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Abstract

In this paper we proposea new operator for
advancedexploration of large multidimensional
databases.The proposedoperatorcanautomati-
cally generalizefrom a specificproblemcasein
detaileddataand return the broadestcontext in
which the problem occurs. Such a functional-
ity would be useful to an analystwho after ob-
servinga problemcase,say a drop in salesfor
a product in a store, would like to find the ex-
act scopeof the problem. With existing tools he
would have to manuallysearcharoundthe prob-
lem tuple trying to draw a pattern. This process
is both tediousandimprecise.Our proposedop-
eratorcanautomatethesemanualstepsandreturn
in a single stepa compactand easy-to-interpret
summaryof all possiblemaximalgeneralizations
alongvariousroll-up pathsaroundthe case. We
presenta flexible cost-basedframework that can
generalizevariouskindsof behaviour (not simply
drops)while requiringlittle additionalcustomiza-
tion from the user. We designan algorithmthat
canwork efficiently on largemultidimensionalhi-
erarchicaldatacubesso asto be usablein an in-
teractivesetting.

1 Intr oduction

In this paperwe proposea new operatorcalledRELAX for
automaticallygeneralizingthescopeof a specificproblem
cell of a largemultidimensionaldatabase.

Multidimensionaldatabaseproductswerecommercially
popularized as Online Analytical Processing(OLAP)
[Cod93, CD97] systemsfor helping analystsdo decision
supporton large historical data. They exposea multidi-
mensionalview of the datawith categoricalattributeslike
ProductsandStoresforming the dimensionsandnumeric
attributeslike SalesandRevenueforming themeasuresor
cells of the multidimensionalcube. Dimensionsusually
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have associatedwith themhierarchies that specifyaggre-
gationlevels.For instance,store-name� city � stateis a
hierarchyon the Storedimension.The measureattributes
areaggregatedto variouslevelsof detailof thecombination
of dimensionattributesusingfunctionslike sum,average,
count and variance. OLAP productsprovide convenient
toolsfor exploring thedatacubesthroughnavigationalop-
eratorslikeselect,drill-down,roll-up andpivot conforming
to the multidimensionalview of data. An analystcanin-
teractively invoke sequencesof thesesimpleoperationsto
visualizethe measuresalongvariouscombinationsof di-
mensionsandat variouslevelsof aggregation.

Supposealocalbranchanalystexploringhissub-portion
of the datacubenoticesa significantdrop in salessome-
wherein detaileddata. Often, the next steptaken by him
is to investigatewhetherthis wastheonly casewheresuch
a drop was observed or was this changepart of a bigger
problemaffecting othercasestoo. For this he rolls up to
the next level and views the problemcasein the context
of combinationsof otherdimensionsusinga successionof
selection,drill-down andpivot steps.Not only is thisoper-
ation tedious,it is alsoimprecisebecausetheanalystcan-
notbesureif hehasexploredall possibleviews,especially
for large datasetsthat commonlyappearin real life. The
RELAX operatorcanbeusedto automatethis search.The
operatorreportsin a singlestepa summaryof all possible
maximalgeneralizationsalongvariousroll-up pathsof the
problemcase. The reportarmsan analystwith the exact
extentandscopeof theproblemsothathecanbetterapply
his insightto infer on possibleexternalreasons.

Wenext explaintheworkingof thenew RELAX operator
throughsomeexamplesfrom real-life datasets.

1.1 ExampleScenarios

Considerthe datasetshown in Figure1 with four dimen-
sions:Product,Platform,GeographyandYearanda three
level hierarchyon the Productand Platform dimensions.
This is a real-life datasetobtainedfrom InternationalData
Corporation(IDC) aboutthe total yearly revenuein mil-
lions of dollarsfor differentsoftwareproductsfrom 1990
to 1994.

1.1.1 Scenario1

Supposean analystin the “United States”managingrev-
enuesfor the“HRM/Payroll” Producton the“Single-User
Other” Platformnoticesa surprisingdrop in revenuefrom
1993to 1994asshown in Figure2. Beforefurther investi-
gatingthereasonsfor this drop,it mighthelphim to find if



Figure2: A problematicdropin revenuefrom 1993to 1994observedfor Product=“HRM/PayRoll,” Geography=“United
States”andPlatform=“Single-UserOther.”

Figure3: Outputof the RELAX operatorfor theproblemcasemarkedin Figure2. Thebottomtableshows detailsof the
summarizedexceptionE2.1.This tableis not partof theresult.

Product Platform Geography Year 
Product name (67) Platform name (43) Geography (4) Year (5)
  Prod_Category (14)   Plat_Type (6)
    Prod_Group (3)     Plat_User (2)

Figure1: Dimensionsandhierarchiesof thesoftwarerev-
enuedatausedin Scenario1. Thenumberin bracketsindi-
catesthesizeof thatlevel of thedimension.

thesameProduct-Platformpair hadproblemsin otherGe-
ographiesbesides“United States,” if thesameProducthad
problemsin other Platformsbesides“Single-UserOther”
andsoon. To answersuchquestionshecouldexplorefur-
ther aroundthe problemcaseto find a pattern. He hasto
view thiscasein successionin thecontext of otherGeogra-
phies, the threelevels of hierarchiesof the Platform and
Productdimensionsandthenfurtheroutwardfor combina-
tions of two or moredimensionsandhierarchies.In each
case,heneedsto checkif oneor moreof themhada sim-
ilar drop and explore further out trying to find a pattern.
With existing tools, this hasto be donemanuallyby per-
formingaseriesof roll-upsanddrill-downsalongdifferent
combinationsof dimensions.This processcanget tedious
even for this small dataset.Searchingin larger company
datasetscangetevenmoredaunting.

