com-
putes a single entry in the product of d many n x n matrices whose entries are all distinct
variables. We will denote this polynomial by IMM,, 4. Its complexity is by itself of great inter-
est. It occupies a central position both in algebraic complexity theory — being complete for
VP as mentioned above — and in complexity theory in general, since it is closely related to the
Boolean and counting versions of the canonical NL-complete problem of deciding reachability in



a directed graph. In particular, showing that IMM,, ; does not have polynomial-sized formulas
is equivalent to showing a separation between VPy and VPg.

For any r € N, the polynomial IMM,, ; has a formula of size n and product-depth
r < logd (i.e., at most r II-gates on any root to leaf path): this formula, constructed using a
divide-and-conquer technique with 7 levels of recursion, is furthermore a set-multilinear formula
(see Section . In particular, for r = logd, this technique yields a set-multilinear formula of
size n@Uogd) for IMM,, 4, which is the best known formula upper bound for this polynomial.

In a seminal work, Nisan and Wigderson [NW97] showed lower bounds on the size of product
depth-r set multilinear formulas computing IMM,, 4. For the case r = 1, [NW97] prove an
optimal lower bound of n%~!. For r > 2, however, they prove a lower bound of exp(Q(d"/")).
Note that the dimension n of the matrices does not feature in the lower bound: indeed, we get
the same lower bound for any n > 2. We rectify this situation for r = 2:

O(rdV/)

Theorem For any large enough n,d € N, any set-multilinear XIIXII formula computing
IMM,, 4 has size nVa)

In fact, our lower bound holds in the more general setting of homogeneous multilinear 211311
formulas (see the full version of the paper for a precise statement and proof).

As a final consequence of our technical theorems, we obtain an optimal lower bound for reg-
ular formulas (see Section@ for the same polynomial f, answering a question raised in [KSS13].

Theorem For large enough n,d € N, any regular formula for IMM,, 4 has size pSilogd)

Related work As mentioned above, the Iterated Matrix Multiplication polynomial has been
considered before in a work of Nisan and Wigderson [NW97], which also introduced the impor-
tant technique of using partial derivatives to prove lower bounds in arithmetic complexity. We
use a recent strengthening of this technique due to Kayal [Kay12] and Gupta et al. [GKKS13],
which uses shifted partial derivatives. We briefly survey some results that use this technique,
but refer the reader to [GKKS13| for a more thorough account.

Kayal [Kay12] used the shifted partial derivatives technique to show a lower bound for
expressing the monomial z1xs---x, as a sum of powers of bounded degree polynomials in
x1,...,%,. Gupta et al. [GKKSI13] showed lower bounds for XIIXII formulas (with fan-in bounds
on the II-gates) computing the permanent and determinant polynomials. More recently, the
shifted partial derivative method has been used by Kumar and Saraf [KS13al] to prove lower
bounds for homogeneous XIIXII formulas (see Section with bounded fan-in at the top X gate
computing the permanent and by Kayal, Saha, and Saptharishi [KSS13| to prove stronger lower
bounds for bounded IlI-gate fan-in XIIXI1 formulas computing an explicit polynomial in VINP.

It is interesting to note that the result of |[GKKSI3| itself implies a (superpolynomially
weaker) lower bound for STHOWDISTIIOWD] formulas computing the Iterated Matrix Multipli-
cation polynomial. This is because of the well known fact (see for instance [MV97]) that an
m x m determinant is a projection of IMM,, 4, where n = O(m?) and d = m. Thus, for this
setting of parameters, the lower bound of [GKKS13] for the determinant gives a lower bound
of exp(Q(+/d)) for IMM,, 4.

There has also been a considerable amount of research into lower bounds for set-multilinear
and more generally, multilinear formulas. Nisan and Wigderson [NW97] proved lower bounds
on the size of small-depth set-multilinear formulas for the Iterated Matrix Multiplication poly-
nomial. Building on their techniques, the breakthrough work of Raz |[Raz09] proved super-
polynomial lower bounds for multilinear formulas computing the determinant and permanent
polynomials. Follow-up work of Raz [Raz06] (see also Raz and Yehudayoff [RY0S8]) showed



a superpolynomial separation between VPg and VP in the multilinear setting. This was re-
cently strengthened by Dvir, Malod, Perifel, and Yehudayoff [DMPY12] to a superpolynomial
separation between VPy and VPg in the multilinear setting.

In a closely related work, Raz and Yehudayoff [RY09] also prove strong exponential lower
bounds for constant-depth multilinear formulas. More precisely, they give an explicit multilinear
polynomial of degree IV over N variables that has no multilinear XITXII formulas of size less than
exp(Q(y/Nlog N)). Their results are somewhat incomparable to ours, since our lower bound is
superpolynomially stronger than theirs, whereas their results apply not just to XIIXII formulas,
but to all small-depth (up to o(log N/loglog N))) multilinear formulas, without homogenity
restrictions. (The bounds get weaker with larger depth.) Moreover, as far as we are aware,
their techniques — or indeed, any of the general techniques used to prove multilinear formula
lower bounds — are not applicable to the Iterated Matrix Multiplication polynomial.

Subsequent work: In a very recent work, building upon [GKKS13| [KSS13, [CM13], Kumar
and Saraf [KS13b] prove the tightness of Tavenas’ depth reduction result even for homogeneous
formulas, thus strengthening our Theorem Specifically, they give a polynomial of degree
d on N variables computable by a poly(/N) size homogeneous XIIXII formula with top fan-in
O(log d) such that any homogeneous ST formula computing it has size exp (Q (%l log N ))
However, they do not seem to get a lower bound for general set-multilinear XIIXII formulas
(i.e. with unbounded bottom fan-in). In the same work, they also give a family of polynomials
{fn}n in VNP such that any XIIXII homogeneous formula with top fan-in o(logn) computing
fn requires superpolynomial size (specifically, any SIIXII homogeneous formula with top fan-in
bounded r needs size exp (Q (nl/r log n)))

Yet another subsequent work [LSS13], involving Chandan Saha and two of the authors of
this draft, proves that any homogeneous SIIXII formula (with no restriction on the top fan-in)
computing IMM,, e requires size nfilogn) — That is, [LSS13|] prove a lower bound for a more
general model as compared to those discussed in this work or [KS13b|; however, their bound is
weaker than the tight (exponential) bound achieved in this paper. We would also like to note
that [LSSI3] crucially use the lower bound on the shifted partial derivative space of IMM,, 4
established in this paper.

2 Definitions and notations

Standard definitions of arithmetic circuits, formulas, branching programs and layers can be
found in the full version or in [SY10]. We fix the convention that in a layered circuit/formula,
the layers are numbered in increasing order with input gates getting the smallest number (0)
and output gates the largest. A XIIXII formula is a layered formula in which gates at layer 1
and 3 are labeled x and gates at layer 2 and 4 are labeled +. The notation SLIISTIP! will
indicate that the fan-ins of gates on layers 1 and 3 are bounded by 8 and « respectively.

Recall that a polynomial is called homogeneous if each monomial in it has the same degree.
A formula is called homogeneous if each of its gates computes a homogeneous polynomial.

Fix a partition X1, Xo,..., Xy of X. For a subset T' < [d] we say that a monomial over
the variables in X is T-multilinear if it is a product of variables such that exactly one variable
comes from each X; (i € T'). A polynomial is called T-multilinear if it is a linear combination
of T-multilinear monomials. We say that a polynomial is set-multilinear if it is T-multilinear
for some T' < [d]. A formula is called set-multilinear if every node in the formula computes a
set-multilinear polynomial. Note that a set-multilinear formula is by definition homogeneous.

It will be convenient for us to blur the distinction between multilinear monomials over the
set of variables X and subsets of X. Thus, we freely apply reasonable set-theoretic operations



to multilinear monomials. For example, for multilinear monomials m; and ms, m1 U mg is the
multilinear monomial that contains exactly the variables that occur in either m; or meo; we can
similarly define m; N mgy and m\msz; |m| will denote the degree of a multilinear monomial m.

The Iterated Matrix Multiplication polynomial. Throughout, let n,d > 2 be fixed
parameters. We consider polynomials defined on variable sets X1, ..., X4. For i € [d]\{1,d}, let
X; be the set of variables .TEZ,)C for j,k € [n]; for i € {1,d}, let X; be the set of variables xg-i) for
J € [n]. Let X = J;¢[q Xi- We will use N to denote [X| = (d — 2)n? + 2n.

The Iterated Matrix Multiplication polynomial on X, denoted IMM,, 4, is defined to be
IMM,, ¢ = >, eWg® 2O @D D) NGte that the polynomial IMM,, 4 is the

J1dd—1 7 g1 1,927 52,93 Jd—2:dd—1""Jd—1

value of the product of d matrices (of dimensions 1 x n, n x n (d — 2 times), and n x 1), the
ith matrix having entries from X;. Hence in the remainder of the paper we refer to “the matrix
X",

Another way to define this polynomial is to see it as a generic layered algebraic branching
program with d + 1 layers Vj, ..., Vy where V; = {vgi), - ,US)} for 0 <i < dand V; = {v®} for
i € {0,d}. The graph contains all possible edges from V; to V41 for i € {0,...,d — 1}. The edge
from vj(-i_l) to v,(:) is labeled with the variable :z:gl,)C for 0 <i < d— 1 and the edges from v to

7)](»1) and v‘gd*l) to v(4 are labeled Igl) and azg.d) respectively. Then, IMM,, 4 is the polynomial

computed by the branching program, i.e., the sum of the weights of all the paths from the vertex
v(® to the vertex v(¥. We denote by A the canonical ABP defined above. Given a path p in
A, we will also denote by p the product of all the variables that occur along the edges in p.

The dimension of the shifted partial derivatives. For £,/ € N and a polynomial f €
Flz1,...,2y], we define the space of shifted partial derivatives as in [Kay12}, [GKKSI13|: (0 f)<s =

k
ifif_n i1+...+i, =k, j1+...+jnéﬁ},andusedim(@kﬁg) as our

oz, .0y
complexity measure.

span{zl' ... xh" -

3 Preliminaries

The derivatives of IMM,, ;5. The derivatives of IMM,, ; have a simple form that is easily
described. Since we will be interested in lower bounding the size of the partial derivative space
of this polynomial, we only choose a subset of all partial derivatives available to us. Let k

denote a parameter which we will choose later. Let r denote [ﬁJ — 1. We fix k& matrices

among X7, ..., Xy that are placed evenly apart: Formally, choose £ matrices X, ,..., X, such
that p; — (pg—1 + 1) = r for all 1 < ¢ < k + 1, where pg = 0 and py41 = d + 1. We then
choose one variable from each of these chosen matrices, say 2P 2P and take derivatives

21,J1° T Ik

with respect to these variables. We denote this derivative by 0zIMM,, 4, where Z denotes
(i1,71,-- ik, k) € [n]**. Note that 07IMM,, 4 can be written as a sum of monomials m such

that m = p1p2 ... pr+1, where p, is a path from v](pq_l) to v in A for all 2 < g<k,prisa

jq—1 iq
path from vertex v(® to vgfl_l) in A, and py41 is a path from o) to vertex v(@ in A. Clearly,

Jk
07IMM,, 4 is a homogeneous polynomial of degree d — k.

Restrictions. By a restriction of the variable set X, we will mean a function o : X — {0, =}.
Given f € F[X] and a restriction ¢ on X, we denote by f|, the polynomial g € F[X] obtained
by setting all the variables € 0=1(0) to 0 (the other variables remain as they are). Given



polynomials f,g € F[X], we say that g is a restriction of f if there exists a restriction o on
X such that g = f|,. Given a formula C' over the variables X and a restriction o, we define
C|, to be the circuit obtained by replacing all the variables x € o~1(0) with 0 then simplifying
the formula accordingly, by suppressing any II gate receiving a variable set to 0. Clearly, if C'
computes the polynomial f € F[X], then C|, computes the polynomial f|,.

The shifted partial derivative space of IIIPIXII! formulas. We need an upper bound
on the dimension of the shifted partial derivative space of polynomials computed by small
STIPISTIH formulas. The following is implicit in [(CKKST3] and is stated explicitly in [KSST3].

Lemma 1 ([KSS13], Lemma 4). Let D,t,k, £ € N be arbitrary parameters. Let C be a STIPIXITH
formula with at most s 11 gates at layer 3 computing a polynomial in N wvariables. Then, we

have dim({0pC)<y) < s - (g) . (NZf(J;g;)?k)

We also need the following technical facts (see the full version).

