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Chapter 1

Introduction

State transition systems are a useful mathematical model as they can be used to express
the behaviour of wide variety of systems. Often it is desired to check properties that must
be true at any point of evolution of the system. Such properties are called safety properties.
The checking of these properties in the system can be translated to a reachability analysis
in the state-transition model of the system, where the reachability of states of the system
violating the property is checked. Thus reachability analysis plays a central role in the
verification of the behaviour of systems.

For finite state systems, a variety of techniques have been developed to deal with the
problem of reachability. Usually these systems are hardware systems though there are
many software systems which are finite state. A simple example of a finite state system is

shown below.
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It consists of a clocked flip-flop whose output (Q) is XOR~ed with an external input X to
form the input (D) of the flip-flop. The delay of the XOR gate is negligible and that of
the flip-flop is about the same as the width of the clock. A state is defined by variables
D and Q. The 4 states of the circuit are shown in the state-transition graph above. Input
X causes transitions between states. An unlabeled edge means that the Clk input itself
causes the transition. In this graph, the question of reachability though is a trivial one;
every state is reachable from every other.

Reachability in finite state systems is known to be decidable. Explicit representa-
tion techniques which operate on the state-transition graph of the system, include depth-
first searches(DFS) or breadth-first searches(BFS) for the property violating states, CTL
model checking on explicit representation of Kripke structures and LTL model checking
by Tableau construction| WOL87]. However several realistic systems have states whose
number runs into billions and hence explicit representation of the state-transition graph
becomes impractical. Such systems are implicitly represented by their initial states and
a transition relation which tells the next states of the system given any present state.
BDD-based techniques like symbolic model checking[KL.M92] take this implicit represen-
tation and use characteristic functions to represent sets of states and transition relations
and do symbolic DFS or BFS or symbolic fixpoint computations. There are tools for per-
forming automated reachability analysis of systems. Two of these are SPIN[MP86] and
NuSMV[CCGO2]. There are tools which do reachability analysis in systems where timing is
involved. Some of these include Kronos[DOTY96], Uppaal, STeP[MS94] and Hytech. Re-
cently SAT-based techniques|BCC99] are becoming very popular due to the rapid progress
that SAT solving has seen in recent times. Since the first development of the basic search
based algorithm proposed by Davis, Putnam, Logemann and Loveland DPLL62] about
40 years ago, great progress has been made in SAT-solving owing to the active research
and more recently, very clever heuristics. SATO, Chaff, Grasp, Berkmin, satz, cnfs are
some of the extremely fast solvers that handle millions of clauses with several hundreds of
thousands of variables. There are also inductive techniques that use inductive reasoning
in doing reachability analysis|MSGO0].

Reachability checking in infinite state systems however is in general undecidable. Such
systems come primarily from the program verification domain.
A simple example of an infinite state system is the following program.

i:=0; while(1) i :=1 + 1;

where the state variable is 7. A simple property to check is whether there is a state in
which 6i* — 7i = 5 is true. (Clearly there isn’t).

Reachability analysis in infinite state systems essentially use abstraction techniques[CGJ03|
in which the infinite state space of the system is partitioned into a finite number of classes.
These are then regarded as abstract states of an abstract state-transition graph which
now being finite, allows the use of the wide array of techniques for finite state reachability
analysis. The abstract state-transition graph is an overapproximation of the concrete state-
transition graph of the system so that if a bad abstract state is not reachable, then surely a
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bad concrete state is also not reachable. But a path to a bad abstract state from an abstract
initial state might be actually spurious when the path is mapped back to the concrete
state-transition graph, in which case refinements to the abstraction are done. Predicate
abstraction[FQ02] is a very important abstraction technique in which states of the concrete
state space are grouped using predicates. It combines theorem proving and model checking
techniques. Control and Data|KP0O0] abstraction are also important abstraction techniques
in verification. While reachability in infinite state systems is undecidable in general, it is
decidable for certain infinite state systems. Location reachability in push down automata
is one such example. It is thus possible to make the problem of reachability decidable, by
exploiting the specific properties and structure of the transition relation of special classes
of infinite systems.

1.1 Graph Transforming Systems

In this report, we consider infinite state transition systems whose states are themselves
graphs(possibly infinite). The graphs we consider are typed graphs, i.e. the nodes and
edges have types associated with them. A transition from one state to another involves a
graph transformation i.e. addition and deletion of nodes and edges as well as change of
types associated with the nodes and edges. The transition from one state to another is
caused by a finite number of operations. Each operation takes in a set of parameters and
is expressed as a finite set of guard-action pairs. Each guard checks if a certain condition
is true in a state and the corresponding action describes the graph transformation for that
guard-action pair. The action is taken only if the guard evaluates to true. If the guard
evaluates to false, then no-action is taken on any node or edge. For any operation, given a
set of parameters, the next state is obtained by looking at all those guards which become
true in the current state and performing cumulatively, the graph transformations described
by each of the actions for which the corresponding guard became true. In general, there
is non-determinism in the actions so that an operation, for a given set of parameters, can
produce multiple next states. For a state, the set of all next states is then obtained by
considering all operations and for each operation, all possible parameter values for it and
for each parameter value, the set of all next states for that operation and those parameter
values. The Graph Transformation System is then described as the set of all operations.
The system starts from a set of initial states i.e. a set of initial graphs. We are now
interested in knowing whether certain target graphs having certain properties are reachable
from the initial states of the system. In other words, we wish to know whether there exists
a sequence of transitions starting from the initial graphs which leads to the target graphs
of the system.