We proposeto automatethis searchthroughtheRELAX

operator. The result of the operatoras shown in Figure
3 is a setof two maximalgeneralizationsG1 andG2. In
the figure, the first row shows the problemcase.The first
generalizationG1 startsfrom thesecondrow. The “*” on
the columnsrepresentthe dimensionsthat can be gener-
alized. ThusG1 shows that we cangeneralizesimultane-
ouslyalongtheProductandGeographydimensionfor the
samePlatformandProdCategory. That is, eachProduct

in ProdCategory “CrossIndustryApps” for every Geog-
raphyandPlatform“Single-UserOther” hada drop from
1993to 1994.Thelastcolumn“Count” shows thenumber
of caseswhich conformto thegeneralization.G1 includes
25 tuplesaroundthe problemcase. The next threerows
show casesthat violate the generalization.We call these
exceptionsasthey aresubsumedby the generalizationbut
did not havea drop. For example,for exceptionE1.1sales
increasedfrom 0.3 in 1993 to 2.0 in 1994 for the Prod-
uct “Other Office Apps” andGeography“Rest of World.”
ThesecondgeneralizationG2showsthatwecangeneralize
alongtheProductdimensionup to two levelsof hierarchy
for thesameGeographyandPlatformastheproblemcase,
subsuminga total of 13 rows. Thenext threerows marked
E2.1 throughE2.3 show exceptionsto this generalization
wheresalesincreasedfrom 1993to 1994.Thefirst excep-
tion summarizesall threeProductsunderCategory “Home
software” thathadan increasefrom 1993to 1994. This is
indicatedby the“*” in theProductcolumn. Below there-
sult tableweshow thethreerowssubsumedby thissumma-
rizedexception.Suchsummarizationsprovideasignificant
reductionin theamountof datathattheuserhasto inspect.

1.1.2 Scenario2

In the above example, we generalizedBooleanrelation-
ships— thatis thosebasedsimply on whetherthevaluein
onecell waslessor greaterthananother. We next consider
a moreinvolvedgeneralizationbasedon whethertwo val-
ueshave thesameratio. We consideranotherdataset,our
university’sstudentenrollmentdatafrom 1989to 1998.As
shown in thefigurebelow, thedataconsistsof five dimen-
sions:Studentcategory, Gender, Programwith a two-level
hierarchy, DepartmentandYear. Themeasureis thenum-



berof studentsenrolled.
Student Gender Program Department Year
Category (9) Gender (2) Program (10) Dept (28) Year (10)
    ProgCat (3)

Supposea new managerhiredin 1996to administeren-
rollment of “MTechs” in the “Self finance” category ob-
serves that the fraction of femalesis significantly lower
thanthe males.He would like to analyzeif this casealso
held for other Yearsand for otherCategoriesof students
in otherProgramsor wasit peculiarto his particularcase.
Usingtheuniversity’senrollmentcube,hecouldstartfrom
hiscaseof interestasshown in Figure4 andexplorearound
thiscasemanually. A betteralternative is to invoketheRE-
LAX operatorto generalizeaslong astheratio is closeto a
factorof 10 thatheobservedin his case.Theresultof the
operatorasshown in Figure 5 consistsof a broadgener-
alizationcoveringtheCategory, ProgramandYeardimen-
sionsandincludinga total of 79 tuples.Thenext few rows
list exceptionsto this generalization. E1.1 statesthat in
“1990” the ratio was22 which is significantlyhigherthan
claimedby G1. E1.1.1is an exceptionto this exception
wheretheratio was4 insteadof 22 for Category “Indian,”
Program“M.Des” and Year “1990.” The last threerows
show exceptionsat variouslevelsof summarizationwhere
theratiowaslessthan1.

This summarygivesthenew analysta solid impression
of thetrendsin theuniversity.

1.1.3 Scenario3

Wenow considerascenariowhereananalystwantsto gen-
eralizea trend involving multiple measures.Supposean
analystobservesa steadyincreasein revenuefrom 1990to
1994for Product“ProjectManagement,” Platform“Single-
userMAC OS” andGeography“Restof World” (asshown
in Figure6). Heis interestedin knowing whetherthescope
of thisincreasingtrendextendsto otherGeographies,Prod-
uctsor Platforms.Theresultof invoking the RELAX oper-
ator is shown in Figure7. Herewe seethat the increasing
trendgeneralizesto all ProductsandGeographiesfor Plat-
form “Single-userMACOS.” Also listedaretheexceptions
to this generalization.For examplefor exceptionE1.1the
revenuekeepson droppingafter1992.

Outline

In Section2 we presenta flexible framework for express-
ing all the above threekinds of generalizationsandmany
more, while requiring little customizationwhenadapting
to thevariousforms. We presenta flexible cost-basedfor-
mulationthatcangeneralizemyriadformsof relationships
andpresenta reportthat is compactandeasy-to-interpret.
In Section3 we presentour algorithmthat canwork effi-
ciently on largemultidimensionalhierarchicaldatacubes.
The algorithm exploits the OLAP enginefor preliminary
filtering and reducingthe amountof datareadin the ap-
plication. Experimentson large OLAP benchmarksshow
the feasibility of deploying the operatorin an interactive
setting. Theseare describedin Section4. In Section5

Figure4: Numberof femalesandmalesenrolledfor Pro-
gram“M.Tech” in Category “Self finance”in 1996.

Figure5: Generalizationfor the problemcasemarked in
Figure4

wediscussotherrelatedwork donein thedirectionof inte-
gratingmining operationswith OLAP. Finally we present
conclusionsandfuturework in Section6.

2 Problem Formulation
In this sectionwe presenta formulationof the RELAX op-
erator. Our goal is to provide a unifying framework for
expressingseveralkindsof generalizations.Thechallenge
is in designingaframework thatrequiresaslittle additional
work aspossiblewhenpluggingin differentkindsof gen-
eralizations.Also, theformulationshouldleadto compact,
easy-to-comprehendreports.

The user invokes the operator by specifying a de-
tailed tuple ��� and a property of ��� that he wants to
generalize. ��� had constantvalues along some sub-
setsof dimensions. Let ���
	�	�	��� be the � dimensions
along which ��� has constantvalues ���
	�	�	���� respec-
tively. For example in Figure 2, � � has constantval-
ues along three dimensions: � Product=“HRM/PayRoll,”
Geography=“UnitedStates” and Platform=“Single-User
Other”� . We claim that generalizationis possiblealonga
dimension��� if mostrows obtainedby replacingthecon-
stantvalue��� with othermembersof dimension��� , satisfy
the propertyclosely. Similarly, for generalizationalong
two dimensions� � and ��� weneedto checkagainstall tu-
plesobtainedby replacing� � and ��� by thecrossproduct
of the differentmembervaluesalongthe two dimensions
and so on for multiple dimensionsand hierarchies. Our
goal is to reportall possibleconsistentandmaximalgen-
eralizations.A generalizationalonga setof dimensionsis
consistentif all subsetsof thesedimensionsalsogeneralize
and,maximalif nosuper-setof thesedimensionscanyield
consistentgeneralizations.