N+£ T
Fact 2. For any integers N,{,r such that r < ¢, we have (W)T < (](\,fg)r) < (NjfT_T) .
l—r

Fact 3. For any integers n,d = 2, N = (d—2)n? +2dn and t > 1, there exists an integer £ > d
such that n'/16 < (NTM)t < nl'/4.

4 Proof overview

In the work of Gupta et al. [GKKS13] the shifted partial derivative method was used to prove
that any SOOI formula (not necessarily homogeneous) computing the permanent or
the determinant (on n? variables) must have size exp(Q(n/t)). Their proof contained two steps.
First, they proved that the shifted partial derivative space of SIIPISIIN formulas, for suitable
D and t, has small dimension. Then, they showed that the dimension of {0y F')<, is quite large
for suitable k and ¢, where F' is the determinant or the permanent.

We prove a strong lower bound on dimension of the shifted partial derivative space of IMM,, 4,
thereby proving a lower bound of n™@?) for STIPISIM formulas computing IMM,, 4, as long
as D is small enough compared to n (the formal statement and proof can be found in Section
@. In fact, we manage to prove something slightly stronger. We prove that some carefully
chosen restrictions (see Section of the IMM,, ;4 polynomial have shifted partial derivative
spaces of large dimension. Putting this together with Lemma [I] implies strong lower bounds for
SHPISIM formulas computing even these restrictions of IMM,, 4.

In order to prove our next result, a lower bound for set-multilinear XIIXII formulas of
possibly unbounded bottom fan-in computing IMM,, 4 (the formal statement and proof can be
found in Section [5)), we reduce to the case of formulas with bounded bottom fan-in using the
idea of random restrictions. This is motivated by some arguments in [FSS84 [Has87, NW97|;
our restrictions themselves, however, look quite different.

We force the fan-in of the bottom II gates to less than some threshold ¢ by using random
restrictions. This is quite intuitive, since a random restriction that sets any variable to 0 with
good probability should set any high degree (multilinear) monomial to 0 with probability close
to 1. Importantly for us, though, we can devise such a set of restrictions with the additional
property that these restrictions remain hard to compute for homogeneous SIIEI formulas,
by the ideas used to prove the lower bound for SIIPISTI formulas.



5 Lower bounds for set-multilinear formulas

We start by defining a set of restrictions of IMM,, 4, then we prove a lower bound for srPlyt
formulas computing them, and finally we show that there exists a restriction in the set which
changes a set-multilinear formula to a LIIIPISIIH formula.

5.1 Nice restrictions of IMM,, 4

We use the evenly-spaced matrices from Section [3; we have chosen indices pq,...,pr and also
set po = 0 and py1 = d + 1. We will now choose new indices py, where pj is roughly in the
middle between p,—1 and py: for each g € [k + 1], we choose a p;, such that p, 1 < p;, < pg and
min{p, — (pg—1+1),pg — (p + 1)} = | 551 |. We define P’ to be {pq | q € [k]} U {v, | qek+1]}.

We then define the set R of nice restrictions which: (a) keep only one variable in the
first (row) matrix; (b) for each index p ¢ P’ u {1,d}, keep only the variables in X, of the
form z; . ;) for some permutation m, of [n]; (c) for each index p € P’, leave the variables of
X, untouched; (d) keep only one variable in the last (column) matrix. More formally, let R
be the set of restrictions 7 defined, for any choice of integers j; and j; in [n] and any set
{mp|p¢ P u{l,d}} of permutations of [n], by: 7(z) = 0if z = :1:5»1) for some j # ji, or if

x = xg-d) for some j # jg4, or if x = x%}) for j # m,(i) and p ¢ P U {1,d}; 7(z) = = otherwise.

5.2 A lower bound for nice restrictions of IMM,, 4

Let o be the nice restriction 7 obtained by setting j; and jg; to 1 and m, to the identity
permutation for all p ¢ P’ U {1,d}. Let F be the polynomial IMM,, 4|,. We will work with
F for most of the lower bound proof, and then show that the lower bound holds for all the
polynomials obtained from IMM,, 4 by a restriction in R.

5.2.1 The dimension of the space of shifted partial derivatives of F

As with IMM,, 4 in Section we will consider the derivatives of F' with respect to a tuple of vari-

(p1) (px)

ables x; /..., ;" and denote this derivative by orF, where Z denotes (i1,71, - , ik, Jk) as

before. It can be observed from the restriction defining F' that dzF is now a single mono-

mial of degree d — k, which we denote p(Z). In fact, we can write p(Z) = p1p2...Pk+1,

(1) (1) (p)

with the following notations: p; = g7 - hf, where g7 = <a:1 ~H1<p<p,1 x171) and h¥ =

11
() . B N () I T _ (p)
(Hp’1<p<p1 Ty )i for L<q<k+1, pg=gy-2;" ; -y, where g; = Hpq71<p<p; L ja—1sGq—1
T _ () . _ 7 ) 7 T _ (p)
and iy = (Hp;<p<pq %,z‘q)’ Pt = Gier Tjr M, where gy = (T <pepy | 255, ) and

WE1 = (T, <peaetl) - 27).

We wish to lower bound the dimension of the span of the shifted k-partial derivatives of F'.
Clearly, dim({0xF)<s) = dim (span(M)), where M is the set of monomials m - 0zF, for m a
monomial of degree at most ¢ and Z € [n]?*. Since M is a set of monomials, the dimension of
the span of M is exactly |[M|. For Z € [n]?, define Mz as the set of monomials m’ of degree
at most ¢ + d — k and such that p(Z) divides m’. By definition, p(Z) is exactly dzF, so that
M = {m/|m/ of degree at most ¢+ d — k and 3 Z € [n]?* such that p(Z)|m'} = Uzepnpze Mz
We have thus shown the following claim.

Claim 4. dim(<akF>gg) = UIe[n]% M.

The intuitive content of the following simple technical claim is that any two distinct mono-
mials p(Z) and p(Z') are quite different.



Claim 5. For any Z,T' € [n]**, we have |p(Z')\p(Z)| = A(Z,T') - |55 |, where A(Z,T') denotes
the Hamming distance between I and T'.

Proof. Consider any Z,7’ € [n]**. Say T = (i1, j1,. .. ,ik, jx) and Z' = (i}, 5}, ..., ik, %) Then,
using the notation from the definition of p(Z), we haveE|

p@Ne(@ 2 | (o | 6Euh 2 | @EadEe | D).

qe(k] qe[k] qelk]:jq#74 qe[k]:iq#1y

Note that when j, # j;, then the monomials ng+1 and gqul do not share any variables and
hence [gF, \g7 1| = lg7,41] = | 5% |- Similarly, when i, # if, we have |hI \hI| = || Thus:

PTW@ = Y l\dkal+ Y, WD = M’I’)'V?J- -

qelk]:jq#34 qelk]iq#i,
Claim 6. For any T € [n]**, we have |Mz| = (Nﬂ)_

Proof. This is clear since a monomial m € Mz iff there is a monomial m’ of degree at most £
such that m = m’ - p(7). O

Claim 7. For any I,7' € [n]**, we have |Mz n Mz/| = (szé‘;gf\l;\&(ﬁ)‘)

Proof. Fix any Z,7' as above. Any m € Mzn Mz may be factored as m = m’-p(Z)-(p(Z")\p(2)).
The degree of m’ can be bounded by £ +d —k — (d—k) — |p(Z")\p(Z)| = ¢ — |p(Z")\p(Z)|. Thus,
Mz n Mz is equal to the number of monomials of degree at most ¢ — |p(Z')\p(Z)|. O

Claim 8. Fiz any k,n € N. Then there exists an S < [n]** such that |S| = [ kJ and, for all
distinct ,7' € S, we have A(Z,T") = k.

Proof. We greedily pick vectors which have pairwise Hamming distance at least k. A standard
volume argument (see, e.g., [Gurl0]) gives the claim. O

Now we are ready to prove a lower bound on the dimension of the space of shifted partial
derivatives of F.

Lemma 9. Let k,¢ € N be arbitrary parameters such that 20k < d < £ and k = 2. Then

: N+0—d n\k
dim((Op F)<e) = M - (NZE) - M ( Z_d/l/olo), where M = l(Z) J
Proof. Fix S as guaranteed by Claim By Claim it suffices to lower bound | M|. For this, we
use inclusion-exclusion. Since M = | J; Mz, we have that (M| > |Uzcs Mz| = Di7es IMz| —
Y rees Mz 0 Mz|. By Claim |§|, we know that [Mz| = (V). By Claims |7 and [5| and our
choice of S, for any distinct Z,Z" € S, we have Mz n Mz/| < (Nz_gk,’f(l(_rl)}%ﬂ) < (Nz_éd/%lo)
where the last inequality follows since |(r —1)/2| > d/10k for k < d/20 (recall that r denotes

{#ilJ —1). Plugging this upper bound on |[Mz n Mz/| into the inequality for | M| given above,

we obtain |[M| > |S] - (NM) S|? - (N;f;/%m). Since |S| = [(%)kJ, the lemma follows. O

'Recall that AUB denotes the union of disjoint sets A and B.



5.2.2 A lower bound for XIIPIXTIY formulas computing F

Lemma 10. Let n,d,D,t,k € N be such that n > 10, and 2 < k < d/160t. Then, any
3/4k
»1IP] 1 formula for F has top fan-in at least Q(( 5D ) )

Proof. Recall that N = (d — 2)n? + 2dn = |X|. By Fact [3| we can choose ¢ to be a positive
integer such that n'/16 < (%)t < n'/* and £ > d. We now analyze dim({dyF)<;). By our
choice of parameters, we have that 20k < d. By Lemma [0} we have dim({0yF)<¢) = T1 — Tb,
where T} = M - (N+€) and Ty = M? - (NH*d/lO), with M = |(%)*|. However, for our choice of

(—d/10
+£ d .
parameters, we have % = ]\M > ﬁ : (W) /10 > ”dgljm > % > 4F > 2, where the first
\ r—d/10
inequality follows from Fact [2] and the second inequality follows by our choice of £. Hence, we
have dim((0pFh<g) = Ty — To = T1/2 = 4 - (V).

Now, let C be a EH[ Iyt formula for F' of top fan-in s. Then, by Lemma [l| and using
Stirling’s approximation, we have dim((0xC)<¢) < s- (]]:;) : (N;f(*;(jl‘)z)’“) <s- (%)k (NZf(J;(fl_)?k)

Since C' computes F', dim({dxC) <) must be at least dim({dxF)<(), therefore

§2 — % N+€+g(t—1)k Z ek <N £> Z ek <Z> ' <N 6)
2(5e)" ( O (t—1)k ) 2(%) + 4(%9) +
k k k
1 [ nk CNYY U nk _ 1 (%
"4 \4eD \N+/ “4 \15D. () “4 \ 15D )’
where the second inequality follows from Fact [2] the third from our choice of M and the last
from our choice of £, and 4e < 15. This proves the lemma. O

5.2.3 A lower bound for XIIPIXII formulas computing nice restrictions of IMM,, 4

We show that applying any nice restriction to IMM,, 4 yields a polynomial whose complexity is
equivalent to that of F'.

Definition 11. For a polynomial g € F[X] and a permutation ¢ of X, define ¢(g) as the
polynomial obtained by replacing in g each variable x € X by ¢(x). Two polynomials f, g € F[X]
are said to be equivalent if there exists a permutation ¢ of X such that f = ¢(g).

If two polynomials f, g € F[X] are equivalent, then their complexity with regard to SIIIPIS11l!]
formulas is the same and Claim [12] (proof in full version) implies Lemma [13] below.

Claim 12. For any restriction o € R as defined above, IMM,, 4|5 is equivalent to F'.

Lemma 13. Letn,d, D,t,k € N be such that n = 10 and 2 < k < d/160t. Let T be a restriction
k
in R. Then any LIPS for IMM,, 4|+ has top fan-in at least §2 ((7135/;1%) )

5.3 From set-multilinear formulas to XIIIPIXIT formulas

In this section we reduce the case of a depth 4 set-multilinear formula to the case of bounded
bottom fan-in by finding a suitable nice restriction.

Lemma 14. Let n,d be large enough integers, and k,t € N be such that t = 4k. Let C be a
set-multilinear EHZH formula of size s < n'/'0. Then there exists a restriction T € R such that
C|, is a SIIZI formula.