In the next chapter, we take the specific example of a simple library system which
consists of entities whose instances are related to each other. The instances and the
relations between them can be modeled as a graph where the instances form the nodes
of the graph and the relations between them form the edges. This is a typed graph in
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which the type of a node is the entity of the instance which the node represents. There are
no types for edges. Operations are performed in the system change the relations between
instances of entities, i.e. operations perform graph transformations. We then introduce
some safety properties for the library system which we would want the latter to satisfy.

1.2 Earlier Work On Graph Transformation Systems

Graph Grammars have been used to generate graph transformation systems. Graph gram-
mars originated in the late 60s, motivated by considerations about pattern recognition
and compiler construction. Since then the list of areas which have interacted with the de-
velopment of graph grammars has grown considerably. Besides the aforementioned areas
it includes software specification and development, database design, modeling of concur-
rent systems, and computer animation to name a few. The area of graph grammars and
graph transformations generalizes formal language theory based on strings and the theory
of term rewriting based on trees. Analogous to string grammars, a graph grammar GG is
defined as GG = (Gg, P) where Gy is a set of initial graphs and P is a set of productions
which specify how graphs are transformed. The language of the graph grammar is, just
as for string grammars, defined as L(GG) = {G|Gy —* G} where —* means zero or more
applications of the productions.

Two approaches are used in graph grammars to define the productions. In the double
pushout approach[CMR97], each production is defined as L «— K — R. Here L, K and R
are graphs and K is a subgraph of L and R. To apply this rule to a graph GG, L must be a
subgraph of G. Then the part of G contained in L but outside K (i.e. L — K) is deleted
to produce a context graph (G — L + K). Then the parts of R outside K (R — K) are
added to the context graph to produce the final graph which completes the application of
the production to GG. The 2 steps of the application of the production are called pushouts
and hence the name double pushout. In the single pushout approach, each production is
defined as . — R. To apply this rule to a graph G, L must be a subgraph of G. Then
application of the rule involves deletion of the subgraph L and replacing it with R (i.e.
the rule application produces G — L + R). Since there is just a single rewriting step,
the approach is called the single pushout. This approach generalises the double-pushout
approach[L93].

Tools have been developed based on the above approaches. AGG[LB93] is a general
development environment for algebraic graph transformation systems which follows the
interpretative approach. Its special power comes from a very flexible attribution concept.
AGG graphs are allowed to be attributed by any kind of Java objects. Graph transforma-
tions can be equipped with arbitrary computations on these Java objects described by a
Java expression. The AGG environment consists of a graphical user interface comprising
several visual editors, an interpreter, and a set of validation tools. The interpreter allows
the stepwise transformation of graphs as well as rule applications as long as possible. AGG
supports several kinds of validations which comprise graph parsing, consistency checking
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of graphs and conflict detection in concurrent transformations by critical pair analysis of
graph rules. Applications of AGG include graph and rule-based modeling of software,
validation of system properties by assigning a graph transformation based semantics to
some system model, graph transformation based evolution of software, and the definition
of visual languages based on graph grammars.

PROGRESI[S97] is an integrated environment for a very high level programming lan-
guage which has a formally defined semantics based on "PROgrammed Graph Rewrit-
ing Systems”. This language supports the following programming paradigms/purposes
among others: 1) Structurally object-oriented specification of attributed graph structures
with multiple inheritance hierarchies and types of types (for parametric polymorphy). 2)
Declarative/relational specification of derived attributes, node sets, binary relationships
(directed edges), and Boolean constraints. Therefore, PROGRES can be used as 1) a very
high level programming language for implementing abstract data types with a graph-like
internal structure, 2) a rule-oriented language for rapid prototyping nondeterministically
specified data/rule base transformations.



Chapter 2

The Library System
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Figure 2.1: UML Class Diagram for the Library System

We first describe the library system.

The library system consists of members and books. A member can borrow a book kept
on a shelf. In such a case the library loans the book to the member. A member can reserve
a book by making a claim for title of the book. If a book for the claimed title exists on
shelf, it is immediately reserved for the member, else the claim is kept pending until the
book becomes available. A member can also borrow a book previously claimed by him.
When the member returns a loaned book, the book goes on shelf if there are no pending
claims for the title of the book. Otherwise, the book gets reserved. The library system
also provides for adding more books to the library and more members to the system.



From the above description we can identify entities of the library system and the
relations between them. These are expressed formally in a UML Class Diagram shown
above.

The boxes represent the entities and the lines between them represent the associations
between them. An association between entitites A and B specifies a relation from A to
B and one from B to A. It also specifies a multiplicity value for each of these relations.
For example, isIn is a relation from Book to Shelf and the multiplicity 0..1 means that
when an instance of Book exists, it can be related to at most one instance of Shelf (A book
needn’t be on any shelf or it can be on only one shelf). But the contains relation having
multiplicity 0..* allows an instance of Shelf to be related to any number of instances of
books (A shelf can hold zero or more number of books). A multiplicity of 1 associated
with the hasTitle relation means every instance of Book must be related to exactly one
instance of a Title (A book must have exactly 1 title).

If we were to graphically depict the instances of the entities and the relations between
them, we can see the library system as a graph having different kinds of nodes. Shown
below is a library system having 5 books and 3 members.

()
a @
(o) D,
(n) O O S &

ORRO

Figure 2.2: An example library system

The 2 books with titles ¢t; namely b3 and b, are respectively loaned to and reserved by
members m; and ms. Member mg has borrowed book b, having title ¢5 and has a pending
claim for title ;. The other 2 books b; and b5 are on shelves sy and s; respectively. ¢; and
¢y are the claim nodes while {; and [, are the loan nodes.