We next preciselyformulatehow to definea general-
ization. Threeissuesarisewhenattemptingthis definition.
First, how doesa userspecifythe propertyto be general-
ized? We discussthis in Section2.1. Second,what is the



Figure6: IncreasingrevenuesalongTime for Product“ProjectManagement,” Geography“Rest of World” andPlatform
“Single-userMAC OS.”

Figure7: Generalizationof theproblemcasemarkedin Figure6

criteria for generalizationalonga dimension,that is, how
many tuplesneedto satisfythepropertyandto whatextent
beforewe can generalizethem? We discussthis in Sec-
tion 2.2. Finally, how canwe improve generalizationac-
curacy by listing a few violating tuplesasexceptions?We
discussthis in Section2.3.

2.1 Generalizationproperty

We needa unified mechanismfor specifyingvariousdif-
ferent typesof properties.Examplesare: salesin current
year is lessthan salesin previous year, or, profit is 20%
of revenue.Oneoptionis to specifya predicate����� � that
is true when � satisfiesthe propertyand falseotherwise.
This formulation is coarsegrained— it doesnot recog-
nize the fact that different tuplescould satisfya property
to differentdegrees.This is particularlylimiting for mul-
tiplicativepropertieslike “profit is 20%of revenue”where
adjacenttupleswill rarelyfollow theexact“20%” ratio. We
thereforeformulatethepropertyasafunction !���� � thatre-
turnsareal-valuethatmeasureshow closely � conformsto
thegeneralizationproperty. !��"� � is calledthegeneraliza-
tion error andis zerowhenever � is very closeto ��# and
increasesas � getsfurther away from the generalization
propertyof ��# .
2.2 Generalizationcriteria

Given the error function ! , whencanwe claim that it is
possibleto generalizealonga dimension?Clearly, we can
generalizewhentheerrorof all tuplesalongthedimension
is zero. Often,however, errorswill benon-zeroandvary-
ing. Oneway is to asktheuserto specifya thresholdand
we generalizeaslongasall tupleshaveerrorlessthanthat
threshold. Thereare two problemswith this. First, it is
oftenhardfor a userto specifyanabsolutethreshold.Sec-
ond, in real-life cases,we can rarely find generalizations
whereall tuplessatisfytheerrorconditionwithoutmaking
thethresholdso largethat therelaxationbecomesuninter-
esting.

We remove the needfor a thresholdby associatinga
penaltyfor excluding tupleswhich aresimilar to the spe-
cific tuple � # but not includedin thegeneralizationaround
it. We requireour generalizationto be maximal, i.e., it
shouldnot be possibleto expandout further from the re-
portedgeneralization.Therefore,eachgeneralizationbi-
asesa usertowardsthinking thatthetuplesjust outsidethe
generalizationarevery differentfrom thespecificproblem
tuple.Accordingly, wedefineapenaltyfunction $%���'&(� that
is large whena tuple �'& is closeto ��# andrapidly dimin-
ishestowardszeroasthedifferencebetween� & and ��# in-
creases.This behavior is the oppositeof that of function! . Weallow ageneralization) wheneverthesumof errors$%�"�'&(� is greaterthanthesumof !��"�'&*� overall �'& in ) .

While theusercanchooseany $ functionhewants,we
proposethe following methodthat is derived from the !
functionandrequiresonly alittle additionalwork. Theuser
specifiesthe leastdeviant exampletuple ��+ , i.e., the tuple
closestto � # outsidethegeneralization,thathethinksdoes
not generalizethe problemcase. This might be an exist-
ing tuple in thecubeor a made-uptuplewith hypothetical
measures.Weevaluate!���� + � asameasureof its deviance.
The userimplicitly assumesthat tuplesnot includedin a
generalizationaremoredeviant than � + . Thus $ is zerofor
tuples �'& where !,�"�'&*� -.!��"� + � . Tupleslessdeviant than� + will pay a penaltyof !���� + �0/1!���� &(� . Thus $ canbe
expressedas:$%�"� & �3254�687��"!�����+9�:/;!,�"� & �=<>?� (1)

2.3 Exceptionsto generalizations

Often we might find thatall but a few membersof a gen-
eralizationcloselysatisfytheproperty. We improve accu-
racy by explicitly listing suchviolating valuesas excep-
tions. For example,in Figure3 therearethreeexceptions
E1.1throughE1.3to thefirst generalizationG1. We want
to report the exceptionsascompactlyaspossible.We do
soby groupingtogetherexceptionsthataresimilarwith re-



spectto thepropertybeinggeneralized.

Eachgroup @ of similar exceptionsis representedin the
final answerwith justasingletuple ACBEDGF"@8H thatis mostrep-
resentative of the group. To determinewhat setof tuples
couldbegroupedtogetherweneedamethodfor determin-
ing similarity of two tuples. We proposeto usethe same
error function I modifiedto take asargumentstwo tuplesJ

and
J'K

. I�F JML�J'K H indicatesthedegreeto which theprop-
erty of

J
is satisfiedby

J'K
. Thus I�F J�N9L�J K H correspondsto

the old function wherethe error is measuredwith respect
to the specifictuple

J%N
. If previously I�F J'K H wasdefined

aswhetherthe changein salesfrom 1993to 1994is neg-
ative, thenew I�F J N L�J'K H would bewhether

J'K
’s changein

salesfrom 1993to 1994hasthe samesign as that of
J N

.
This redefinitionallows us to expresserror in summariz-
ing relatedexceptionsin thesamefunctionalform aserror
in generalizingtuples. The error of the summarizationis
measuredasthe sumof error I�F rep(e)

L�J K H where A(BODPFQ@8H
is the representative tuple of the groupand

J'K
spansover

themembersof thegroup.

We cannotgrouptogetherarbitrarytuples— only those
thatcanberepresentedby a singletuplewith somedimen-
sionvaluesetto “*” to denoteits members.For example,
in Figure3 E2.1hastheProductdimensionsetto “*” indi-
catingthatits memberscorrespondto all possiblevaluesof
theProductdimension.Sometimes,a groupmight contain
a few membersthataresignificantlydifferentthantherest.
Weallow suchmemberstobelistedexplicitly asexceptions
within its group.Thusagroupof tupleslistedasexceptions
to a generalizationmight in turn have othernestedexcep-
tions.For example,in Figure5 E1.1.1is anexceptionto its
groupE1.1. In generalthis nestingcanbe any numberof
levelsdeep.