Proof. We consider the uniform distribution over restrictions in R and prove that with high
probability the property in Lemma [14] holds. Let us fix any bottom level I gate G in C that
has fan-in ¢’ > t. Let m be the (set-multilinear) monomial computed by this II gate. We can
write m as a product of ¢’ variables, each coming from a different variable set. That is, there
exists a set S C [d], |S| = ¢’ such that m = M;esy®, where y(*) is a variable from X;. Consider
the probability that G is not set to 0 in C|,. First note for all p € P’, each variable in X,
survives with probability 1, i.e., the restriction does not set any variable in X, to 0. But from
the definition of our restriction and choice of ¢, |P’| = 2k + 1 and t' > ¢t > 4k. Therefore, the
monomial m has at least ¢/3 variables coming from matrices X, (p ¢ P’). And for all p ¢ P/,
the probability over 7 that a variable survives in X, is exactly 1/n. Therefore, the probability
that the monomial m survives is at most (1/n)">.

Since there are at most s < nt/!0 bottom level II gates of fan-in greater than ¢, by a union
bound, the probability that any such II gate survives is at most nt/10 . # = o(1). O

We can now bring everything together.

Theorem 15. For any large enough n,d € N, any set-multilinear X1IXI1 formula computing
IMM,, 4 has size nVd)

Proof. Let us choose k,t such that d/320 < kt < d/160 and t = 4k. Let C be a XIIXII set-
multilinear formula of size s computing IMM,, ; and say s < nt/10. Let o be the restriction
guaranteed by Lemma Therefore, we have that C|, is a ST formula of size at most s
computing IMM,, 4|,, which is equivalent to F.

We can further convert C|, into a SIB/ISIM formula, say €7, so that the top fan-ins of
both C|, and C” are the same. This can be done (as explained in Remark 11 of [GKKS13]) by
multiplying out polynomials of degree less than t/2 feeding into the IT gates at layer 3 so that
at most one of them has degree less than ¢/2 and all others have degree between t/2 and ¢t. This
will imply that the fan-in of II gates at layer 3 is at most 2d/t + 1 which is bounded by 3d/t.
From Theorem we have that for kt < d/160 any SIIBYIIIH formula computing F has top

fan-in at least i . (?;g’;’;) . Therefore, for the above choice of k and ¢, F has size n*%). Hence
$ > min {nQ(t), nQ(k)}. Since kt = ©(d) and t = 4k, we have proved s = nQ(Vd), O

Remark 16. Raz and Yehudayoff [RY09] proved that any XIIXIL multilinear formula com-
puting the determinant polynomial has size exp(Q(n1/27)). Using a carefully defined restriction
(from {xi:j}i,je[n] to {0,1,} instead of to {0,}) along the above lines together with the result

of [GKKST13), this lower bound can be improved to exp(QU(n'/?)) in the set-multilinear case.

6 Lower bounds for SIPIXII formulas and regular formulas

In this section, we derive our lower bounds for some flavors of XIIXII formulas. We start with a

specific case that has been the focus of a few recent results ([GKKS13, [KSS13]), the ZTIIPIx 11l

model, where the II gates at layers 3 and 1 have fan-ins bounded by D and t respectively.

Theorem 17. Let n,d, D,t € N be such that n > 10 and 1 < t < d/160. Then, any SIPILIIMY
Q(d/t)

formula computing IMM,, 4 has top fan-in at least (“%id) . In particular, if D = O(d/t)

then any ST formula computing IMM,, 4 has top fan-in at least nS2d/t),

Proof. Fix k = |d/160t]. We will show that any STIIPIXII formula C' for IMM,, 4 has top
k
fan-in at least 2 <<"11/4Dk) ), which will prove the theorem. But this follows from Lemma

9



and the simple fact that if IMM,, 4 has a SIPILTI formula with top fan-in at most s, then
so does any of its restrictions, and in particular F' (defined in Section does. ]

We now consider the problem of proving lower bounds for regular formulas, defined and stud-
ied recently by Kayal, Saha, and Saptharishi [KSS13]. They show the existence of a polynomial
in VNP of degree d over N variables that has no regular formula of size less than N<(ogd),

They also explicitly ask the following: is it true that any degree d polynomial in N variables
that has a polynomial-sized ABP also has a regular formula of size N°°89)? Here, we answer
this question in the negative by showing that IMM,, ; has no regular formulas of size less than
nft1ogd)  We will need the following theorem of [KSS13)].

Theorem 18 ([KSS13], Theorem 15). Let X be any set of N variables and let F' € F[X] be a
polynomial of degree d with the property that there exists a & > 0 such that for any t < d/100, any
SHCWOISTI formula computing the polynomial F has top fan-in at least exp(8 (%) log N).
Then, any regular formula computing F must be of size N(ogd)

Though the theorem above is stated for ¢t < d/100, it holds for ¢t < d/C for any constant C.
Putting the above theorem together with Theorem we have

Theorem 19. For large enough n,d € N, any reqular formula for IMM,, 4 has size at least
Q(log d)
n .

Note that the above is tight, up to the constant in the exponent, since the standard con-

struction of an n®1°89) gized formula for IMM,, 4 yields a regular formula.

7 Discussion

In this paper, we have explored the limits of depth reduction and gained a better understanding
of the circuit complexity of IMM,, 4, but many interesting questions remain unanswered.

We have shown that Tavenas’ result [Tavl3] is optimal up to polynomial factors, even for
polynomials in the class VPg, by showing that any STOVAILTIOWVD] formulas for IMM,, 4
has size exp(Q(v/dlog N)). Thus, in order to use depth reduction based techniques to prove a
separation between VP and VNP, we will need to exhibit a polynomial in VNP that requires
SHIOWVIISIOWVD] formulas of size exp(w(v/dlog N)) to compute it.

One might also wonder whether lower bounds for weaker models, such as arithmetic formu-
las, might follow from either the shifted partial derivative technique or by depth reduction. Can
one show non-trivial upper bounds on the dimension of the shifted partial derivative space of
polynomials computed by small formulas? Do polynomials of degree d over N variables com-
puted by poly(N)-sized formulas have SIOVAISTIOWD] formulas of size exp(o(v/dlog N))?

Coming to the question of the complexity of IMM,, 4, we have been able to pin down almost
exactly the XIIXII complexity of IMM,, 4 in the set-multilinear and, more generally, in the
homogeneous multilinear setting. Can this be extended to show that, in general, set-multilinear
formulas of product-depth r (for constant ) computing IMM,, 4 have size exp((d"/"logn))?

This would count as tangible progress towards the goal of showing that set-multilinear formu-
las for IMM,, 4 must have size n(°89). Raz [Raz10] has shown that, for d = o(logn/loglogn),
the set-multilinear formula complexity of IMM,, 4 and the formula complexity of IMM,, 4 are
polynomially related and hence, a superpolynomial lower bound for set-multilinear formulas in
this regime would immediately imply a separation between VPg and VPy.
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Lower bounds for depth 4 formulas computing iterated matrix
multiplication (full paper)

Hervé Fournier® Nutan Limaye' Guillaume Malod} Srikanth Srinivasan®
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Abstract

We study the arithmetic complexity of iterated matrix multiplication. We show that any
multilinear homogeneous depth 4 arithmetic formula computing the product of d generic

matrices of size n x n, IMM,, 4, has size V) g long as d = n®® . This improves the
result of Nisan and Wigderson (Computational Complexity, 1997) for depth 4 set-multilinear
formulas.

We also study SIHIO@WNOINTIMH formulas, which are depth 4 formulas with the stated
bounds on the fan-ins of the IT gates. A recent depth reduction result of Tavenas (MFCS,
2013) shows that any n-variate degree d = n®W polynomial computable by a circuit of size
poly(n) can also be computed by a depth 4 SIIO@OILTIM formula of top fan-in @@/, We
show that any such formula computing IMM,, 4 has top fan-in nd/t)  proving the optimality
of Tavenas’ result. This also strengthens a result of Kayal, Saha, and Saptharishi (ECCC,
2013) which gives a similar lower bound for an explicit polynomial in VNP.

1 Introduction

Arithmetic circuits are a convenient way to model computation when considering objects of an
algebraic nature such as the determinant. Thanks to the work of Valiant [Val79, [Val82], they
are also the basis of a clean theoretical framework to study the complexity of such objects.

In particular, Valiant defined two classes: the class VP of tractable polynomials and the
larger class VNP, which contains polynomials thought to be intractable. He then showed
the completeness of the permanent polynomial for the class VNP. This contrasts with the
determinant polynomial, whose expression is very close to that of the permanent, but which
is efficiently computable. Indeed, a slight restriction of tractable computations [Tod92l, IMPO0S)]
yields a class, VPg, for which the determinant is complete. As a result, the major open question
of the equality of the classes VPg and VNP can be stated as the question of whether a permanent
can always be expressed as a “not too big” determinant, without mention of a computation
model.

Many other questions remain open in arithmetic circuit complexity. One of them is whether
the determinant, or other polynomials from the associated class VPg, can be computed efficiently

*Univ Paris Diderot, Sorbonne Paris Cité, Institut de Mathématiques de Jussieu, UMR 7586 CNRS, F-75205
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by weaker models. Among these models are formulas, which define a class VPg, where partial
results cannot be reused, and constant-depth circuits.

In this paper we will focus on iterated matrix multiplication, another fundamental computa-
tion which is complete for the class VPg, and whether it can be computed by depth 4 formulas,
with alternating sum and product gates (so-called YIIXII formulas).

Motivation and Results. Interest in depth 4 formulas for arithmetic computation was
sparked by the result of Agrawal and Vinay [AV08], showing that, for certain lower bound ques-
tions, it was enough to consider this depth 4 case. This was later pursued by Koiran [Koil2]
and Tavenas [Tavl3], the latter showing that a polynomial of degree d over N variables
computed by a circuit of size s can also be computed by a formula of depth 4 and size
exp(O(1/dlog(ds)log N)). In particular, every polynomial p of degree d = poly(/N) that has
a circuit of size poly(N) has a depth 4 SIIXII formula C of size exp(O(v/dlog N)). The for-
mula C, additionally, has the property that its II-gates have fan-in O(v/d); such formulas are
called SIIOVDIRTIOVA] formulas. In the special case that p is homogeneous, then C' is also
homogeneous.

There has been recent progress towards proving strong lower bounds for STIOWAIS oW
formulas as well: in a breakthrough result, Gupta, Kamath, Kayal and Saptharishi [GKKS13]
give exp(Q(y/n)) lower bounds for LIIOWMISTIOWM] formulas computing the n x n perma-
nent and determinant polynomials. Note that this gives a lower bound of exp(Q(+v/d)), for a
polynomial in VP of degree d, which is off by a factor of log N (here N = n?) in the exponent
as compared to the upper bound given by Tavenas. More recently, Kayal, Saha, and Sapthar-
ishi [KSS13] give a polynomial of degree d in N variables (for d = +/N) in VNP such that
any SHOVAIRTIIOVD] formula computing the polynomial has size exp(€2(v/dlog N)). Thus,
improving either the result of Tavenas or the lower bound techniques of [GKKS13, [KSS13| a
little further could yield the desired separation between VP and VNP.

Here, we look at the first approach and consider the question of whether the result of
Tavenas [Tav1l3] can be strengthened. Formally, we ask

Is it possible to show that any polynomial (respectively homogeneous polynomial) of

degree d over N variables that has a poly(IV)-sized circuit has a SOVl ploWd)]
(respectively homogeneous LIIXII) formula of size exp(o(v/dlog N))?

Our results indicate that the answer to this question is negative: Theorem [17] implies that
for all d there is an explicit polynomial f € VP of degree d on N variables such that any
STHOWDISTIIOWD] formula computing it has size exp(Q(v/dlog N)). Thus, we strengthen the
result of [KSS13|] by obtaining a similar lower bound (for all d) for a polynomial in VP.

Moreover, the polynomial f is the Iterated Matrix Multiplication polynomial, which com-
putes a single entry in the product of d many n x n matrices whose entries are all distinct
variables. We will denote this polynomial by IMM,, 4. Its complexity is by itself of great inter-
est. It occupies a central position both in algebraic complexity theory — being complete for
VP as mentioned above — and in complexity theory in general, since it is closely related to the
Boolean and counting versions of the canonical NL-complete problem of deciding reachability in
a directed graph. In particular, showing that IMM,, ; does not have polynomial-sized formulas
is equivalent to showing a separation between VP and VPq.

It is easy to see that for any r € N, the polynomial IMM,, 4 has a formula of size n
and product-depth r < logd (i.e., at most r Il-gates on any root to leaf path). This formula,
constructed using a simple divide-and-conquer technique that requires r levels of recursion, is
furthermore a set-multilinear formula (see Section. In particular, for r = log d, this technique

O(rd*/™)
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yields a set-multilinear formula of size nOUogd) fo IMM,, 4, which is the best known formula
upper bound for this polynomial.