We can also identify operations taking place in the system, from our description above.
We call these operations Borrow, Reserve, Return, Addbook and Addmember. With these
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operations taking place on the library system shown above, the graph can surely change.
This motivates us to define the state of the library system in terms of the instances of
entities and the relations between them.

We shall use First Order(FO) Logic henceforth in describing the library system and
also later for formalising graph transformation systems. The problem of reachability will
be formulated using FO. Note that though we have used a UML diagram to express the
Library system, we are not trying to capture the semantics of the UML diagram using FO
or provide any general way of capturing the semantics of UML diagrams using FO. The
UML diagram just serves to show, as described in the next section, the different kinds of
nodes and edges that exist in the state of the library system.

2.1 State of the library system

The entities of the library system are Book(B), Claim(C), Loan(£), Member(M), Shelf(S)
and Title(7 ). Let &€ = {B,C,L, M,S,T}. We define a state s in terms of the following
predicates:-

e Node predicates:

— N(x) - This predicate is true iff the node x is present in the graph of s.

— X(x),X € & - This predicate is true iff node x represents an instance of entity
X.

e Edge predicates:

— E(x,y) - This predicate is true iff an edge is present between nodes x and y.

(There are no types for the edges).

Let o = {N}U{F}U{X|X € &}.

Then the predicates of og completely define state s. Note that since there is no bound on
the number of nodes in any state, the state space of the library system is infinite.

2.2 Operations of the Library System

Operations cause changes of state. Each operation takes as input some parameters and
produces different graph transformations on the state under different conditions. These
conditions are called guards and the transformations are called actions. An operation is
expressed as a set of Guard-Action(GA) pairs. We now look at each of the operations,
their semantics and their formal description in terms of GA pairs. An operation causes
a transition from a state s to a state s’. We describe state s using the predicates of og
subscripted with s and describe state s’ using the predicates of og subscripted with s'.
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Thus for state s, we have o, = {N} U {Es} U {X|X € £} and for state s’, we have,
0y = {Ng} U{Es} U{Xy|X €&}

1. Addbook(b,t,u):
This operation adds a Book instance b having title as Title instance t to shelf denoted
by Shelf instance u if there are no pending claims for the book . If there are pending
claims, the book gets reserved.
Viewed as a graph transforming operation, this operation adds a node for b and nodes
for t and wu if they are already not present in the current state. If there is no Claim
node ¢ connected to t, the b — ¢t and ¢t — u edges are added, else the ¢ — ¢ edge is
deleted and the ¢ — b and b — t edges are added. We can express the GA pairs for
the operation as shown below.

Guard 1 below expresses that b is a Book node and is absent in state s (this is
expressed by Bs(b) A—N;(b)), t is a Title node and is present in state s (75(t) A Ns(t)),
w is a Shelf node and is present in state s (Ss(u) A Ng(u)). =3e(Cs(c) ANg(c) AN Eg(c,t))
expresses that there is no Claim node present in state s which has an edge to the node
t. The changes produced by the action involve addition of b to s’ without changing its
type (By (b) ANy (b)) and the addition of the b—t and b—wu edges (Ey (b, t) A Ey (b, u)).
The other GA pairs can be understood similarly.

Guard Changes produced by Action
1. Bs(b) A Ty(t) A Ss(u) By (b) A Ny (b)A
_‘Ns(b) N Ns(t) A Ns(u) Es’(b7 t) A Es’(b7 u)
A—3e(Cs(c) A Ng(¢) A Eg(e,t))
2. Bs(b) A T4(t) A Ss(u) By (b) ATy ()N
=N (b) A = Ng(t) A Ng(u) Ny (b) A Ny (t)A
A—3e(Cs(c) A Ng(c¢) A Eg(e,t)) Eg(b,t) N Ey(b,u)
3. Bs(b) A ,Ts(t) A Ss(u) Bs’(b) N Ss’ (u>/\
=N (b) A Ng(t) A = Ng(u) Ny (b) A Ny (t)A
A=3e(Cs(c) A Ng(c) A Eg(ce,t)) Eq(b,t) N Ey(b,u)
4. Bs(b) A ,Ts(t) A Ss(u) Bs’(b> A ,Ts’ (t) A Ss’(u)/\
_‘Ns(b>/\_'Ns(t>/\_'Ns(u> Ns’(b)/\Ns’(t>/\Ns’(u>/\
A=3e(Cs(c) A Ng(c) A Eg(e,t)) Eq(b,t) N Ey(b,u)
5. Bs(b) A T, (t)A By (b) A Ny (b)A
= Ng(b) A Ng(t)A Eg(b,t) N Eg (b, c)A

AJc(Cs(c) A Ng(c) A Eg(c,t)) —Fy(c, ;f)
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In the last GA pair, if there are many ¢ — t edges, the operation deletes exactly one
c—t edge and leaves others unchanged. Hence in case of many ¢ — t edges, there are
as many next states (produced by choosing different ¢ — ¢ edges to delete).

The action above only describes the modifications to the state s. Next state s is
described completely by considering the unaffected edges and nodes of s too.

. Addmember(m):
This operation adds m provided it is not already present.
Guard Changes produced by Action
1. Mg(m) A —=Ng(m) M;(m) A Ns(m)

. Borrow(b,m):

Book b is loaned to member m only if either the book is on shelf or it was previously
reserved by m.

Guard 1 below expresses that b is a Book node present in state s (Bs(b) A N (b))
and m is a Member node present in state s (Mg(m) A Ng(m)). 3(Ls(1) A =Ns(1)) A

Fu(Ss(u) A Ng(u) A Eg(b,u)) expresses that there is a Loan node [ which is absent in
s and there is a Shelf node u present in s which has an edge to the b node. Then
the changes produced by the action involve addition of [ to s’ without changing its
type (Ly(1) A Ny (1)), the addition of the b — [ and | —m edges (Ey (b, 1) A Eg(l,m))
and the deletion of the b—u edge (—Ey (b, u)). GA pair 2 can be understood similarly.