Thenext issuethatarisesis how many suchexceptions
arewe allowed to return. Clearly, thereis a trade-off be-
tweentheanswersizeanderror. If thereis no limit on the
answersize,wecanachievezeroerrorby returningall pos-
sibleexceptions.In practice,ausermightbehappierwith a
lessaccuratebut morecompactanswer. We allow theuser
to specifya looseupperboundon themaximumsize R of
the answerthat he would like to observe. This limit does
not imply that all exceptionswill have exactly the sizeofR but just specifiesto the systemthe maximumsizethat
theuseris willing to inspect.In practicethis limit will be
setby considerationssuchashow many rowscanbesimul-
taneouslyeyedon a screenandsoon. Our goal thenis to
find thesolutionwith the smallesterror giventhe limit R
ontheanswersize.Wecanfind thetotalerrorof theanswer
asfollows.

Summarization error For eachtuple
J

coveredby the
generalization,if

J
is explicitly listed asan exceptionits

error is zero. Otherwise,find theclosestrepresentative tu-
ple

JTS
in the answerthat subsumes

J
. Add its error asI�F JTSUL�J H . JTS couldbeeithertheoutermostgeneralization

(for which therepresentativemeasuresarefrom
J N

) or one
of thesummarizedexceptionrows.

2.4 Final formulation

The final formulation is as follows. The userspecifiesa
specifictuple

J N
, anupperbound R on thesizeof excep-

tionsandtwo errorfunctions: I�F J N LJ K H thatmeasuresthe
errorof includinga tuple

J'K
in a generalizationaround

J�N
and V%F J%N9LJ'K H thatmeasurestheerrorof excluding

J'K
from

the generalization. V%F J�N9L�J K H can be specifiedeither ex-
plicitly or implicitly usingthefunction in Equation1 after
specifyingtheclosestdeviant tupleto beexcludedfrom the
generalization.

The goal of the systemis to return all possiblemaxi-
mal andconsistentgeneralizationsaround

J N
. We define

a generalizationW asan aggregationaround
J�N

for whichFYX.Z\[E]
V%F J%N8L�J H�^_X.Z\[E]`I�F J�N9L�J H�H . For eachgeneral-
ization we areallowed R rows within which to report its
exceptionssuchthat the total error as calculatedin Sec-
tion 2.3is minimized.

2.5 ExampleScenarios

We now considertwo examplescenariosin this general
framework.

2.5.1 Booleangeneralizations

In this case,eachtuple
J

is associatedwith two measures,
say

J FYaOb=H and
J FQa8c�H asillustratedin Scenario1 of Section

1.1.1.Theerror I�F J�N9L�J H is definedas:

I�F J�N9L�J H:d ef g.h if signF J N FYaOb=H:i J N FQa8c9H�Hd signF J FQaOb�H:i J FQa8c9H�Hj
otherwise

(2)

The V functionis:V%F J N L�J H:d j i;I,F J N L�J H (3)

This implies that as long asthe numberof mismatchesis
less than the numberof matches,we generalize. Alter-
nately, a user can specify V�F J�NkL�J H as l%F j imI�F J�N�L�J HH
which implies that as long as the numberof mismatches
is lessthan l timesthenumberof matches,we generalize.

2.5.2 Ratio generalizations

In this casetoo,we assumethateachtuple
J

is associated
with two measures,

J FYa b H and
J FQa c H . Theuseris interested

in generalizingalongall tupleswheretheratiobetweenthe
two measuresis thesameasthatof

J�N
. (ExampleScenario

2, Figure4). Let
J F�nEH denotethe ratio

J FYa8c�Hpo J FYaOb=H and
let n N =

J N F�nEH . Wewant I,F J N L�J H to besmallwhen
J F"nEH is

closeto n N . However, wealsoneedto considertheabsolute
valuesof aOb and a8c becausea smallvaluefor aOb cancause
theratio to belarge,resultingin a disproportionatelylarge
valueof theerror. Therefore,weneedto attachaweighting
function of

J FQa b H . Both theserequirementsaremet very
well by thesymmetricKL distancefunctionroutinelyused
to measurethedistancebetweentwo distributions.I,F J K LJ Hqd J FQa b H�F J F"nEHri J K F"n8HHPs(tOu�v J F"n8HJ K F"nEHEw (4)



In designingthe x function,supposetheuserindicatesthat
tuplesy outsidethegeneralizationwill beassumedto havea
ratio at leasttwice thatof the specifictuple. We canthen
write x asx%z"{%|8}�{ ~r�����E��z"{�zQ�O��~�{�|kz��E~P�(�O�%zY�O~
�;�,z"{�|9}�{ ~=}��~ (5)

Summary We presenteda flexible framework for express-
ing variouskinds of propertiesthat a usermight wish to
generalize.Our formulation requiresa userto just spec-
ify an error function that shows how much a tuple devi-
atesfrom thedesiredpropertyandapenaltyfunction(often
derivablefrom theerrorfunction)for leaving irrelevanttu-
plesoutof ageneralization.Eventhoughwehavegoneto a
greatextentin reducingtheamountof userinputneededin
specifyingageneralization,acasualusermightnotwantto
go into thetroubleof specifyingany function. We believe
that many of the commonscenarioslike the three listed
abovewill bein-built within thesameframeworkmuchlike
advanceddatabasesystemsprovide bothbuilt-in functions
andthe facility for registeringfunctionsfor the advanced
user.

3 Algorithm
In this sectionwe discussalgorithmsfor finding general-
izationsandtheir exceptionsbasedon theformulationdis-
cussedin Section2.

Our tool will work asan attachmentto an OLAP data
source.In designingthealgorithm,our goalwasto exploit
thecapabilitiesof thesourcefor efficiently processingtyp-
ical multidimensionalqueries. Only when we encounter
a computationintensive sub-taskthat reliesextensively on
in-memorystatemaintainedwithin a run,do we fetchdata
out of the DBMS. This led us to designa two stageal-
gorithm. In the first stage,we find all possiblemaximal
generalizationsusinga successionof aggregationqueries
pushedto theDBMS. In thesecondstage,we find summa-
rized exceptionsto eachof the generalizationsusingdata
fetchedto thememory. In thesecondstagewehaveto deal
with only thosetuplesthatarecoveredby themaximalgen-
eralizations.In mostcases,a generalizationcoversonly a
smallamountof data.Sotheamountof datarequiredto be
fetchedin thesecondstageis limited.