In a seminal work, Nisan and Wigderson [NW97] showed lower bounds on the size of product
depth-r set multilinear formulas computing IMM,, 4. For the case r = 1, [NW97] prove an
optimal lower bound of n%~!. For r > 2, however, they prove a lower bound of exp(Q(d"/")).
Note that the dimension n of the matrices does not feature in the lower bound: indeed, we get
the same lower bound for any n > 2. We rectify this situation for r = 2 with the following
theorem.

Theorem For any large enough n,d € N, any set-multilinear XIIXI1 formula computing
IMM,, 4 has size nVa)

In fact, our lower bound holds in the more general setting of homogeneous multilinear 211311
formulas.

Theorem For any large enough n,d € N such that d = n°Y) | any homogeneous multilinear
YIIXIT formula computing IMM,, ¢ has size nQ(Vd),

As a final consequence of our technical theorems, we also obtain an optimal lower bound
for regular formulas (see Section [6)) for the same polynomial f, answering a question raised
in [KSS13].

Theorem For large enough n,d € N, any reqular formula for IMM,, 4 has size at least

nQ(log d)

Related work. As mentioned above, the Iterated Matrix Multiplication polynomial has been
considered before in a work of Nisan and Wigderson [NW97|, which also introduced the impor-
tant technique of using partial derivatives to prove lower bounds in arithmetic complexity. We
use a recent strengthening of this technique due to Kayal [Kay12] and Gupta et al. [GKKS13],
which uses shifted partial derivatives. We briefly survey some results that use this technique,
but refer the reader to [GKKSI3| for a more thorough account.

Kayal [Kay12] used the shifted partial derivatives technique to show a lower bound for
expressing the monomial zixs---x, as a sum of powers of bounded degree polynomials in
Z1,...,Tn. Gupta et al. [GKKS13] showed lower bounds for XIIXII formulas (with fan-in bounds
on the Il-gates) computing the permanent and determinant polynomials. More recently, the
shifted partial derivative method has been used by Kumar and Saraf [KS13al] to prove lower
bounds for homogeneous LIIXII formulas (see Section [2) with bounded fan-in at the top X gate
computing the permanent and by Kayal, Saha, and Saptharishi [KSS13] to prove stronger lower
bounds for bounded II-gate fan-in XIIXII formulas computing a certain explicit polynomial in
VNP.

It is interesting to note that the result of |[GKKSI3| itself implies a (superpolynomially
weaker) lower bound for STIOWIISTIIOWAD] formulas computing the iterated matrix multipli-
cation polynomial. This is because of the well known fact (see for instance [MV97]) that an
m x m determinant is a projection of IMM,, 4, where n = O(m?) and d = m. Thus, for this
setting of parameters, the lower bound of [GKKSI3| for the determinant gives a lower bound
of exp(Q(+/d)) for IMM,, 4.

There has also been a considerable amount of research into lower bounds for set-multilinear
and more generally, multilinear formulas. Nisan and Wigderson [NW97] proved lower bounds
on the size of small-depth set-multilinear formulas for the Iterated Matrix Multiplication poly-
nomial. Building on their techniques, the breakthrough work of Raz |[Raz09] proved super-
polynomial lower bounds for multilinear formulas computing the determinant and permanent
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polynomials. Follow-up work of Raz [Raz06] (see also Raz and Yehudayoff [RY0S8]) showed
a superpolynomial separation between VP and VP in the multilinear setting. This was re-
cently strengthened by Dvir, Malod, Perifel, and Yehudayoff [DMPY12] to a superpolynomial
separation between VP and VPg in the multilinear setting.

A result that is closely related to ours is the work of Raz and Yehudayoff [RY09], who also
prove strong exponential lower bounds for constant-depth multilinear formulas. More precisely,
they give an explicit multilinear polynomial of degree N over N variables that has no multilinear
YIIXT formulas of size less than exp(Q2(v/Nlog N)). Their results are somewhat incomparable
to ours, since

e Our lower bound is stronger in that it matches Tavenas’ upper bound [Tav13|] for XITXII
formulas for any degree-d polynomial with poly(/N)-sized circuits. The above lower bound
is slightly weaker.

e The results of Raz and Yehudayoff apply not just to XIIXII formulas, but to all small-
depth (up to o(log N/loglog N))) multilinear formulas, without homogenity restrictions.
(The bounds get weaker with larger depth.)

e As far as we are aware, their techniques — or indeed, any of the general techniques used
to prove multilinear formula lower bounds — are not applicable to the Iterated Matrix
Multiplication polynomial.

Subsequent work: In a very recent work, building upon [GKKS13| [KSS13| [CM13], Kumar
and Saraf [KS13b| prove the tightness of Tavenas’ depth reduction result even for homogeneous
formulas, thus strengthening our Theorem Specifically, they give a polynomial of degree
d on N variables computable by a poly(/N) size homogeneous XII¥II formula with top fan-in
O(log d) such that any homogeneous SIIXIIM formula computing it has size exp (@ (% log N)).
However, they do not seem to get a lower bound for general set-multilinear XITXII formulas
(i.e. with unbounded bottom fan-in). In the same work, they also give a family of polynomials
{fn}n in VNP such that any XIIXII homogeneous formula with top fan-in o(logn) computing
fn requires superpolynomial size (specifically, any ZIIXIT homogeneous formula with top fan-in
bounded 7 needs size exp (Q (nl/ "logn))).

Yet another subsequent work [LSS13], involving Chandan Saha and two of the authors of
this draft, proves that any homogeneous XIIXII formula (with no restriction on the top fan-in)
computing IMM,, e requires size nfilogn)  That is, [LSS13] prove a lower bound for a more
general model as compared to those discussed in this work or [KS13b|; however, their bound is
weaker than the tight (exponential) bound achieved in this paper. We would also like to note
that [LSSI3] crucially use the lower bound on the shifted partial derivative space of IMM,, 4
established in this paper.

2 Definitions and notations

Let X be a set of variables and let F[X] denote the set of polynomials over variables X and
field F.

Arithmetic circuits and branching programs. An arithmetic circuit is a finite simple
directed acyclic graph. The vertices of in-degree 0 are called input gates and are labeled by
constants from I or variables from X. The vertices of in-degree at least 2 are labeled by +
or x. The output gate is a vertex with out-degree 0. The polynomial computed by a node is
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defined in an obvious inductive way. The polynomial computed by the arithmetic circuit is the
polynomial computed by the output gate.

The size of the circuit is the number of nodes in the graph. The depth of the circuit is the
length of the longest input gate to output gate path. The in-degree (out-degree) of a node/gate
is often called its fan-in (fan-out, respectively). We do not assume any bound on the fan-ins or
fan-outs of the nodes unless stated otherwise. A circuit is called layered if the underlying graph
is layered.

An algebraic branching program, or ABP, over the set of variables X and field F is a tuple
(G, s,t) where G is a weighted simple directed acyclic graph and s and t are special vertices in
G. The weight of an edge in a branching program is a linear form in F[X]. The weight of a path
is the product of the weights of its edges. The polynomial computed by a branching program
G is the sum of the weights of all the paths from s to ¢t in G. The size of a branching program
is the number of its vertices. The length of a branching program is the length of the longest s
to t path. If we can partition the vertices of a branching program in levels so that there are
only edges between vertices in successive levels, we say that the branching program is layered.

Arithmetic formulas and variants. An arithmetic formula is an arithmetic circuit which
is a simple directed tree. The size, depth, fan-ins, fan-outs and layers for formulas are defined
similarly to that of circuits. We fix the convention that in a layered circuit/formula, the layers
are numbered in increasing order with input gates getting the smallest number (0) and output
gates getting the largest number.

A YIIYII formula is a layered formula in which gates at layer 1 and 3 are labeled x and
gates at layer 2 and 4 are labeled +. We will also use the notation SIS to indicate that
the fan-in of gates on the first and third layers is bounded by 8 and « respectively.

Recall that a polynomial is called homogeneous if each monomial in it has the same degree.
A formula is called homogeneous if each of its gates computes a homogeneous polynomial.

Fix a partition X, Xo,..., Xy of X. For a subset T' < [d] we say that a monomial over
the variables in X is T-multilinear if it is a product of variables such that exactly one variable
comes from each X; (i € T'). A polynomial is called T-multilinear if it is a linear combination
of T-multilinear monomials. We say that a polynomial is set-multilinear if it is T-multilinear
for some T' < [d].

A formula is called set-multilinear if every node in the formula computes a set-multilinear
polynomial. Note that a set-multilinear formula is by definition homogeneous.

We also consider multilinear polynomials, which are a slight generalization of set-multilinear
polynomials. A monomial over a set of variables X is called multilinear if each variable in
X has degree at most one in the monomial. A polynomial is called multilinear if it is a linear
combination of multilinear monomials. A formula is called multilinear if each node in the formula
computes a multilinear polynomial. It is called homogeneous multilinear if it is simultaneously
homogeneous and multilinear.

For any node g in the formula, let X, denote the set of variables in the polynomial computed
by ¢g. A formula is called syntactic multilinear if, for each x node ¢ in the formula, the sets
Xg1: Xgys .- Xy, are mutually disjoint, where g1, g2, ..., gr are the children of g.

It is known from [SY10] that if there is a multilinear formula F' of size s computing a mul-
tilinear polynomial p € F[X], then there exists a syntactic multilinear formula of size at most
s computing p; similar statements are also true for XIIXII and homogeneous XIIXII formu-
las. Therefore, we assume without loss of generality that the formulas computing multilinear
polynomials are syntactic multilinear.

It will be convenient for us to blur the distinction between multilinear monomials over the
set of variables X and subsets of X. Thus, we freely apply reasonable set-theoretic operations
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to multilinear monomials. For example, for multilinear monomials m; and ms, m1 U mg is the
multilinear monomial that contains exactly the variables that occur in either m; or meo; we can
similarly define m; N mgy and m\msz; |m| will denote the degree of a multilinear monomial m.

The Iterated Matrix Multiplication polynomial. Throughout, let n,d > 2 be fixed
parameters. We consider polynomials defined on variable sets X1, ..., X4. For i € [d]\{1,d}, let
X; be the set of variables .TEZ,)C for j,k € [n]; for i € {1,d}, let X; be the set of variables xg-i) for
J € [n]. Let X = J;¢[q Xi- We will use N to denote [X| = (d — 2)n? + 2n.

The Iterated Matrix Multiplication polynomial on X, denoted IMM,, 4, is defined to be

MM g= 3 2D o0 D @

‘ ' 1 Yinget e, Jd—2:Jd—1"Jd—1"
J15--Jd—1

Note that the polynomial IMM,, 4 is the sole entry of the product of d generic matrices (of
dimensions 1 x n, n x n (d—2 times), and n x 1), the ith matrix having entries from the variable
set X;. Hence in the remainder of the paper we refer to “the matrix X;”.

Another way to define this polynomial is to see it as a generic layered algebraic branching
program with d + 1 layers Vp, ..., Vy where V; = {UY), . ,vq(f)} for 0 <i < dand V; = {v(®} for
i € {0,d}. The graph contains all possible edges from V; to V;4; for i € {0,...,d —1}. The edge
from vj(z_l) to v,(:) is labeled with the variable x% for 0 <i < d— 1 and the edges from v(© to

v](-l) and v](-d_l) to v(@ are labeled xg-l) and :):ﬁd) respectively. Then, IMM,, 4 is the polynomial

computed by the branching program, i.e., the sum of the weights of all the paths from the vertex
v(® to the vertex v(@.
We denote by A the canonical ABP defined above. Given a path p in the ABP A, we will

also denote by p the product of all the variables that occur along the edges in the path p.

The dimension of the shifted partial derivatives. As in [Kay12 [GKKS13], we will use
the dimension of shifted partial derivatives as our complexity measure. For k,f/ € N and a
multivariate polynomial f € Flx1,...,z,], we define

o f

<akf><g=Span{l-{1,..x%".W h+...+1i, =k, j1+...+jn<€}.
xy ... 0y

The complexity measure we use is dim ({0 f)<r)-

3 Preliminaries

In this section we give a few technical lemmas and definitions which will be used in the subse-
quent sections.