Guard Changes produced by Action
1. Bs(b) A Ms(m) A Ny (b) A Ng(m)A Ly (1) AN N (1) N Eg (b, )N
EIZ(E ( ) (l>>/\ Es’(lv m) N _'Es’(b7 u)
Fu(S;(u) AN ( ) N Es(b,u))
2. Bs(b) A Mg(m) A Ng(b) A Ng(m)A Ly (1) AN N (1) N Eg (b, 1)A
(L (1) A=Ns(1))A Cs(c) N=Ny(c) N Eg(l,m)A
e(Cs(c) A Ns(c) A Eg(e,m) A Es(c, b)) Eg(b,l) N —=Eg(c,b) N =Eg(c,m)

. Reserve(t,m):

If a book for the title ¢ is present on shelf, it is reserved immediately. Else the claim
is kept pending.

Guard 1 below expresses that ¢ is a Title node present in state s (75(¢) A Ny(t)) and
m is a Member node present in state s (Mg(m) A Ng(m)). Fe(Cs(c) A =Ns(c)) A
—3b3u(Bs(b) A Ss(u) A Ng(b) A Ng(u) A Es(b,t) A Es(b,u)) expresses that there is a
Claim node ¢ which is absent in s and there is no Book node b and Shelf node u
which are present in s and such that the b — u and b — ¢ edges are present. The
changes produced by the action involve addition of ¢ to s’ without changing its type
(Cs(c) AN Ny (c)), the addition of the ¢ —m and ¢ —t edges (Ey(c,m) A Eg(c,t)). GA
pair 2 can be understood similarly.
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Guard Changes produced by Action
1. T (t) A Ns(t) A Mg(m) A Ng(m)A Cs(c) N Ny (c)N
Je(Cs(c) A =Ns(c)) Eg(c,m) N Eg(c,t)
A—=3bFu(Bs(b) A Ss(u) A Ng(b) A Ny(u)
NEs(b,t) N\ Eg(b,u))
2. T5(t) AN Mg(m) A N ( ) A Ng(m)A Cs(c) N Ny (c)A
e(Cs(c) A (c)) Eg(m,c) N\ Eg(c,b)
ATbIu(Bs(b) A Ss(u ) Ns(b) A Ng(u) —FEy(b,u)
NEs(b,t) N\ Eg(b,u))

5. Return(b,m):

If book b is loaned to member m, then if there are no pending claims, the book is
returned to shelf if present or a new shelf is created for the returned book. If there
are pending claims for the title of the book, the book gets reserved.

Guard 1 below expresses that b is a Book node present in state s (Bs(b) A Ny(b))
and m is a Member node present in state s (Mg(m) A Ng(m)). Ju(Ss(u) A Ng(u)) A
A(Ls(1) A Ng(1) A Eg(b, 1) N Eg(I,m)) expresses that there is a Shelf node u which is
present in s and there is a Loan node [ present in s which has edges to the b and
m nodes. =3t3e(75(t) A Cs(c) A Ng(t) A Ng(c) A Eg(b,t) A Es(c,t)) expresses there is
no Title node ¢ and Claim node ¢ which are present in s and such that the b — ¢
and ¢ — t edges are present. The changes produced by the action involve deletion
of [ to s without changing its type (Ly(l) A =Ng(l)) and deletion of all its edges
(mEy(b,1) N —Eyg(l,m)) and the addition of the b — u edge (Ey(b,u)). GA pairs 2
and 3 can be understood similarly.

Guard Action
Lo By(B) A M (m) AN ANJm)A  Lo(l) A~Na(DA
Fu(Ss(u) A Ng(u)) Eg(b,u)A
AJI(Ls(1) A Ns(1) N Eg(b,1) —Ey (b, )N
NEs(l,m)) —FEy(l,m)
A—=Ft3c(T5(t) A Cs(c) A Ng(c) A Ng(t)
NEs(b,t) A\ Eg(c,t)
2. Bg(b) A Mg(m) A Ng(b) AN Ns(m)AN Ly (1) ANy (I)A
—3u(Ss(u) A Ng(u)) s (u) A Ny (u)
AL (1) A Ns(1) N Es(b,1) Egy (b, u)A
NEs(l,m)) —Ey (b, 1)\
A=TFt3e(T(t) A Cs(e) A Ng(e) A N(t) —Ey(l,m)
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3. By(b) A My(m) AN, (b) ANy(m)A Ly (l) A =Ny (D)A

AJU(Ls(I) A Ng(1) N Eg(b,1) Eg(c,b)A
AE(l,m)) —Ey (b, [)A

AFt3e(T5(t) A Cs(c) A Ns(c) A Ny(t) —Ey(l,m)
NEg(b,t) A Es(c,t)) —Ey(c,t)

The figure below shows how the transitions of the library system from one state to
another are caused by operations taking place in the library system. Each edge is labelled
with the operation and the specific GA pair of the operation involved in the transition.
The library system starts from the empty graph.