3.1 Finding the generalizations

Findinggeneralizationsinvolvesmakingmultiple searches
over graduallyincreasingsubsetsof dataaroundthespec-
ified tuple {�| . We first find one dimensionalgeneraliza-
tions.Startingfrom {�| , wecheckif generalizationis possi-
blealongeachdimension.Thischeckrequiresusto goover
all tuples { alonga dimensionwhile keepingtheotherdi-
mensionvaluessameas{ | , summingupthevaluesof func-
tions x%z�{ | }{ ~ and ��z"{ | }{ ~ , andcheckingif thefirst sum
is greaterthantheother. This checkcanbeeasilyposedas
a “group-by” query.

Oncewe get the singledimensiongeneralizations,we
try combinationsof dimensionsto checkif generalization

is possible. We requirethe generalizationsto be consis-
tent. Therefore,beforewe canclaim that a setof dimen-
sionsgeneralizes,we needto checkthatall subsetsof the
set generalize. This propertyenablesus to deploy Apri-
ori style [AS94] subsetpruning. We usea similar multi-
passalgorithm. In eachpass,we usethe set of general-
izationsfoundin thepreviouspassto generatenew poten-
tial generalizationsusingthe Apriori-style candidategen-
erationphase.This is followedby a pruningphasewhere
we eliminatecandidatesany of whosesubsetsdid not gen-
eralize. We then check if the candidategeneralizations
conformto the generalizationcriteria. This checkis done
very differently from Apriori’ s stepof scanningthe entire
database.Our check involvesan aggregatequery to the
databasewhereonly the tuplescoveredby the candidate
generalizationwill besubsettedandtheaggregated� andx valuesreturned.

3.2 Finding SummarizedExceptions

At this stageour goal is to find exceptionsto eachmaxi-
mal generalizationcompactedto within � rowsandyield-
ing theminimumtotalerrorcalculatedasdiscussedin Sec-
tion 2.3.

Ideallywewouldgeneratetheexceptionsin thedatabase
itself. This is hard for several reasons.First, thereis no
absolutecriteria for determiningwhethera tuple is an ex-
ceptionor not for all possible� functions.Thuswecannot
pushto the DBMS a filter query that will just return the
exceptions.Evenfor functionswheresuchfilters exist, for
exampleBooleanfunctions(Section2.5.1)agoodsumma-
rizationmight requireusto considersomenon-exceptions
too whennestedexceptionsareinvolved.Thereforewe re-
sortto algorithmsthatfetchdatafrom theDBMS but min-
imize costby reducingthe numberof passeson the data.
Also, we do not want to assumethat all the datafetched
canbebufferedin memory.

Wepresentanefficientbottom-upalgorithmthatcanre-
turn the optimal answerin one passof the datain some
cases.We describeour algorithmin stages,first assuming
thatthereis justasingledimensionwith � levelsof hierar-
chyandlaterhandlingmultiple dimensions.

3.2.1 Single dimension with multiple levels of hierar-
chies

One factor that crucially affects the designof the algo-
rithm is theform of thefunction �,z"{'�Q}�{ ~ . Somefunctions��z�{'�"}�{ ~ can be rewritten as ��z��`z"{'�C~�}�{�~ where �`z"{'�C~
returns a known finite set of values irrespective of the
numberof values {'� can take. We call this the finite-
domainpropertyof afunction.For example,the � function
(Equation2) of Boolean-scenariosin Section2.5.1satisfies
this propertywith �`z�{ �(~ definedassign({'��zQ����~:��{'�YzQ�8�9~ ).�`z"{'�*~ will returneither“+” or “-” for all valuesof � � and� � . The � functionfor Ratiogeneralization(Section2.5.2)
doesnotsatisfythefinite-domainpropertybecausetheratio
canbeany realnumber. The � functionfor Trendgeneral-
izationsatisfiesthe propertyif we assumethat � is known
andfinite. Therangesizeof �`z"{ � ~ in thiscasewill be �8��� �



for all possiblesign combinationsof the � �m  changes.
Note¡ that therangeof ¢ hasnothingto do with whetherit
satisfiesthefinite-domainpropertyor not.

Wefirst presentanalgorithmfor finite domainfunctions
andlatergeneralizeto otherfunctions.

Optimal solution for finite-domain functions Whenthe¢ functionsatisfiesthefinite domainproperty, we canfind
the optimal solutionin a singlepassof the datain an on-
line manneri.e., without buffering too muchdatain mem-
ory. For easeof exposition,we describethealgorithmas-
sumingtwo-valuedproperties— extensionto othercases
is straightforward.Let usdenotethetwo valuesof £`¤�¥�¦ as
‘+’ or ‘-’. The ¢ functionfor two tuplesis 0 whenthesigns
matchotherwiseit is 1. Let us furtherassumethat for the
specifictuple ¥�§ , £
¤�¥�§�¦ is ‘+’.

Considerfirst an evensimplercasewherewe have just
onelevel of hierarchy. Let ¨ be thenumberof tuples. An
obviousway to find thebestanswerof sizeat most © for
this groupis asfollows. Find the majority valueof the ¨
tuples. If the majority valueis the sameas ¥�§ ’s i.e., ‘+’,
thenreportasexceptionsat most © tupleswith value‘-’.
If the majority valueis ‘-’, make the first ‘-’ valuedtuple
a representative ( ªC«E¬ ) for all ¨ tupleswith value‘-’ andfill
theremaining©�®  slotswith tuplesof value‘+’.

Theproblemwith this algorithmis that it is not online.
Unlessall the ¨ tuplesare scanned,we do not know the
majorityvalueandthereforecannotknow whetherto retain© ‘-’ tuplesor ©¯�.  ‘+’ tuplesasexceptions.We solve
this problemby maintainingtwo intermediatesolutionsat
all timescorrespondingto thetwo possiblevaluesby which
thegroupcouldberepresented.At theendof thescanwe
pick theonewith thesmallercost.