The derivatives of IMM,, 4. The derivatives of IMM,, ; have a simple form that is easily
described. Since we will be interested in lower bounding the size of the partial derivative space
of this polynomial, we only choose a subset of all partial derivatives available to us. Let k

denote a parameter which we will choose later. Let r denote [kLHJ — 1. We fix k& matrices
among X1,..., Xy that are placed evenly apart. Formally, choose £ matrices X, ,..., X, such

that p; — (pg—1 +1) = r for all 1 < ¢ < k + 1, where pyg = 0 and py1; = d + 1. We then

(p1) £P%) and take derivatives

choose one variable from each of these chosen matrices, say z; i T
I, 9
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with respect to these variables. We denote this derivative by 0zIMM,, 4, where Z denotes
(ilvjla cee aikajk) € [n]Zk

Note that d7IMM,, 4 can be written as a sum of monomials m such that m = p1p2...pr41,
(Pg—1) (Pq—

where p, is a path from v; i

- Yin A for all 2 < q < k, p1 is a path from vertex

v(©@ to vzgfrl) in A, and pg41 is a path from v](-f’“) to vertex v(@ in A. Clearly, 07IMM,, 4 is a
homogeneous polynomial of degree d — k.

to v

Restrictions. By a restriction of the variable set X, we will mean a function o : X — {0, }.
Given f € F[X] and a restriction o on X, we denote by f|, the polynomial g € F[X] obtained
by setting all the variables x € 0~1(0) to 0 (the other variables remain as they are).

Given polynomials f, g € F[X], we say that g is a restriction of f if there exists a restriction
o on X such that g = f|,.

Given a formula C over the variables X and a restriction o, we define C|, to be the cir-
cuit obtained by replacing all the variables € o~!(0) with 0 then simplifying the formula
accordingly, by suppressing any Il gate receiving a variable set to 0. Clearly, if C computes the
polynomial f € F[X], then C|, computes the polynomial f|,.

We will mostly be interested in restrictions of IMM,, 4. In this setting, the following basic
observation helps simplify many arguments. In Section 2, we defined the IMM,, ; polynomial
to be the polynomial computed by an ABP A such that for each edge of A, the linear form
labeling that edge was a distinct variable from X. Restrictions F' of IMM,, 4 are polynomials
obtained when we set certain variables of X to 0 in IMM,, 4; equivalently, we may see F' as the
polynomial computed by the ABP Ap obtained when we delete the edges corresponding to the
variables that are set to 0 by the restriction.

The shifted partial derivative space of YIIPIXII formulas. We need an upper bound
on the dimension of the shifted partial derivative space of polynomials computed by small
SHPISTI formulas. The following is implicit in the work of Gupta et al. [GKKS13] and is
stated explicitly in [KSS13].

Lemma 1 ([KSS13], Lemma 4). Let D,t,k, £ € N be arbitrary parameters. Let C be a SIIIPISITH
formula with at most s 11 gates at layer 3 computing a polynomial in N variables. Then, we

have D\ [N 40+ (t—1)k
+O+ (-
dim (<o <s- : i
m{(OC<e) < 5 (k:) < 0+ (t— 1)k )
We also need the following technical facts.
Fact 2. For any integers N, £, r such that r < ¢, we have

<N+£>’" QN <N+€—r>r
< < .
/ (N+£—r) {—r

L—r

Fact 3. For any integers n,d = 2, N = (d—2)n? +2dn and t > 1, there exists an integer £ > d
such that n'/16 < (%)t < nt/4,

Proof. We choose £ to be the least positive integer such that f(¢) := (NTH)t < n'/%. Note that

such an ¢ exists since f(1) = (N + 1) > n'/* and lim_,, f(£) = 1. We must also have £ > d
since for £ < d, we have f(£) = ((N/d) + 1)t = (n + 1)t > n'/4.

The only thing left to show is that for this choice of ¢, we have (NZ’E )t > n!/16. To prove
this, we claim that it suffices to prove the following inequality for any ¢ > 1

VW) < f(U+1). (1)

19



To see this, note that assuming the above inequality, we have f(¢) = /f(f —1) = n!/16,
where the last inequality follows from the fact that f(¢ — 1) = nl/4.
The proof of Inequality is elementary. We need to show that

N+ ¢ t/2< N+ +1\!
I = 7+ 1

<N+£’>1/2 N4/ +1
= < —

v U +1
Squaring both sides and cross multiplying we see that is equivalent to

(0 +1)? N+ l+ 1)2

X

v N+
1 1
"+ - 4+2< N+ 2
< €+€,+ + +N+€'+

which is easily verified for N > 1.

4 Proof overview

In this section, we briefly describe the outline of the proof of the main theorems.

Our theorems prove strong lower bounds on variants of XII¥II formulas computing IMM,, 4.
Recall that we already have tight lower bounds on XIIY set-multilinear formulas computing
IMM,, 4 due to Nisan and Wigderson [NW97]. A natural first step for us, therefore, would
be to prove an optimal lower bound for set-multilinear formulas which are sums of products
of quadratics, i.e., set-multilinear SIIXTI2!, or more generally, sums of products of low degree
polynomials. To do this, we use the shifted partial derivative method of Gupta et al. [GKKS13],
who introduced this technique to prove that any SOOI formula (not necessarily ho-
mogeneous) computing the permanent or the determinant polynomial (on n? variables) must
have size exp(€2(n/t)). Their proof was made up of two steps.

e First, they observed that the shifted partial derivative space of SIPISTI formulas, for
suitable D and ¢, has small dimension.

e Then, they showed that the dimension of {J; F')<y is quite large for suitable k and ¢, where
F' is any one of the determinant or permanent polynomials.

We prove a strong lower bound on dimension of the shifted partial derivative space of IMM,, 4,
thereby proving a lower bound of n™@?) for SHIPISIIM formulas computing IMM,, 4, as long
as D is small enough compared to n (the formal statement and proof can be found in Section
@. In fact, we manage to prove something slightly stronger. We prove that some carefully
chosen restrictions (see Section of the IMM,, ; polynomial have shifted partial derivative
spaces of large dimension. Putting this together with Lemma [I] implies strong lower bounds for
STIPISTI formulas computing even these restrictions of IMM,, 4.

In order to prove our next result, a lower bound for set-multilinear XII¥II formulas and ho-
mogeneous multilinear XII¥II formulas of possibly unbounded bottom fan-in computing IMM,, 4
(the formal statement and proof can be found in Section , we reduce to the case of formulas
with bounded bottom fan-in using the idea of random restrictions. This is motivated by, and
reminiscent of some arguments in [FSS84) [Has87, NW97]; our restrictions themselves, however,
look quite different.
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We force the fan-in of the bottom II gates to less than some threshold ¢ by using random
restrictions. This is quite intuitive, since a random restriction that sets any variable to 0 with
good probability should set any high degree (multilinear) monomial to 0 with probability close
to 1. Importantly for us, though, we can devise such a set of restrictions with the additional
property that these restrictions remain hard to compute for homogeneous SIS formulas,
by the ideas used to prove the lower bound for SIIPITTI formulas.

We consider two different sets of restrictions. The first set of restrictions is simpler, but only
works to reduce the fan-in of set-multilinear XIIXII formulas. By considering a second, slightly
more involved, family of restrictions, we prove a lower bound for homogeneous multilinear
SIYII formulas as well (the formal statement and proof can be found in Section [7)).). Note
that the lower bound result for XIIXIT homogeneous multilinear formulas subsumes the lower
bound result for set-multilinear XIIXII formulas and indeed, there is a good amount of overlap
between the two proofs. However, for the sake of clarity of exposition, we give detailed proofs
for both.

5 Lower bounds for set-multilinear formulas

We start by defining a set of restrictions of IMM,, 4, then we prove a lower bound for srPlyt
formulas computing them, and finally we show that there exists a restriction in the set which
changes a set-multilinear formula to a SIIIPISIIH formula.

5.1 Nice restrictions of IMM,, 4

Our restrictions are related to the evenly-spaced matrices chosen before: recall that we have
chosen indices p1, ..., pr and also set pg = 0 and pgy1 = d + 1. We will now choose new indices
Py» Where py is roughly in the middle between p, 1 and py: for each g € [k + 1], we choose a pj,
such that p,—1 < p, < pg and min{p}, — (pg—1 +1),py — (p;, + 1)} = | %51 |. We define P’ to be
byl ae [k} v (o, [a e [k +11}.

We then consider the set R of restrictions which:

e keep only one variable in the first (row) matrix,

o for each index p ¢ P' U {1,d}, keep only the variables in X, of the form z; . ;) for some
permutation 7, of [n].

e for each index p € P’, leave the variables of X, untouched,
e keep only one variable in the last (column) matrix.

Restrictions in R are called nice.
More formally, let R be the set of restrictions 7 defined below, for any choice of integers j;
and jg in [n] and any set {m, | p ¢ P’ U {1,d}} of permutations of [n]:

—

0 ifz =z for some j # ji, or

J
() = if x = xg-d) for some j # jq4, or
if x = xl(? for j # m,(i) and p ¢ P U {1,d},

* otherwise.
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For example, we can choose to keep the first variable of X and X, and, in each matrix X,
for p € P’, only variables on the diagonal, thus defining a restriction o:

0 ifz =z for some j#1, or

J
o(z) = if x = xg.d) for some j # 1, or
if v = xg}) for i #j and p¢ P’ U {1,d},

* otherwise.
Let F be the polynomial IMM,, 4|,. As we saw in Section |3} we can also define the polynomial
F' in the language of ABPs. Consider the ABP A defined in Section 2| above. Construct a new

ABP A’ by removing edges from A as follows:
e Remove all edges from v(? to Uj(-l) for j # 1.

e For p ¢ P’ U {1,d}, remove all edges between V,_; to V, except for those of the form

(Uj(p_l),vj(-p)) for j € [n].

e Remove all edges from Uj(d*l) to v(@ for j # 1.

The ABP A’ computes exactly the polynomial F'.

5.2 A lower bound for nice restrictions of IMM,, 4

We will work with F' for most of the lower bound proof, and then show that the lower bound
holds for all the polynomials obtained from IMM,, 4 by a restriction in R.

5.2.1 The dimension of the space of shifted partial derivatives of F

As with IMM,, 4 in Section [3| we will consider the derivatives of F' with respect to a tuple of

variables PV 2P

it Lig g and denote this derivative by 0z F, where Z denotes (i1, j1, " , ik, jk)
as before. It can be observed from the restriction defining F' that ¢z F is now a single monomial

of degree d — k, which we denote p(Z). In fact, we can write p(Z) = p1p2. .. pk+1, where

1 /
p1= xg)- H x(lpi 'xgl,)ill)' H mgf)zl

1<p<p) Py <p<p1
7
v e
971 hl
_ (») (Py) H (p)
Pg = H T5 gt | T T (forl<g<k+1)
Pg—1<p<pj Py <P<pq
95 hg
_ (») (Plos1) (p) (d)
Pk+1 = H Lirge | Tir1 H Ti1 )4
PE<P<Pj 1, Py <p<d
. .
v '
ya A
Ik+1 hieta

We would like to lower bound the dimension of the vector space generated by the shifted
k-partial derivatives of F'. Clearly, we have

dim({0;F)<¢) = dim (span(M))
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where M = {m - 0zF | m a monomial of degree at most ¢ and T € [n]**}. Since M is a set of
monomials, the dimension of the span of M is exactly |M|.
Another way of looking at M is as follows. For Z € [n]?*, define

Mz = {m' ‘ m’ a monomial of degree at most £ + d — k and p(Z) divides m’} .

Since by definition, p(Z) is exactly 0z F, we have

M = {m -p(7) ‘ m a monomial of degree at most ¢ and Z € [n]%}
- {m/

We have shown the following.

m’ of degree at most £+ d — k and 3 Z € [n]** such that p(I)]m’} = U M.
Ze[n]2k

Claim 4. For F and Mz (T € [n]**) as defined above, we have dim({0,F)<;) = | M|, where
M = UIE[n]% MI~

We will also need the following simple technical claim, the intuitive content of which is that
any two distinct monomials p(Z) and p(Z’) are quite different. Recall that we do not distinguish
between multilinear monomials over the variable set X and subsets of X.

Claim 5. For any Z,7' € [n]**, we have

D] > AT T)- |75

where A(Z,T") denotes the Hamming distance between T and T'.

Proof. Consider any Z,7’ € [n]**. Say T = (i1, j1,. .., ik, jx) and I’ = (i}, 4}, ..., i}, ;). Then,
using the notation from the definition of p(Z), we have

p@N(T) 2 | (Er gt | (B \R)
(4] qelk]

(ngJ/rl\ngJrl)o U (hfl\hf)-
[k):dq 734 qe[k]siq#i),

qe
. .

qelk]:j
(Recall that AUB denotes the union of disjoint sets A and B.)