Addbook(by,t1, s1)
T
GA4

2.3 Initial State Conditions and Safety Properties

The library system starts from the empty state where there are no instances of any entity.
Using the predicates of g, we can write the initial condition as

Vo-N,(2) AV, y—F,(z,y)

The system evolves through the operations. While we note that a state of the system is
indeed a graph, we also note that the nodes in the graph cannot be arbitrarily connected.
For example, the UML diagram disallows any edge between a Shelf instance and a Loan
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instance or between a Member instance and a Title instance. Similarly, no Book instance
must be connected to both a Loan instance and a Shelf instance otherwise it would mean
that the book is simultaneously on shelf and loaned to a member. There are thus several
patterns of interconnections between entities that the operations must not produce. We
shall consider the specific problem of checking for the C-7-B-S pattern. This pattern is
present in a state if there is a Claim instance connected to a Title instance which is con-
nected to a Book instance which in turn is connected to a Shelf instance. If this pattern is
present it means that a claim for a title is kept pending even when there is a book for the
title on shelf - clearly an undesirable situation. Using the predicates of og, we can express
this as a safety property as

~3e,t, 0,5 (Cole) ATo(t) A By(D) A S(s) A Ny(e) A Ny(£) A Ny(b) A Ny(s)A
Ey(c,t) A Ey(b,t) A By (b, )

We shall see later how we can check this safety property (and several other similar
properties) in the library system.

While it is known that reachability analysis in infinite state systems is undecidable
in general, in the next chapter, we show that reachability analysis in infinite state graph
transformation systems is also, in general, undecidable.



Chapter 3

Undecidability of Reachability in
Infinite State Graph Transforming
Systems

Undecidability of reachability is well-known for graph-transforming systems produced by
graph rewrite systems. Though we have to formally investigate how GTSes, the way we
have described them, compare with GTSes produced by graph rewrite systems, there are
parallels between the two and hence undecidability of reachability in our GTSes can be
expected.

We show a reduction from the halting problem. The halting problem asks whether
given a Turing machine M and a string w, M halts on w. The problem is known to be
undecidable.

Let M = (Q,%,T,q, H,d) be the given Turing machine M where () is the set of states,
¥ ={ay,as,...,a,} is the string alphabet, I' = ¥ U {b} is the tape alphabet (b is the blank
symbol), ¢ is the initial state, H C @ is the set of halting states and ¢ : Q xI' — 2@xI>{L. R}
is the transition function (L, R denote left and right movement of the head respectively).
We consider the tape of M to be semi-infinite.

We construct a graph-transformation system,S whose state space is the space of all possible
configurations of M represented as graphs. Each configuration of M can be described as
Y1Y2 -+ - Ym-18YmYm+1 - - - Yo Where Y195 ...y, denotes the string on the tape with y, being
the rightmost non-blank symbol, ¢; denotes the state M is in and y,, denotes the symbol
under the head.

Then define the set of types for nodes to be

Nt:{A17A27"'7A7‘7-B7O7Q17Q27"'7Qk}

where the A;’s correspond to X, the ();’s correspond to the states of (), B corresponds to
the blank symbol and C can be regarded as corresponding to the control.
Then the graph corresponding to the above configuration is shown below:

14
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Figure 3.1: Graph corresponding to the configuration v ... Ym-19i%m - - - Yn

Here ¢;(1 < i < k) is a node of type @; and c is of type C. z;(1 < i < n) is of type
A(1<j<r)ify,=aj z;isof type Bify,=b.
For each transition {gy,ay, p} € 6(qi,a;) (p € {L, R}), we construct an operation which
has no parameters and which has just one Guard-Action(GA) pair as shown below:

o Guard
Check if there is x,,( of type A;) such that the edge ¢ — x,, is present. Check if
there is ¢;( of type @;) such that the edge ¢ — ¢; is present.

e Action

1. Delete the edge ¢ — ¢; and add the edge ¢ — ¢;.

2. Delete x,, and all its incoming and outgoing edges and add an instance x! of
Ay

3. If z,,, had an outgoing edge to x,,.1, add the edge z!, — x,,41. If x,, had an
incoming edge from x,,_1, then add the edge x,,—1 — . (This step corresponds
to the overwriting of the symbol a; with a;.)
4. — p=1L:
If z,, had an incoming edge from z,,_1, add the edge ¢ — x,,_1. Else add
the edge ¢ — x/,.
(This step corresponds to the movement of the head - if the symbol y,,corresponding
T, was not the leftmost symbol, the tape head is moved left so that it is
now over ¥y, 1. Else the head stays where it is.)
- p=R:
If x,, had an outgoing edge to x,,.1, add the edge ¢ — x,,.1. Else add an
instance x,,41 of B and add the edges x|, — %41 and ¢ — Z,41.
(This step corresponds to the movement of the head - if the symbol y,,,corresponding
T, Was not the rightmost non-blank symbol, the tape head is moved right
so that it is now over y,,+1. Else the head moves right and is over a blank
symbol.)
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The graph transformation system is then described as the set of all operations as con-
structed above for all the transitions in (¢ 4ex (¢, ).
In the graph transformation system, the set of all next graphs for a given current graph
is obtained by considering together the set of next graphs produced by each operation for
each possible value of its parameters. Since each operation constructed as above has no
parameters and has only one GA pair, for the (current) graph corresponding to the cur-
rent configuration ¥ ... 4Ym_1q9a...y,, the operation for the transition (¢',d’, p) € d(q,a)
produces a unique next graph and this graph corresponds to the configuration obtained
by taking the transition (¢’,a’, p) from the current configuration. Then we can see that,
for the (current) graph (corresponding to the current configuration of M), the set of all
next graphs corresponds precisely to the set of all next configurations of M obtained by
one move of M from the current configuration.
The initial graph is the graph corresponding to the initial configuration . If the initial
configuration of M is q1y1¥2 . . . yn, then the initial graph is as shown below.