We next considerthe caseof multiple levels of hierar-
chy. The tuplesin the generalizationcan be arrangedin
a tree. The © slots needto be filled by tuplesfrom the
most detailedlevel or reps for groupsfrom any level of
thehierarchysoasto minimizetotal error. We proposethe
following bottom-upsolution.

We scantherelevant tuplesfrom the DBMS sortedac-
cordingto thelevelsof thehierarchy.

For eachlowermostsubtreeof tupleswecanfind theop-
timal solutionin onepassfor any givenvalueof © . How-
ever, in this casewe cannotknow in advancethe number
of slotsto allocatefor a subtree.We find thesolutionand
thecorrespondingerror for all possiblesizesfrom 0 to © .
Thusfor eachsubtree° wehave ±9²8°�³´¤"°�µ�³rµ¶P¦ thebestsolu-
tion for all ³ between· and © andall possiblevalues¶ of
thedefault rep which in our casecouldbe“+” or “-”.

Recursively, for eachinternalnodewe merge the solu-
tionsof its subtreesby choosingthepartitioningof © that
leadsto thesmallesttotal error. This stepneedsto bealso
donein anefficientonlinemanner— a parentnodecannot
buffer solutionsof its subtreeswhile they are processed.
We solve this problemby maintainingat eachparentnode,
the bestsolution for all subtreesprocessedso far for all
possibleanswersizes.Let ±9²8°�³´¤"°�µ�³rµ¶Tµp¸�¦ referto theinter-
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Figure8: Illustrationof thealgorithm

mediatevalueof ±9²8°"³´¤"°¹µ³rµ�¶U¦ afterthefirst to the ¸�º"» child
of ° arescanned.After a new subtreȩ3¼½  hasseenall its
data,it passeson all its solution to its parent ° for merg-
ing with thecurrentsolution.This mergecanbeoptimally
doneat node ° usingthe following dynamicprogramming
formulationfor all valuesof ³ and ¶ .¾À¿k¿ ¤Q±9²8°�³´¤Q°¹µ³rµ�¶Áµ¸3¼� 9¦�¦´ÂÄÃ,Å(ÆÇ�ÈÊÉ9ÈÊË ¤ ¾�¿9¿ ¤Y±�²8°"³´¤"°�µpÌÊµ¶Tµp¸�¦�¦¼ ¾À¿k¿ ¤Q±9²8°�³´¤Q¸3¼5 �µ�³Í�;ÌÊµ¶P¦¦�¦ (6)

After all subtreesof a node ° have arrived,we needone
laststepin ° beforefinishingwith thisnode.For each³ and¶ we needto considerif choosinga new rep with sign ¶?Î
differentthan ¶ will leadto a smallercostsolutionevenif
thatleadsto oneslot lessfor therestof thetuples.Thiscan
only happenif errorof ±�²8°"³´¤"°�µ�³��Ï �µ�¶PÎÐµÒÑO¦ is lessthanerror
of ±9²8°�³´¤Q°¹µ³rµ�¶ÁµÒÑE¦ where“*” denotesthat all childrenof °
havebeenscanned.In Equationform, thefinal ±9²8°"³´¤"°¹µ³rµ�¶U¦
at node ° afterall childrenarescannedis:¾À¿k¿ ¤Q±9²8°�³´¤Q°¹µ�³rµ¶P¦¦3Â�ÓÏÔ�³´¤ ¾�¿9¿ ¤Y±�²8°"³´¤"°�µ�³rµ�¶ÁµÒÑO¦�¦=µÃ�Å*ÆÕ�Ö�×Ø Õ ¾À¿k¿ ¤Q±9²8°�³´¤� Oµ�³��1 Oµ¶ Î µÒÑO¦�¼ÙªC«E¬G¤�¶ Î ¦�¦�¦ (7)

The final solution at the topmost node of the tree is±9²8°�³´¤ ¿ ²8²k��µp©Úµp±�ÔYÛP³´¤�¥�§�¦�¦ . We illustratetheworking of the
algorithmwith anexample.

Example In Figure 8 we presentan examplewith ÜÝÂÞ
and ©ßÂáà . The leftmost subtreeundernode1.1 has



Summarize-Exceptions(â , ã , ä )
level[ å ].soln= æ�ã½ç�è=é´ê�ë currentsolutionat level å
for eachtuple ì in â sortedaccordingto levelsof hierarchy

level[0].soln= t // Trivial solutionwith a singletuple
Merge(0,1, N)

Merge(L,L+1, N) // Final solutionat topmostlevel

Merge(í , î , ã ) // c: level of child, p: level of parent
if level[c].solnin samegroupaslevel[p].soln

for all ï from ã down to 0 andfor all ðÀñ�ò�ç ó�ôöõ
updatelevel[p].soln(n,v)from level[c].soln(n,v)(eq6)

else // Starta new group
for all ï from ã down to 0 andfor all ðÀñ�ò�ç ó�ôöõ

updatelevel[p].soln(n,v)usingeq7
if î is topmostparent,return// Got thefinal answer.
Merge(p,p+1,N) // Propagateto level î ç÷è
level[p].soln= level[c].soln // Starta new group

Figure9: Sketchof thealgorithmfor summarizingexcep-
tionsof a generalizationø whennumberof levelsis ùúüûþý9ÿ

tuples. We show the two solutionscorresponding
to whenthedefault rep is ‘+’ and‘-’ andanswersof sizes
0 to 3 for eachsubtreeand for the final node. The error
for eachsolutionis alsoshown in thefigure. Whenall the
10 tuplesundersubtree1.1 arescanned,we find that the
majorityR-valueof thegroupis ‘+’. Whenthedefault rep
is a ‘+’, we neednot repeata representative ‘+’ tuple for
this group. We thus reportall the three‘-’ tuplesin that
group. This solutionhasan error of 0. Whenthe default
rep is a ‘-’, we includea representative of the groupwith
value‘+’ andtwo ‘-’ tuplesasexceptionsto it. Theerrorin
this caseis 1 for thesingleunreported‘-’ tuple.