Note that when j, # j(lp then the monomials ng 1 and ggjrl do not share any variables and

hence ’ng-ll‘l\ng"rl‘ = ‘ng-l‘r].’ > |51 |. Similarly, when iq # i, we have \hf\hﬁ > |52

P@@I = Y lgga\ggal+ D kA

qe[k]:jqijt’z qe[k]:iqyéifl

> A(Z,T') - V;lJ,

which completes the proof of the claim. O

Claim 6. For any T € [n]%, we have |(Mz| = (NZJ)'

Proof. A monomial m € Mz iff there is a monomial m’ of degree at most ¢ such that m =
m’ - p(Z). Thus, |Mz| is equal to the number of monomials of degree at most ¢, which is

("F)- -
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Claim 7. For any Z,7' € [n]**, we have |Mz n Mz/| = (N;_E‘;l’%(,?\l;g()?‘).

Proof. Fix any Z,7" as above. Any monomial m € Mz Mz may be factored as m = m’-p(Z)-
(p(Z")\p(Z)). Note that the degree of m’ can be bounded by £ +d —k — (d— k) — |p(Z")\p(Z)| =
¢ = p(Z')\p(T)]-

Thus, |/Mz n Mz/| is equal to the number of monomials of degree at most £ — |p(Z')\p(Z)],
from which the claim follows.

(I

Claim 8. Fiz any k,n € N. Then there exists an S < [n]** such that

n\k
o S| = l(z) J
e For all distinct Z,T' € S, we have A(Z,T) = k.

Proof. Greedily pick vectors which have pairwise Hamming distance at least k. A standard

n2k

volume argument (see, e.g., [Gurl(]) shows that the set picked has size at least Vola ) where

Vol,, (2k, k) stands for the volume of the Hamming ball of radius & for strings of length 2k over
an alphabet of size n. We can upper bound Vol,,(2k, k) by nk (Qkk) This shows that there exists

a set S of size at least nk/(2kk) > (n/4)*. We choose S such that it has size exactly l(%)kJ

Hence the lemma follows.
O

Now we are ready to prove lower bound on the dimension of the space of shifted partial
derivatives of F.

Lemma 9. Let k,¢ € N be arbitrary parameters such that 20k < d < ¢ and k = 2. Then,

dim (3, Feg) = M - (N Z 6) - M2 (NZ_EC;/%IO),

where M = [(%)kJ

Proof. Fix S as guaranteed by Claim |8} By Claim {4} it suffices to lower bound |M]|. For this,
we use inclusion-exclusion. Since M = | J; Mz, we have

M| = | ] Mz
ZeS
>3 Mzl = D) Mz Mgl (2)
ZeS T#T'eS

By Claim @ we know that |(Mz| = (NZJ). By Claims E and [5| and our choice of S, we see
that for any distinct Z,7" € S, we have

N+Cl—k-|(r—1)/2] N +¢—d/10
izt < (M0 ) < (V)

where the last inequality follows since |(r —1)/2] > d/10k for k < d/20 (recall that r denotes

d
[leJ —1).
Plugging the above into , we obtain

N +7 5 (N +£—-d/10
izt (N7 <ise (V0.

Since |S| = {(%)kJ, the lemma follows. O
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5.2.2 A lower bound for XIIPIXTIY formulas computing F
We now prove the main lemma for TIPS formulas.

Lemma 10. Let n,d,D,t,k € N be such that n > 10, and 2 < k < d/160t. Then, any
k
SHPISI formula for F has top fan-in at least Q2 <(nlg5/;k> >

Proof. Recall that N = (d — 2)n? + 2dn = |X|. By Fact [3| we can choose /¢ to be a positive
integer such that n'/16 < (#)t < n'/* and ¢ > d. We now analyze dim((dxF)<;). By our
choice of parameters, we have that 20k < d. By Lemma [0 we have

. N +1¢ N+ £ —d/10
oy o0 (V7). (N 0)

T1 T2

_ n\k
where M = |(%)¥]. '
However, for our choice of parameters, we have

n (M

Lo oM (Y00

1 N /10
>M'( 2_£> (by Fact [2)

1, d/160t

M

=

(by our choice of ¢)

k
> =>4" = 2.

Shs

Hence, we have

. M (N+/¢
dlm(<5kF><z)>T1T2>T1/2=2'< ’ > (3)

Now, let C be a SOPISTIH formula for F' of top fan-in s. Then, by Lemma [1f and using
Stirling’s approximation, we have

sz <o (D) (Y7L O <o (3) (L )

An application of inequality implies that we must have

L)
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Therefore,

NV
- e N+e+(t—1)k
M / (t=1)k
> Dek'<N+€) (byFact
2(%9)
1 koo \ Dk |
@. (%) ' <N+£> (by our choice of M)

1 [ nk NGO
T4 @D'<N+£>

k k
1 k 1 /4
> = . n—t >-. (2 (by our choice of ¢, and 4e < 15).
4 15D - (#) 4 15D

This proves the lemma. O

5.2.3 A lower bound for XIIPIXII formulas computing nice restrictions of IMM,, 4

We will show that any restriction in R, when applied to IMM,, 4, yields a polynomial whose
complexity is equivalent to that of F.

Definition 11. For a polynomial g € F[X] and a permutation ¢ of X, define ¢(g) as the
polynomial obtained by replacing in g each variable x € X by ¢(x).
Two polynomials f, g € F[X] are said to be equivalent if there exists a permutation ¢ of X such

that f = ¢(g).

Note that if two polynomials f, g € F[X] are equivalent, then their complexity with regard
to SIIPISII formulas is the same. That is, there exists a STIIPISTIM formula of size s for f
if and only if there exists a SIIIPILIIM! formula of size s for g.

Claim 12. For any restriction o € R as defined above, IMM,, 4|s is equivalent to F'.
Proof. Recall that the polynomial I’ was obtained from IMM,, 4 by the restriction o
1)

0 ifxz:c; for some j # 1, or
if 2 = ¥ for some j # 1, or
o(z) = )
if$=:ci5» for i # jand p¢ P' U {1,d}.

% otherwise.

Consider a restriction 7 obtained by picking ji, jq and permutations , for p ¢ P’ U {1,d}. We
wish to define a permutation ¢ such that IMM,, 4|; = ¢(F'). We start necessarily by defining
p(af”) = af).

We then define ¢ for the matrices X, for p € {2,...,p] — 1}. Once again viewing our
polynomials as ABPs: let A, be the graph corresponding to F' and A, the graph corresponding
to IMM,, 4|,. To lighten notations, we only write the index of the vertex at each layer; the path

1,1,...,1 from layer p to layer g is thus the path vgp),vgﬂ) ey v%q).
Note that there are n pairwise edge-disjoint paths i,1, ..., i going from layer 1 to layer pj —1

in A,, one path for each i € [n]. There are also n pairwise edge-disjoint paths going from layer 1
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to layer pj — 1 in A;, these paths being defined by the composition of the permutations m, for
pe{2,...,p] —1}. We define ¢ successively in each matrix X, X3,..., X;y_1 so that it sends
the path 1,1,...,1 to the path starting from vertex j;. Let ¢’ be the end-vertex of this path at

layer p} — 1. We then define ¢ over the variables in prl by only requiring that qb(lej}j) be equal
to xf}j for all j € [n].

We will then define the permutation separately over the following intervals of matrix indices:
{p1+1,...,;} {1 +1, . oo}, . okt 1, .. ) — 1}, We will describe the case of the interval
{p} +1,...,p1} in some detail, other intervals can be treated in a similar fashion, with a slight
exception for the last one.

Once again in A, there are n pairwise edge-disjoint paths from layer p} to layer p; — 1.
Similarly, there is a set of n pairwise edge-disjoint paths from from layer p| to layer p; —1 in the
graph A,.. We define ¢ such that it sends the path i,7,...,7 to the path starting at vertex i of
layer p} in A;. For example, we send the path 1,1,...,1 in A, to the path Loy (1), my 400
T 41(1), - Tp—10Mp 20 0my 1 p0my 1(1). Next we define the effect of ¢ on the matrix
Xp,. Define the permutation o by setting a(i) to be the index of the end-vertex of the path
starting at vertex i of layer p in A, i.e., a(i) = mp,—107p, 90+ -0my y90my 1(i). We then let

QS(:UZ(?)) = x((lp(ll.gjj for all i € [n]. A pathi,i,...,7in A, is sent by ¢ to the path starting at i and
ending at «(i) in A,. This path 4,7,...,7in A, could then be extended by any edge (7, j) in X, .
Since we have sent the path i,i,...,7 to the path ending in «(i), by setting qﬁ(xz(f}l)) = a:((f(lzg i
we ensure that any path from vertex ¢ of layer p) to vertex j of layer p; in A, is sent to a path
from vertex i of layer p) to vertex j of layer py in A,. We can then start the process again with
the next interval, with the exception of the last one, where we do not set ¢ for the variables in
Xp;chl yet. Let o be the permutation obtained as above for the interval {py +1,...,p, ; — 1}

To define ¢ on the end of the graph, we will start from the end. Clearly, we must set
qb(mgd)) = xgj). We then need to do the interval {p} , +1,...,d — 1}. We define ¢ on the
interval {p} , +1,...,d — 1} by sending the path 1,1,...,1 to the unique path ending at
vertex jq of layer d — 1 in A;. Let j' be the index at layer pj_ , of the starting vertex of this

path. To define ¢ on X,/ ,,» We only require of ¢ that it send :L'Sﬁk“) to xip('z;“;,) for all i € [n].

Then IMM,, 4|, = ¢(F). O
The following lemma is then obvious.

Lemma 13. Let n,d, D,t,k € N be such that n = 10 and 2 < k < d/160t. Let 7 be a restriction
k
in R. Then any STIPISTIM for IMM,, 4|+ has top fan-in at least ((%) )

5.3 From set-multilinear formulas to SITIPIXITH formulas

In this section we reduce the case of a depth 4 set-multilinear formula to the case of bounded
bottom fan-in by finding a suitable nice restriction.

Lemma 14. Let n,d be large enough integers, and k,t € N be such that t = 4k. Let C be a
set-multilinear LIIXIL formula of size s < n¥/19. Then there exists a restriction T € R such that
Cly is a SIIXTMY formula.

Proof. We consider the uniform distribution over restrictions in R and prove that with high
probability the property in Lemma [T4] holds.

Let us fix any bottom level II gate G in C that has fan-in ¢ > ¢. Let m be the (set-
multilinear) monomial computed by this IT gate. We can write m as a product of ¢’ variables,
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each coming from a different variable set. That is, there exists a set S € [d], |S| = ¢’ such that
m = Iiesy®, where y(® is a variable from X;. We claim the following:

) 1
};r[G not set to 0 in C|;] < s (4)

To see this, first note for all p € P’, each variable in X, survives with probability 1, i.e., the
restriction does not set any variable in X, to 0. But from the definition of our restriction and
choice of t, |P'| = 2k + 1 and ' >t > 4k. Therefore, the monomial m has at least t/3 variables
coming from matrices X, (p ¢ P’). And for all p ¢ P’, the probability over 7 that a variable
survives in X, is exactly 1/n. Therefore, the probability that the monomial m survives is at
most (1/n)"®. Therefore we have (4)).

Since there are at most s < n*/!Y bottom level II gates of fan-in greater than ¢, by a union
bound, the probability that any such II gate survives is at most n/10 . nt—l/g =o(1). O

We can now bring everything together.

Theorem 15. For any large enough n,d € N, any set-multilinear XIIXI1 formula computing
IMM,, 4 has size nVa)

Proof. Let us choose k,t such that d/320 < kt < d/160 and ¢t = 4k. Let C be a XIIXII set-
multilinear formula of size s computing IMM,, ; and say s < n/19. Let o be the restriction
guaranteed by Lemma Therefore, we have that C|, is a SIIZIIH formula of size at most s
computing IMM,, 4|, which is equivalent to F.

We can further convert C|, into a SHBY/ISII formula, say €7, so that the top fan-ins
of both C|, and C” are the same. This can be done (as explained in Remark 11 of [GKKS13])
by multiplying out polynomials of degree less than ¢/2 feeding into the II gates at layer 3 so
that at most one of them has degree less than ¢/2 and all others have degree between ¢/2 and ¢.
This will imply that the fan-in of IT gates at layer 3 is at most 2d/t + 1 which is bounded by
3d/t. From Theorem [10| we have that for kt < d/160 any LIIBYIXIIH formula computing F

k
has top fan-in at least % . (?;é;%) . Therefore, for the above choice of k,t, we get that F' has

size n2k), Therefore, we get that s > min {nQ(t),nQ(k)}. Since kt = O(d) and t = 4k, we have
Q(Vd)

proved s = n
O

Remark 16. Raz and Yehudayoff [RY09] proved that any XIIXI1 multilinear formula com-
puting the determinant polynomial has size exp(Q(n'/?7)). Using a carefully defined restriction
(which is a function from {xivj}i,je[n] to {0,1,*} instead of to {0,+}) along the above lines to-
gether with the result of [GKKS13], this lower bound can be improved to exp(Q(n'/?)) in the
set-multilinear case.