: : e . ' ooo @
a ooo Ooo

Figure 3.2: Graph corresponding to the initial configuration g1y ...y,

We now wish to check the reachability of the halting graphs in which the ¢ — ¢, edge
is present where ¢ is of type C and ¢, is of type @5, where @)}, is any type corresponding
to the halting states H. Clearly M halts on w iff any halting graph is reachable from the
initial graph and the reduction is clearly a polynomial one (In fact it is a linear reduction).

O



Chapter 4

Reachability Analysis Using
Induction

We now look at how reachability analysis can be done using induction in a general infinite
state transition system.

Consider an infinite state system whose set of states we denote by S. Let Z be a
predicate on S representing all initial states. 7 is the transition relation which is a predicate
on S X §. We wish to check if a safety property P, which is a predicate on S, is true in all
the reachable states of the system. Presented below is a procedure towards this end. This
procedure draws inspiration from [MSGO0] which addresses the same problem, but for a
finite state system.

We first introduce some notations before explaining procedure. The notations are the same
as in [MSGO00]. We denote a sequence of states si,5y...5; by sp..4. We use path(sp. x)
to express that sj;. ;) forms a path in the system. Thus

path(sp..x) = /\zj T (54, 8i41)

While path(sp..k) expresses that sp._g forms a path in the system, it does not tell us
whether the path has loops or not. Loop-free paths play an important part in our procedure
below, so we introduce Zoopfree(s[l,,,k]) to express that s(;. 4 is a loopfree path in the system.
Thus

lOOpr@G(S[lmk}) = path(s[l...k]) A /\1§i<j§k' Si 7é S
We note that for any 7,1 <i <k,
loopfree(si..k)) — loopfree(sp..q)) N loopfree(spitt..x)

Finally to express that a property Z is true in all the states of the sequence sy 4, we
introduce all.Z(sy.. ) defined as

17
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all. Z(sp.g) = N2 Z(s5)

We now look at the procedure InductionSolve below. Valid is a procedure which takes as
input a formula F'(sq, So, ..., s,) which is a boolean combination of the formulae Z(s;)(1 <
i <n),P(s;)(1 <i<n),T(si,s;)(1 <i,7 <n)ands; =s;(1 <1i,j<n)returns True if
and only if the F(s1, s9,...,5s,) is true for all (s, s9,...,8,) € 8" i.e. if F is valid.

4.1 InductionSolve

1. If (Valid (P(s)))
return True
2. else if (not(Valid (Z(s) — P(s))))

return counterexample s.

3. else
4. k=1
5. while True do
6. If (Valid (loopfree(s[lmkﬂ]) A all.P(s[l,,_k])) — P(sk41))
return True
7. else if (not(Valid (Z(s1)A loopfree(sp.. k+1))/\
all. = Z (S kg1]) N allP(sp..ky)) — P(sk41)))
return counterexample S[1..k+1]
8. else
k := k+1
9. done

InductionSolve

4.2 Intuitive Idea behind InductionSolve

The intuitive idea of the procedure is as follows:

We first check whether P is true in all states of the system(line 1). If so, it is certainly
true in all the reachable states and we are done. This is the base case of induction process.
If this fails, then P is violated in some state of the system and we wish to know if it is
reachable. The most basic step is to check whether the state is already an initial state(line
2). If so, we have a counterexample. Else all the initial states are P-states (i.e. satisfy
P). We then take the inductive step of checking whether from any P-state we can go only
to another P-state(line 6, k = 1) in one step. If this is true, then all the reachable states
would be P-states and we would be done. Else there is some P-state leading to a —P-state
in one step and we wish to know whether it is reachable. Again we check whether this
state is an initial state in the first place(line 7, K = 1). If so, we have a path to a state
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violating P. Else all the neighbours of the initial states are also P-states. We then take
the next inductive step of checking that in a sequence of two steps is it true that if the first
two states are P-states then the third is also a P-state(line 6 , £ = 2). The subsequent
steps are then similar to the first inductive step explained above.

4.3 Proof Of Correctness

We now formally prove the correctness of the procedure (whenever it terminates).
If the procedure returns a counterexample then it means that for some k, these are states
S1, 82 ...Sk+1 such that

I(s1)N loopfree(sp..k+1]) A =P(Skt1)

is true. This sequence of states actually gives the path starting from the initial state to a
reachable state(sy1) violating P.
We look at the case when the procedure returns True. We prove that

Z(s1)N loopfree(sp..q7) N —P(s;)

is contradictory Vi € {1,2,...} thus showing that if a state s satisfies =/P(s), then it is not
reachable from the initial states, so that all the reachable states of the system satisfy the
safety property P.

Proof:

Firstly we note that the procedure returns True either from line 1 or line 6. If proce-
dure returns True from line 1 it means P(s) is true. Thus Z(s) A =P(s) is contradictory.
Let us now look at the more interesting case when procedure returns True from line 6.
Then in that case, for some k£ > 1

1. A(sp.. k1)) = loopfree(sp.. ki) A allP(sp..k) A =P (Sk41)
is contradictory and

2. Vie{l,2,...k—1}
B(sp..kt1)) = Z(s1) A loopfree(sp. gi1)) A all. ~I(Sp. k1)) A
all. P(sp..k) A ~P(Skt1)
is contradictory.

We make the important observation that, that the procedure returns True from line 6
itself means that Valid(Z(s) — P(s)) returned True in line 2 i.e. all initial states are
P-states (i.e. they satisfy P).