After the first subtreeunder“1.1” is scanned,the so-
lutions ��� ������ý	�(ý	
��
��	�

arepropagatedto its parentto form
the initial valuesof ��� �����¹ý	
���
���
�ý��*ý��

. ��� ������ý	�(ý	
��
��	�
can

be discardednow. We next proceedto find the bestsolu-
tions for the subtreeunder“1.2” and the result is shown
in thefigure. Thesolution ��� �����¹ý	���
���
����

is propagatedto
the parentnode“1” that usesit to updateits currentsolu-
tion usingEquation6. ��� ������ý	
���
��
�ý�� ���

now coversall tu-
plesunder1.1and1.2and ��� ������ý	���
��
��	�

canbediscarded.
Similarly, wescanthebestsolutionatnode1.3,mergewith
thecurrentsolutionat node1 andsoon until all nodesare
scannedyielding thesolution ��� ������ý	
��
��
����

To getthefi-
nal solution ��� �����¹ý	
���
����

from ��� ������ý	
��
��
����
we needto

checkif ��� ������ý	
���
���
will improveby addinga ���	� at node

1 with the oppositevalueusingEquation7. In the Figure
we show ��� ������ý	
 �!
��"
����

for
ÿ$#%�&#%'

and
�)(+*-,.
0/21

.
Considerthe solution ��� ������ý	
�ý	
3/4
����

with error 15. We
can adda new rep at 1 with value “+” anddecreasethe
costto 13. Theoptimalsolutionis ��� �����¹ý�
5'6
�,2�

andhasan
errorof 8.

We give a sketch of the final algorithm in Figure 9.
The algorithmshows how by maintainingat eachlevel of
the hierarchyjust a single two dimensionalarray of size��78, ý��29:�

we cancomputethe optimal answerin one
scanof thedata.Thusin onescanof thedatawe cancom-
pute the optimal solution as long as the tuplesand their

representativescanbearrangedasatreeandthe ; function
satisfiesthefinite-domainproperty. Theamountof datato
be buffered in memorydependsonly on

7
and ù and is

independentof thenumberof tuples.Whenthenumberof
valuesa tuplepropertycantake is < insteadof 2, theonly
changein thealgorithmis thatwecomputethesolutionfor
< valuesaslong as < is not too large.

Functions that are not finite-domained Whenthe setof
valuesa representative tuple cantake is not known in ad-
vance,we cannotcalculatefor all possiblevaluesof repre-
sentative tuples. We get aroundthis problemby guessing
someinitial valuesandrefiningtheguessesasweproceed.

In the final answer, a groupof tuples(for example,the
tenundernode1.1of Figure8) couldberepresentedby ei-
ther oneof the tuplesin its own groupor the reps of any
of the parenttuple. Noneof theseareknown at the start
of computation.We startwith some= ,)�

differentguesses
of the �>��� where= is sometunableparameterof thealgo-
rithm and

�
is thetotalnumberof levelsof hierarchy. These

guessesarerefinedasweprogress.Thestartingguessesare
thetuple ?!@ andthefirst = ,A�0/�ý

tuplesin thedatascanned.
Whenanew tuple ? arrives,wereplaceoneof theexisting
= /.ý

reps by ? only if that reduceserror. Periodically, a
parentnodeevaluatesits bestrep andpassesthemdown to
its children. A nodewith

�
parentnodeson its pathto the

root will storethe best
�

reps so far of its
�

parentsand =
bestguessesof reps from its own groupof tuples.

While theabove algorithmdoesnot guaranteeoptimal-
ity, in practiceit yieldscloseto optimalresults.

3.2.2 Multiple dimensions

Finding the optimal summarizationfor multiple dimen-
sionsis NP-hardevenfor thesimplecaseof Booleanfunc-
tions. (This can be proved by reducing from the NP-
completelogic-minimization[GJ] problem).Our problem
is harderbecausewehaveanadditionalrequirementof not
wantingto assumethatall datais memory-resident.

A one-passalgorithmis to choosean orderof dimen-
sions BDCFE �0�3� BAC�G andfind thebestsummary� for this or-
derof dimensionsexactlyasfor thesingledimensioncase.
Theorderis chosensothatdimensionswhosemembersare
moresimilarappearearlieron in theorder. This judgement
canoften be madeby the systemanalystor canbe easily
estimatedin a one-timestatisticscollectionpass.The ini-
tial solutioncanbecontinuouslyrefinedasmoretime and
memorygetsavailable by making multiple passesof the
datasortedon differentpermutationsof dimensions.We
skip furtherdetailsof this dueto lackof space.

4 Performanceevaluation

In this sectionwe presentan experimentalevaluationof
our prototypeto demonstratethe feasibility of getting in-
teractive answerson typical OLAP systems.Unlike con-
ventionaldatamining algorithms,we intendthis tool to be
usedin an interactive manner. Hencethe processingtime
for eachqueryshouldbebounded.



We usedthefollowing datasetsfor ourexperiments.
OLAP Council benchmark [Cou]: This datasetwas

designedby the OLAP council to serve as a benchmark
for comparingperformanceof differentOLAP products.It
has1.36million totalnon-zeroentriesandfour dimensions:
Product,Customer, ChannelandTime.

Product Customer Channel Time
Product(9000) Retailer(900) Channel(9) Month(17)

Food dataset: This datasethasa total of 0.24million
entriesand four dimensions: Productwith a four level
hierarchy, CustomerandStorewith a two level hierarchy
eachandTime with no hierarchy. This is a demodataset
packagedwith Microsoft’sOLAP products.

Product Customer Store Time

Product(1560) Customercity (109) Store(24) Time(24)

Category(45) Customerstate(12) Country(3)

Department(22)

Family(3)

The experimentsweredoneon a machinewith a Pen-
tium III 550 MHz processor, 1 GB RAM and512 kbytes
cacherunningRedHatLinux 6.1. All datawasstoredin
a Oracle8.1 DBMS installedon a Windows NT machine
with 512MB of RAM anda550MHz Intel processor. The
tableswerearrangedin a StarSchema.The RELAX oper-
ator was implementedin Java andusedJDBC to interact
with theDBMS.

Thequeriesfor ourexperimentsweregeneratedby ran-
domly selectingspecifictuplesfrom differentlevelsof ag-
gregationof thecube.

In Figures10 and 11 we show the distribution of to-
tal time of 31 randomqueriesfor theFooddatasetand41
queriesof theBenchmarkdatasetrespectively. In addition
to the total time (marked“Total”) we show the time taken
by thetwo stagesof our algorithm:“Gen” time for finding
all maximalgeneralizationsin thefirst stepand“Exp” time
for finding the exceptions. We also show a graphcalled
“DB” that shows the part of the total time spentin the
DBMS in processingall SQL queries.