We consider the determinant polynomial of a generic n x n matriz which is set-multilinear
with respect to its columns. Let S, T < [n] and |S| = |T| = n/2 be chosen uniformly at random.
Let ¢ be a random bijection from [n]\S to [n]\T. Now consider a restriction o as given below:
o(zij) =+ if i€ S,jeT, o(xigu) = 1ifie [n]\S, and o(zi;) = 0 otherwise. Under this
restriction, an n x n determinant reduces to an n/2 x n/2 determinant of the matriz defined
by S,T. And under this restriction a SIYIL set-multilinear formula of size at most 200V™)
computing the determinant reduces to a SIS set-multilinear formula where t = O(\/n)
whp. Therefore, there exists a restriction which along with the result of [GKKS13] gives a lower
bound of exp(Q(n'/?)) for SIIXIT set-multilinear formula computing the determinant polynomial.
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6 Lower bounds for SIIPIXII formulas and regular formulas

In this section, we derive our lower bounds for some flavors of XIIXII formulas. We start with a
specific case that has been the focus of a few recent results ([GKKSI3, [KSS13]), the SIIPIo11lY
model, where the II gates at layers 3 and 1 have fan-ins bounded by D and t respectively.

Theorem 17. Let n,d, D,t € N be such that n > 10 and 1 <t < d/160. Then, any LIIPIXIIM
: Q(d/t)
formula computing IMM,, 4 has top fan-in at least ("Zid> . In particular, if D = O(d/t)

then any SIS formula computing IMM,, 4 has top fan-in at least nS2d/t)

Proof. Fix k = |d/160t]. We will show that any STIIPIXIII formula C' for IMM,, 4 has top
k
fan-in at least €2 <<"135/4Dk) ), which will prove the theorem.

But this follows from Lemma and the simple fact that if IMM,, 4 has a SIPIsI formula
with top fan-in at most s, then so does any of its restrictions, and in particular F' (defined in

Section does. O

For the next result of this section we need a few additional definitions. The degree of any
node is defined to be the degree of the polynomial computed by it. The degree of the circuit
(formula) is the degree of the output node. The syntactic degree is defined inductively. The
syntactic degree of an input node is 1. The syntactic degree of + gate is the maximum of the
syntactic degrees of its children. The syntactic degree of x gate is the sum of the syntactic
degrees of its children. The syntactic degree of the circuit (formula) is the syntactic degree of
its output node.

A formula is called regular if it is a layered formula, the alternate layers in the formula are
labeled by + and x, for every layer the fan-in of all the gates at that layer is the same, and the
syntactic degree of the formula is at most twice the degree of the formula.

Regular formulas were defined and studied recently by Kayal, Saha, and Saptharishi [KSS13].
They show the existence of a certain polynomial in VNP of degree d over NV variables that has
no regular formula of size less than N€(ogd),

They also explicitly ask the following: is it true that any degree d polynomial in N variables
that has a polynomial-sized ABP also has a regular formula of size N°1°84)? Here, we answer
this question in the negative by showing that IMM,, 4 has no regular formulas of size less than
nft1ogd)  We will need the following theorem of [KSS13].

Theorem 18 ([KSS13], Theorem 15). Let X be any set of N wvariables and let F' € F[X] be a
polynomial of degree d with the property that there exists a 6 > 0 such that for any t < d/100, any
SHCUWOISTIE formula computing the polynomial F has top fan-in at least exp(d (%) logN).
Then, any regular formula computing F must be of size N(1ogd)

Though the theorem above is stated for ¢ < d/100, it holds for ¢ < d/C for any constant
C. We leave this check to the interested reader. Putting the above theorem together with
Theorem [17], we have

Theorem 19. For large enough n,d € N, any reqular formula for IMM,, 4 has size at least
Q(logd)
n )

Note that the above is tight, up to the constant in the exponent, since the standard con-

struction of an n@1°89) gized formula for IMM,, 4 yields a regular formula.
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7 Homogeneous multilinear depth-4 formulas

We will follow the same strategy as in Section [5| first defining a set of nice restrictions, then
proving a lower bound for SIIPISII formulas computing them, and finally showing that there
exists a restriction in the set which changes a homogeneous multilinear formula to a LIIIPISII
formula.

7.1 Nice restrictions of IMM,, 4

Our restrictions are once again related to the evenly-spaced matrices chosen before. We will
now choose new indices py in a slightly different way. For ¢ € [k + 1], let p] € [d] be defined so
that p,—1 < pj; < pg and min{pj — (pg—1 + 1),py — (P +2)} = |5] — 1. Let P{ denote the set
{pq | q € [K]} and P§ denote {p} | q € [k + 1]}. We define P” to be P/ u {p,p+1|pe Pj}.

Definition 20. Let R be the set of restrictions T such that:

1. for p e {1,d}, there is a unique j, € [n] such that T(a;jf)) = x,

2. forp¢ P"U{l,d}, there is a permutation m, of [n] such that for any i, j € [n], 7(z;
Zﬁ] = ﬂ-p(i)}
3. for p € PY and for all i,j € [n], there is at least one h in [n] such that T(axgph) =

T(I'ES;_I)) = %,

4. forpe P/, | X, n771(x)] = nt7.

7.2 A lower bound for nice restrictions of IMM,, 4

We will not proceed exactly as we did in Section 5] where we chose a specific nice restriction
and showed the lower bound for the resulting polynomial. Instead, we study the polynomial
obtained from a nice restriction in general.

7.2.1 The dimension of the space of shifted partial derivatives of nice restrictions
of IMM,, 4

Let o be a restriction in R and F' the polynomial IMM,, 4|,. Let A, be the ABP corresponding
to F'.
As in Section we first analyze 07F for T € [n]**. Let T = (i1, 41, ..., i, jx). Clearly,

if there is a g € [k] such that O‘(l’l(f qj)q) = 0, then we have dzF = 0. Consequently we say T
is surviving if for all ¢ € [k], we have a(a;(pq)) = % Let T = {Z € [n]?** | T surviving}. By

lq’jq
property 3 in Definition |20} we have |T| = | Xlgzl(Xp N ol (#)| = nk,
For any Z = (i1, j1,--.,ik, Jx) € T, the polynomial 0z F is the sum of all monomials m such
that m = p1p2 ... pr+1, where p, is a path from vj(fil) to qu—l) in A, forall2 < g <k, p;isa

path from vertex v(® to vg)l) in A,, and pgy1 is a path from vj(-f’“) to vertex v(@ in A,. Clearly,
0z F' is a homogeneous polynomial of degree d — k.

Moreover, given any Z € T, the polynomial 0z F is non-zero; that is, there is a path from
v© to v(9 in A, which contains each edge (vgq_l), v](f")
in Definition 20|

We would like to lower bound dim({dxF)<s), which is at least dim()V), where

) for q € [k] by properties 1, 2, and 3

V =span{m - 0zF |Z € T and m a monomial of degree at most ¢} .
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To lower bound dim(V), we will use the monomial-ordering technique as in [GKKS13] (see
also [CLO97]). Let > be an arbitrary linear ordering of the variables in X and extend it to the
lexicographic ordering on the set of all monomials in F[X] — the linear order on monomials is
also denoted >. Given this monomial ordering >, for any polynomial f € F[X], we denote by
LM(f) the leading monomial of f under this ordering (the ordering will be clear from context).
The following fact will be useful.

Fact 21. Let > be any ordering as described above. Let my,mg € F[X] be arbitrary monomials
such that my > mo. Then, for any monomial m, we have

mip-m > mg-m
This immediately implies that for f,g € F[X], we have LM(f - g) = LM(f) - LM(g).
Now, to lower bound dim(}), note that by Gaussian elimination, we know that
dim(V) = [{LM(f) | f < V}|

> {LM(m - 0zF)|Z € T and m a monomial of degree at most ¢}
= |{m-LM(0zF)|Z € T and m a monomial of degree at most ¢}|

where the last equality follows from Fact We denote by p(Z) the monomial LM(d7F'). From
the above, we see that dim()) > | M|, where

M = {m' | m’ a monomial of degree at most ¢ + d — k and 3 Z € T such that p(Z)|m'}.
Also, for Z € T, if we let
Mz = {m’|m’ a monomial of degree at most ¢ + d — k such that p(Z)|m’}

then we have M = | ;o7 Mz.
The above arguments prove the following claim.

Claim 22. dim({0xF)<s) = |M]|.
We need some technical claims, which are analogous to the claims proved in Section

Claim 23. For any Z,7' € T, we have
r
pI)e@) = AT (|5] 1),

where A(Z,T') denotes the Hamming distance between T and T'.
Proof. Let Z,7" € T. Say T = (i1, j1,- - -k, ji) and Z' = (24,41, ..., 4}, ji.). In the ABP A, let
g7 be the unique path from v(© to Vpr—1 and for all g € [k], let ng+1 be the unique path from
v](f;Q) to Vpgﬂ_l. For all g € [k], let hg be the unique path from V41 to vgfq_l), and let h%ﬂ be
the unique path from VPZHH to v(@). (These paths are unique by property 2 in Definition .
For q € [k +1], define gg alnd hgl in the same way for Z'. We have p(Z) = m- [ Loeres1g nghg and
p(T') =" [ [oepor] gF' hE where m and m/ are monomials on the variables Ugepy (Xq U Xg41).
Hence [p(Z)\p(T)] = Ygeprary(l9g \g | + 1hg \Ig).

If ig # i;, the paths hf and hf are edge disjoint (again by property 2 in Definition . In

the same way, ng+1 and ngJ'rl are edge disjoint if j, # j;. Now all paths ng, hf (and gqf, hf) are
of length at least |r/2| — 1 by the choice of p, and py.

31



Claim 24. For anyZ € T, we have |Mz| = (NZZ).

Claim 25. For any Z,7' € T, we have |IMz n Mz/| = (Nzr_ﬁ;lpz(%\l;g(f”).

Claim 26. Fiz any k,n € N. Then there exists an S € T such that

k
e 15| ()],
e For all distinct T,7' € S, we have A(Z,T") = k.

Proof. As in the proof of Claim E a volume argument shows that we can pick { ”127,5 J > Zka

elements in 7 with pairwise Hamming distance at least k. O

Now we are ready to prove lower bound on the dimension of the space of shifted partial
derivatives of F.

Lemma 27. Let k,£ € N be arbitrary parameters such that 20k < d < ¢ and k = 2. Then,

Gin((F o) = M (N + 6) Y (N +0— d/10>7

l ¢—d/10
where M = {(‘{f)kJ

Proof. By Claim it suffices to lower bound |[M]|. Since M = | J; Mz, we have

M| = || ] Mz
ZeS
> Mzl = ), [Mzo Mgl (5)
TeS I#T'eS

By Claim we know that |[Mz| = (NZE). By Claims [25| and [23| and our choice of &
(Claim , we see that for any distinct Z,7’" € S, we have

N +£—k(|r/2] - 1) N +£-d/10
|MIHMI”<( 0 —k(r/2] - 1) ><( ¢—d/10 )

where the last inequality follows since |r/2] — 1 = d/10k for k < d/20.
Plugging the above into , we obtain

N+7¢ 9 (N+10—d/10
izl (M) e (Y0,

k
Since |S| = {(‘T) J, the lemma follows. O

7.2.2 A lower bound for SIIPISII formulas computing nice restrictions of IMM,, 4

Lemma 28. Let n,D,k,t,d € N be such that 2 < k < d/160t. Let o be a restriction in R.
k

Then any SIPISTIE formula C for IMM,, 4|¢ has top fan-in Q <<"115/g“> >
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Proof. Let F' = IMM,, 4. We proceed as in Lemma Fix ¢ € N such that n'/16 < (NTJ“Z)t <
n/4, which exists by Fact |3l By Lemma we have

(P ag) 3 M - <N + e) 2. (N +0— d/1o>

l ¢—d/10
T T,
where M = {(%)’ﬂ
However, for our choice of parameters, we have
n_ ()
o N+¢—d/10
T m-( ¢—d/10 )
1 [N+
> . F: 2
U ( 7 > (by Fact
1 d/160t
=, (by our choice of ¢)
k
n k
= —=24"=2.
M
Hence, we have
. M (N+/¢
dim((GpF)<e) 2 Ti ~ T2 2 Th/2 = - < ’ > (6)

Now, let C' be a SIIPILTIH formula for F of top fan-in s. Then, by Lemma [1| and using
Stirling’s approximation, we have

dim((GeChep) < - <1]§> , (Nﬁ(ﬁ;);)k) <s. <12e>k (sz(:f{);)k)

An application of inequality @ implies that we must have
De\" (N ++(t—1)k _M (N+t
8 . — . = — .
k C+(t—1)k 2 l

N+2
G0
k N+Ll+(t—1)k
) ( Zr(tgl)lk) )

Therefore,

N +1¢
k (t—1)k
. (\/ﬁ> . < ¢ ) (by our choice of M)

0\ Dk
. ( ) (by Fact

2 4 N +/
\4eD <N+ )

l
k k
k 1 (n'/4%
ﬁ) = 1 (n ) (by our choice of ¢ and because 4e < 15).