We consider two cases
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1. 1<i<k
Consider the following subcases:

(a) Z(s1) A loopfree(sp..q)) A —all.=Z(sj2. ) A all. P(sp..i—1)) A =P(s;)
If this is satisfiable, it means there is a sequence of states s, ; starting from
initial state s; ending in =P state s; such that some intermediate states are also
initial states. Then consider the last initial state s; (1 < j < ). (Note that the
—P state cannot be an initial state). Then the subsequence S[j..q 1s a sequence
S{y. ¢ of length ' =i — j +1 < k such that B(s; ;) is true. As seen above,
this is not possible.

(b) Z(s1) A loopfree(sp..q) N all. ~I(sp. ) A —all. P(sp..i—1) A =P(s;)
If this is satisfiable, then consider the first state s;(1 < j < i < k) violating P.
Then B(sf.. ;) is true which is not possible.

(c) Z(s1) A loopfree(sp..q) A —all. =L (s, ) A —all. P(sp..i—11) A =P(s:i)
If this is satisfiable, then consider the first state s;(1 < j < i < k) violating P.
If there is no intermediate initial state in the subsequence s;._;, then B(s[l,_,j])
is true which is not possible. If there is, then by case (a), we again have a
contradiction.

Putting together the subcases with (2) above, we can see that Z(sq)A loopfree(sp..;) A
—P(s;) is indeed contradictory.

2.1>k
We consider the following subcases.

(a) Z(s1) A loopfree(spi..q)) A all.=I(sp2..q) A all. P(sp..i-1)) A =P(s:)
If this is satisfiable, then the subsequence sj;_j. ;) is a subsequence sflmk 1] such
that A(S/[l...k+1]) is true, which is not possible. Thus B(sp. ) is false for all 4.
(b) Z(s1) A loopfree(sp..q) A —all. = Z(sp..q) A all’P(sp.i—1) A =P(s;)
Then let the last initial state be s;(1 < j < ¢). Then the subsequence S[j..q) 18 a
sequence s|; ;, of some length ¢ > 1 for which B(s|, ;) is true which we have
already shown to be impossible in (a). Thus the above formula is false for all i.
(c) Z(s1) A loopfree(sp..q) N all. ~Z(sp..q) A 2all P(sp.i—1) A —P(s;)
Then consider the first state s;(1 < j < ¢) which violates P. Then B(sp. ;) is
true. Contradiction. This formula too is thus false for all 7.
(d) Z(s1) A loopfree(sp..q)) A —all. ~I(sp..q) A —all. P(sp..i-1) A —=P(s;)
Again consider the first state s;(1 < j < i) which violates P. If there is no initial

state in sp2.. j, the formula is false by subcase (a), else it is false by subcase (b).
Thus the formula is false for all <.

Putting 2(a),(b),(c) and (d) together we see that the proof is complete.
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Thus in InductionSolve, we use a combination of inductive reasoning (line 6) and
bounded model checking (line 7) to either prove that the all reachable states are P states
or to find a path from the initial states to a property violating state.

We now note that since reachability in infinite state systems is undecidable in general,
the above procedure is not guaranteed to terminate always. There are two ways of non-
termination of InductionSolve:

1. An unbounded increase of the iterator &

2. Non-termination of the validity checker

We show now how even if the validity checker is a terminating one, we cannot avoid non-
termination due the an unbounded increase of iterator k.

Consider the simple graph transformation system described in the previous section. We
saw that a graph(state) of the graph transformation system corresponds to a configuration
of the TM. The initial graph corresponds to the initial configuration and the property
violating graphs correspond to the halting configurations of the TM. Further, for a graph
s, the set of next graphs corresponds exactly to the set of next configurations of the TM for
the current configuration corresponding to s. Then the validity checker does the following:

1. If the input is P(s) (line 1), the validity checker has to check whether at all there is
a graph violating P(s) in the graph transformation system, i.e. whether at all there
is a halting configuration. Clearly the space of all possible configurations includes
the halting configuration too and hence —P(s) is satisfiable (where the satisfying
assignment is the graph corresponding to the halting configuration) and hence the
validity checker returns False.

2. If the input is Z(s) — P(s) (line 2), the validity checker has to check whether the
initial configuration is a halting configuration. This is done by simply checking if
q1 € H. If yes, the validity checker returns False else it returns True.

3. If the input is
A= (loopfree(s[l,,,kﬂ]) A all.P(s[l,,,k])) — P(Sk41) or
B = (Z(s1) A loopfree(sp.. k+1)) N all. ~I(Sp2. g41)) A allP(sp.)) — P(Sk41),

(lines 6,7) the validity checker has to determine if there exists a sequence of k + 1
configurations s, Sa, . . ., Sg11 of the TM such that the TM moves from s; to s;41(1 <
i < k) and such that only s is a halting configuration (and in case of B whether
s1 is the only initial state). Now in k& moves, the TM can move only atmost k cells
to the right or k cells to the left on the tape. The validity checker then considers
a tape of length 2k 4+ 1. Then the number of configurations s; is u = |Q| x (2k +
1) x |T|***1. Now for each configuration, the number of next configurations of the
TM is max{|d(q,a)| |¢ € @,a € '} and this is atmost v = |Q| x |I'| x 2. Then the
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number of sequences of configurations s, so, ..., Sp41 is atmost u x v*. The validity
checker enumerates out all the possible sequences of configurations si, So, ..., Sgi1
and checks if A resp. B is true in these sequences. If A resp. B is false for any
sequence Si, So, . .., Sk+1, then sy, 89, ..., Sky1 is a sequence of configurations violating
A resp. B and hence the validity checker returns False. If however A resp. B is
true for all the above sequences sy, so, ..., Sk11, then there cannot exists a sequence
of configurations si, so, ..., Sky1 violating A resp. B because if there was such a
sequence, then by considering only those cells of TM which were visited by the TM
in the configurations sy, g, . . ., Sg+1 (the number of these cells being atmost k+1), we
can construct a sequence of configurations s/, s5, ..., s, belonging to the set of the
u.v* sequences considered above. But all of the latter sequences have already been
checked by the validity checker and found to satisfy A resp. B. Thus sq, So, ..., Sgi1
cannot exist.