Thetotal timeis distributedfrom 1 to 70secondsfor the
Fooddatasetand1 to 180secondsfor theBenchmarkdata.
In 80% of the caseswe get the resultwithin 20 seconds.
This shows the feasibility of usingthe RELAX operatorin
aninteractivesetting.

Oncomparingthegraphs“Total” and“DB” wefind that
mostof the time is spentin processingquerieswithin the
DBMS.Therestof thetimeis spentin shippingtuplesfrom
theDBMS to theapplication.Thetimespentin finding the
exceptionsis negligible becauseof our highly optimized
algorithm.Thegraphsfor “Total” and“DB” almostoverlap
for theFooddataset.If we hada fasterOLAP engine,the
operatorcouldbemadeto runevenfaster.

Themaincontributionof thispaperis providingaproper
formulationof the RELAX operatoranddesigningefficient
algorithmsthatenableinteractive invocation.Theseexper-
imentshave partly validatedthat claim. Furtherdetailed

Figure10: Food-data:Total time for differentqueries

Figure 11: Benchmark-data: Total time for different
queries

experimentalanalysison the effectsof the myriad factors
thatinfluencerunningtimearedeferredto a longerversion
of thepaper.

5 Relatedwork

Therehasbeenan increasingmove towardsincorporating
advancedminingprimitivesin OLAPproducts[Dis, Cor97,
Sof, HF95, Sar00, Sar99]. Thiswork is donein thecontext
of onesuchprojectsthatconsistsof a suiteof operatorsto
take OLAP productsto thenext stageof interactive analy-
sisby automatingmuchof themanualeffort spentin anal-
ysis. Two suchexisting operators:DIFF and INFORM are
describednext.

The DIFF operator[Sar99] exploresreasonsfor why a
certainaggregatedquantity is lower or higher in onecell
comparedto another. For example,a busyexecutivemight
quickly wishto find thereasonswhy thetotalsalesdropped
from the third to the fourth quarterin a region. Insteadof
digging throughheapsof datamanually, he could invoke
theDIFF operatorwhich in a singlestepwill doall thedig-
gingfor him andreturnthemainreasonsin acompactform
thathe caneasilyassimilate.The RELAX operatorcanbe
thoughtof asoppositeof theDIFF operator. In DIFF theuser
startsat an aggregatelevel andthe operatordigs into de-
taileddatafor summarywhereasin RELAX the userstarts
at a detailedlevel and the tool roll-ups to report a sum-



maryof its neighborhood.Thealgorithmfor summarizing
difH ferencesin DIFF is similar to our algorithmfor summa-
rizing exceptionsin RELAX. However, the DIFF algorithm
assumesaspecificformulationbasedonratioof valuesand
cannothandlethegenericframework thatwe have for RE-
LAX. TheINFORM operator[Sar00] is usedto find theparts
of thecubea userwill find mostsurprisingbasedon what
theuseralreadyknowsaboutthedata.Thisoperatorcanbe
thoughtof asa precursorto the RELAX operator. First the
INFORM operatorwill be usedto reachto theproblematic
caseshiddenin detaileddata. Then the RELAX operator
will beusedto find a largergroupof cellswheretheprob-
lempersists.

Our algorithm of starting from a specific problem
caseand generalizingaroundit, hassimilarity with sev-
eral bottom-uprule inductionalgorithms[Mug92, Ped95,
HCC92] proposedin the past. Thegoal in their caseis to
find asetof rulesto build aclassifieronthetrainingdata.A
typical rule inductionalgorithmworksasfollows. It starts
with a rule setthat is thetrainingsetof examplesitself. It
thenlooksateachrule in turn,findsthenearestexampleof
thesameclassthatit doesnotalreadycover, andattemptsto
minimally generalizetherule to cover it, by droppingcon-
ditionsand/orexpandingintervals(for numericattributes).
If thenew rule leadsto increasedglobalaccuracy, it is re-
tained.

Our problemof expandingthescopeof a problemcase
canbe comparedwith this attemptof finding specific-to-
generalrules.But thereareseveraldifferencesbetweenthe
two. Unlike inductionalgorithms,ourgoalis not to build a
globalclassifierbut to capturetheregionaroundoneprob-
lem tuple. Thustheinductionmethodgrowsarounda rule
only once,whereastheRELAX operatoraimsat findingall
possiblegeneralizationsaroundthespecificproblemcase.
TheRELAX operatoralsoneedsto findoutexceptionsto the
generalizations.The exceptionscould have a rich nested
structureunlike thesimpleflat structureof rule sets.

6 Conclusion

In this paperwe introduceda new operatorfor enhancing
existing multidimensionalOLAP productsby automating
somedataexplorationtasksthat currentlyrequiretedious
manualsearches.The new operatorRELAX helpsan an-
alyst in generalizingarounda problemcaseobservedat a
detailedlevel. Theoperatorreportsin a singlestepa sum-
maryof all possiblemaximalgeneralizationsalongvarious
roll-up pathsof thespecifiedproblemcase.

Our key contribution is designinga framework that is
flexible enoughfor expressingvariouskindsof generaliza-
tion propertieswhile requiringlittle additionalwork in cus-
tomizing for thesedifferentproperties.For eachnew kind
of generalization,we requirejust a singlebinary function.
This function is usedto measureboth the error of gener-
alizationandtheerror in groupingexceptions.Theresults
of theoperatorincorporatearich nestedstructureof gener-
alizationsandexceptionssoasto besuccinctandcompre-
hensibleon theonehandandminimize reportingerroron

theother.
We designan efficient two-stagealgorithmfor finding

all generalizationsandtheir exceptionswhenusedagainst
anOLAP DBMS.Thealgorithmexploitsthecapabilitiesof
the DBMS for indexing andqueryprocessingby pushing
heavy-weightprocessingto theDBMS wheneverpossible.
Ouralgorithmfor findingexceptionsis optimalfor thecase
of single hierarchiesand finite-domainedfunctions. The
amountof memoryneededby thealgorithmis independent
of thenumberof tuplesin thedatabaseandscalesto large
databases.Experimentsonreal-lifedatasetsshow thefeasi-
bility of invokingtheoperatorin interactiveOLAP settings.
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