15D
O
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7.3 From homogeneous multilinear formulas to IIP!Y1I1Y formulas

Lemma 29. The following holds for any large enough n € N, and any k,t,d such that 1 <
k.t <d<nPW. Let C be a homogeneous multilinear SIIXII formula of size s < n'/10, there is
a restriction T € R such that C|, is SIIXIIH,

Proof. As in Section b we will use a probabilistic argument. We define a suitable distribution D
over restrictions o : X — {0, *} in general and show that with high probability over the choice
of ¢ ~ D, the restriction F' := IMM,, 4|5 belongs to R and satisfies the required property. We
specify the distribution D by describing how to sample a single restriction o.

(p)

e For p € {1,d}, pick j, € [n] uniformly at random. Set O'([Ej ) = #if j = j, and 0 otherwise.

e For p ¢ P" U {1,d}, pick an independent and uniformly random permutation 7, of [n].

Set a(:cgf})) =« if j = m,(i) and 0 otherwise.
e For each z € Upe pr Xp, set o(x) = * independently with probability ﬁ

We denote by A, the ABP corresponding to this restriction.
o belongs to R with high probability. From the description of D above, it follows that
for any o ~ D, the restriction o always satisfies properties 1 and 2 of Definition So we need
only consider properties 3 and 4.
Let & denote the event that property 3 is not satisfied. Fix any p € Pj and any i, € [n].
For each v € V,,, define the {0,1}-valued random variable Y, ; ; so that Y, ; ; = 1 iff the edges
(v(p_l),v) and (v v(pH)) both survive in the ABP A, and let Y/

¢ » PyisJ
of the edges (vgp 71), v) and (v, v](p H)) survives independently with probability 1/n%2, it follows
that Pro’[}/v,i,j = 1] = 1/n0'4.

Note that the random variables Y,,; ; are mutually independent. Hence, we have

= Dlvev, Yo,i,j- Since each

Pr[There is no path from v,
(e g

(=1 ¢, v](»pﬂ)] = Pr[Y;,/ij =0] = Pr[/\ Yo,ij = 0]
19, O'
v
=] [Pr[Yoi, = 0]
v

1 n
= (1 - W) — exp(—n®W).

Union bounding over the choices of p, i, j, we see that Pr[£3] = exp(—n?(M)) = o(1).

Let &4 denote the event that property 4 is not satisfied. Fix any p € P; and for each = € X,
define the {0, 1}-valued random variable Z(z) that is 1 iff o(z) = #; let Z, = 3 .y Z(x).

We have E,[Z,] = erXp Pr,[Z(z) = 1] = |X,| - n7%2 = n’®. Moreover, the random
variables Z(z) are mutually independent and hence, by a Chernoff bound (see, e.g., [DP09,
Chapter 1]), we have for large enough n,

Pr[Z, < n""] < Pr[Z, < E[Z,]/2] = exp(—n"Y).

O choices of p € P, we have Pr[&4] <

Thus, union bounding over the at most d = n
nPW . exp(—n®M) = exp(—nM)) = o(1).
Thus, we have

Pr[o not nice] = Pr[&€3 v &) = o(1).

o
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C|y is SIIXII with high probability. We need to show that, with high probability, the
fan-in of bottom IT gates of C|, is at most ¢. In other words, we need to show that with high
probability, all bottom II gates in C' that have fan-in greater than ¢ are set to 0 by o.

Let us fix any bottom level II gate G in C that has fan-in greater than t. Let m be
the (multilinear) monomial computed by this II gateE Write m = my - mo---mg, where
mp = [ pex,zpm @ Let 1, denote deg(my). We have >} 14 tp = deg(m) > t. We claim that

. 1
I:_r[G not set to 0 in C|y] < T (7)

To see this, note that by the independence of the random restriction o across the different
X, (pe[d]), we have

Pr[G not set to 0 in C|,] H Pr[No variable in m,, set to O] (8)
pe(d] ~~
Qp

Now, fix any p € [d]. We upper bound «;, based on a case analysis.

o If pe{l,d}, ap =01if t, > 1 and o, = 1/n'» otherwise.

o Ifpe P a, = 1/nt/>

e If p¢ P” U {1,d}, then o, = 0 if the monomial m, contains at least two variables from

; tp—1 1 1\ 1 \f/? 1
any row or column of X,,. Otherwise, o, = [[,g 75 < (=) < 7 < 7
P

Thus, we see that in all cases, we have oy, < ﬁ Substituting in , we have Pr,[G not set to 0] <

1 /ane[d] t/5) < 1 /nt/5, which proves 1)

Since there are at most s < n'/!0 bottom level IT gates of fan-in greater than ¢, by a union
bound, the probability that any such II gate survives is at most n?/10 . # =o(1).

Finally, another union bound proves the lemma. O

Theorem 30. For any large enough n,d € N such that d = n°1) any homogeneous multilinear
YIIXIL formula computing IMM,, 4 has size nQ(Vd),

Proof. Let us choose k,t such that d/320 < < d/160 and t = 4k. Let C be a XIIXII
homogeneous multilinear formula of size s computlng IMM,, 4 and say s < nt/10 Let ¢ be the
nice restriction guaranteed by Lemma . Therefore, we have that C|, is a EHZ‘H[] formula
computing F' = IMM,, 4|,

As in the proof of Theorem . 5/ we can further convert C|, into a SHBY/ISII formula. say
C’, by multiplying out polynomials of degree less than t/2 feeding into the II gates at layer 3.
This can be done keeping the top fan-ins of C|, and C’ the same. From Lemma we have that

k
for kt < d/160 any SIIBYUSMIM formula computing F has top fan-in at least (( ”1/4]“) >

15(3d)

Therefore, for the above choice of k,t, we get that F has size n®**). Therefore, we get that
s > min {nQ(t 2k)1. Since kt = O(d) and t = 4k, we have proved s = nVd) O

Remark 31. Note that we used multilinearity only in the proof of Lemma [29. Even there,
mutilinearity was not strictly necessary. We only needed that the XIIXIT formula C' has the
property that all the II gates on layer 1, just above the input variables, are multilinear.

1This is the only place where multilinearity is necessary.
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8 Discussion

Our aims in this paper were twofold: to explore the limits of depth reduction, and to understand
better the arithmetic circuit complexity of IMM,, ;. We have made progress on both fronts, but
many interesting questions remain unanswered.

We have shown that Tavenas’ result [Tavl3] is optimal up to polynomial factors, even for
polynomials in the class VPg, by showing that any STOVAILTIIOWVD] formulas for IMM,, 4
has size exp(Q(v/dlog N)). Our results also answer a question of Kayal, Saha, and Sapthar-
ishi [KSS13] regarding the simulation of polynomial-sized circuits by regular formulas. Thus,
in order to use depth reduction based techniques to prove a separation between VP and VNP,
we will need to exhibit a polynomial in VNP that requires STHOWDISTIIOWD] formulas of size
exp(w(v/dlog N)) to compute it.

One might also wonder whether lower bounds for weaker models, such as arithmetic formu-
las, might follow from either the shifted partial derivative technique or by depth reduction. Can
one show non-trivial upper bounds on the dimension of the shifted partial derivative space of
polynomials computed by small formulas? Do polynomials of degree d over N variables com-
puted by poly(N)-sized formulas have SIIOVAISTIOVD] formulas of size exp(o(v/dlog N))?
As far as we know, even the case of lower bounds for XII>II homogeneous formulas is open.

Coming to the question of the complexity of IMM,, 4, we have been able to pin down almost
exactly the XIIXII complexity of IMM,, 4 in the set-multilinear and more generally, in the
homogeneous multilinear setting. Can we extend these results to show that, in general, that
set-multilinear formulas of product-depth r (for constant r) computing IMM,, ;4 must have size
exp(Q(d'/" logn))?

This would count as tangible progress towards the goal of showing that set-multilinear formu-
las for IMM,, 4 must have size n(°89). Raz [Raz10] has shown that, for d = o(logn/loglogn),
the set-multilinear formula complexity of IMM,, 4 and the formula complexity of IMM,, 4 are
polynomially related and hence, a superpolynomial lower bound for set-multilinear formulas in
this regime would immediately imply a separation between VPg and VPy.
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Appendix

In this section, we prove a lemma which states a lower bound on the dimension of the shifted
partial derivative space of IMM,, ;. Though this lemma is not necessary to obtain any of our
lower bounds, it may be of general interest. We first need the following intuitive statement.

Lemma 32. Let X be a set of variables with |X| = N and f,g € F[X] be such that g is a
restriction of f. Then, for any k,¢ = 1 we have dim({x f)<) = dim({Fkg)<r).

Proof. Given x € X, let S, : F[X] — F[X] be the linear map that maps any polynomial f’
to the polynomial ¢’ obtained by setting z to 0 in f’. Similarly, we use S, : F[X] — F[X] to
denote the linear map that maps f’ to the polynomial ¢’ obtained by setting all z € 0=1(0) to
0 in f’. Note that S, is the composition of all the S, for z € 071(0) (the order of composition
is irrelevant).

We want to show that for any f € F[X], we have dim({0xf)<¢) = dim({0k(S5f))<e¢). From
the reasoning in the previous paragraph, it suffices to show that for any x € X, we have
dim (¢ f)<e) = dim({0k(Szf))<e). We can write f as f = 337 2 f; where f; € F[X\{x}] for
j < a. Using this notation, S, f is simply the polynomial fy. Thus, what we want to show is
that dim((0 <) > dim(((fo))<0).

We introduce some useful notation here. Let the variable in X be denoted x1,...,zyx. For
ie NN such that iy +--- + iy = k and g € F[X], we denote by x! the monomial z%' - -- zin and

n
by gfﬁ the polynomial oFg/(0" xy - -- IV a ).
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Let L denote the dimension of (i (fo))<¢. Choose an arbitrary basis B for this space. Such
a basis may be written as

B_ " fo o fo o fo
for some monomials my, ..., my, of degree at most ¢ and iV, ..., i™) e NV such that for each

r e [L], iY) + -4 i%) = k. In particular, we must have o 4 0 for each r € [L]. As

oxi(™)
fO € F[X\{‘T}]? this lmphes that = *’ Xi<r).
We claim that the elements

k k k
B/:{ml.af my - O mL_af}

oxi™ oxi® oxi®

of {0k f)<s are linearly independent. This would prove that dim({dx f)<¢) = L and finish the
proof of the lemma.

To see that the elements of B’ are linearly independent, we partition the monomials m, (r €
[L]) depending on the highest power of z dividing them. For j < ¢,let T; = {r € [L] | 27|m, but 27*! { m, }.
Now, fix any non-zero linear combination of the elements of B’, say

k
F = Z Qp - My - ﬁ
oxi®
re[L]

where «, € F for each r € [L]. Let j be the least element of {0} U [¢] such that there is an r € T}
with o, # 0. Consider the coefficient Fj of 2/ in F as a polynomial in F[X\{z}]. Since z { xi"
for any r € [L], it can be seen that
: * fo
PFj = 3 on e
reT, ox!

(Notice that f has been replaced by fj in the equation above.) But by the linear independence
of the elements in B, we have F; # 0. Hence so is F. Thus, the elements of B’ are linearly
independent. ]

Lemma 33. Let k,£ € N be arbitrary parameters such that 20k < d < £ and k = 2. Then,

' N+ ¢ 9 N—l—f—d/lo
dim((OxIMM, a)<e) = M ( / )M ( ¢—dj10 >

where M = [(%)kJ

Proof. Straightaway follows from Lemmas [32] and [0} since the polynomial F' from Lemma [9] is
a restriction of IMM,, 4. ]
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