Mid-Semester Exam (CS-709)

16-Sep-2011

Note: Please provide rigorous and short answers. Always jus-
tify why your answer may be correct. MaxMarks=20, Duration=2hrs.

1. Consider the function f : R™*" — R given by:

f(X) = maXue]Rm’UeRn eU'TXﬂ

st Jully < LIl <1,

where p,q € [1,00]. Is f convex? [2 Marks]

2. Let g, h be convex functions defined on R™. Suppose h is bounded
below and all its level-sets are bounded. Consider f defined by:

f(z) = minyern g(y)
st. h(y) <z,

whenever z is such that the optimal value of the program in the RHS is
finite (for other z, the function f is not defined). Express the domain
of f in terms of things related to g and/or h. Is the domain of f (i)
non-empty? (ii) bounded? (iii) convex? Is f a convex function?

[4 Marks|

3. Consider the function f with domain as the set of all pd matrices
of size n, with the following definition: f(X) = trace(X'). Is this
function convex 7 If so, is it strictly convex ?

[4 Marks|



4. Let f:V +— R be a closed convex function] Let f* be its conjugate
function. Assume that f is bounded below. Noté? that 0 € dom(f*).
Is f* sub-differentiable at 07 If so, describe the sub-differential set at
0.

[3 Marks|

5. Let P be an arbitrary (given) polyhedron in R™. Pose the problem
of finding the largest || - ||,-norm ball| (here, p > 1) lying inside
the polyhedron as a convex problem. Further, do you think this
problem can be posed as a convex program with finite number of
linear inequality constraints*?

[3 Marks|

6. Consider the following convex program in a finite dimensional inner-
product space ¥V = (V, +, -, ()):

min (c,z)

s.t. {a;,z) <b;, Vi=1,...,m

Let z* be a feasible solution such that (a;,z*) = b;, V ¢ € I, where
I C{1,...,m}. Provide non—trivia]E] necessary and sufficient condi-
tions for optimality of z*. Using this characterization of the optimal
solution, compute the optimal value of the above program (your ex-
pression for optimal value should not involve z*).

[4 Marks|

!The V in this problem is same as that in the preceding one i.e., the set of all vectors
in the space.

2Here, 0 € V is the additive identity element in V.

3Needless to say, the center of the p-norm ball need not be the origin.

4In this case the domain of the convex program you write needs to be a vector space.
Else it is trivial to answer this question.

5By non-trivial condition we mean a condition which does not involve z* itself! In
other words your nec.&suff. condition may involve ¢, a;, b;, I, but not z*.
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