Thus for the graph transformation system of the previous section, we have a termi-
nating validity checker. But we cannot put any bounds on the iterator k£ and expect
InductionSolve to terminate and give the correct answer because then we would be able
to decide the halting problem. The unbounded increase of k and hence the non-termination
of InductionSolve can thus not be avoided in general.

The method of inductive reasoning and bounded model checking used in InductionSolve
is, as we later found, very much similar to the method used in SAL(Symbolic Analysis Lab-
oratory) SAL[NS00] is a framework for combining different tools for abstraction, program
analysis, theorem proving, and model checking toward the calculation of properties (sym-
bolic analysis) of transition systems. A key part of the SAL framework is an intermediate
language for describing transition systems. This language serves as the target for trans-
lators that extract the transition system description for popular programming languages
such as Esterel, Java, and Statecharts. The intermediate language also serves as a common
source for driving different analysis tools through translators from the intermediate lan-
guage to the input format for the tools, and from the output of these tools back to the SAL
intermediate language. The main difference between InductionSolve and SAL is while
the former uses a validity checker to do inductive reasoning or bounded model checking,
the latter uses a theorem prover. Further, the latter may use human intervention during
theorem proving. However by considering specific graph-transforming systems and safety
properties, we can ensure that no user intervention is required for the validity checker.

In the next chapter, we look at a formalisation of graph transformation systems. We
shall later use InductionSolve in conjunction with this formalisation to do reachability
analysis in graph transforming systems.



Chapter 5

Logical Formalisation of Graph
Transformation Systems

As seen earlier, Graph Transformation Systems are state-transition systems in which each
state contains a graph and the transition from one state to another involves a graph
transformation. The graphs we consider are typed graphs ,i.e. each node and each edge
has a type associated with it. The type of each node is a subset of a finite set of attributes
N, for nodes (|N;| = N,,) and the type of each edge is a subset of a finite set of attributes
E; for edges (|E;] = N.). For ease of exposition, we henceforth regard the attributes
themselves as types so that a node has a set of types associated with it and similarly an
edge has a set of types associated with it.

Before proceeding to formally define a state, we shall first look at some preliminaries from
mathematical logic. The notation is as used in [LL98§].

5.1 Preliminaries from Mathematical Logic

A vocabulary o is a collection of constant symbols ¢y, ..., ¢,, predicate symbols P, ..., P,
and function symbols fi,..., f,. Each predicate and function symbol has an arity associ-
ated with it, which is the number of arguments/parameters of the symbol.

A o—structure

M= (A{d, ..., AR P A M)

has a universe A and interpretations of

1. each constant symbol ¢;(1 < i < p) as an element ¢ € A.

2. each predicate symbol P;(1 < i < ¢) having arity k; as a k;—ary relation on A, i.e.

23
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3. each function symbol f;(1 < i < r) having arity k; as a k;—ary function from A% to
Aie fM Ak — A

A vocabulary is called relational if it contains only predicate symbols and constant sym-
bols and no function symbols and is called purely relational if it contains only predicate
symbols and no constant or function symbols.

We now look at First Order (FO) formulae, free and bound variables and semantics of FO
formulae.

Variables are denoted as z,y, z,... with subscripts and superscripts. Then terms and
FO formulae are defined as below.

e Fach variable x is a term.
e Fach constant ¢; is a term.

e For a k;—ary function symbol f;, if xq,...,xy, are variables, then f;(z1,...,xy,) is a
term.

o If t1,ty are terms, then t; =t is a formula (in particular, atomic formula).

e For predicate symbol P; of arity k; and variables zy,...,xy,, Pi(z1,...,xx,) is a
formula (in particular, atomic formula).

o If 1,y are formulae, then any boolean combination of these is a formula.

o [f ¢ is a formula, dxp and Vxp are formulae.
Free variables of a formula are as defined below:

e The free variable of term z is z. The constant ¢; has no free variables.

e Free variables of ¢t = t9 are the free variables of ¢; and t,. Free variables of
Pi(xq,...,zx,) and fi(zq,...,xx,) are xq, ..., Ty,

7

e Free variables of p; A o (and of 1 V ¢y) are the free variables of ¢ and ¢,. Free
variables of -, are the same as of ¢;.

e Free variables of dxp and Vxp are the free variables of ¢ excluding x.

The variables which are not free are bound. A formula ¢ with free variables x is denoted

as p(x).

Given a o— structure M, for each term ¢t with free variables zy,...,z,, given below is
the inductive definition of the value of t*(a) where a € A". Similarly for a formula
o(x1, ..., x,), we see below how the notion of M | p(ay,...,a,) (¢(ai,...,a,) is true in

M) is defined.
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e If ¢ is a constant symbol ¢;, then tM = cM

e If t is a variable x;, then the value of t*(a) is a;.

o Ift = fi(t1,... tx,), then value of tY(a) is fM(t}'(a),...,t} (a))

o If pist, =t,, then M = ¢(a) iff t}1(a) =t} (a)

o If pis P(t1,. .., tx,), then M |= p(a) iff (t'(a),...,t; (a)) € P

o If o = —pq, then M = p(a) iff M = ¢(a) is not true.

o If o = @1 Ao, then M |= ¢(a) iff M = ¢i(a) and M = pa(a).

o If o =1 Vg, then M |= ¢(a) iff M |= ¢i(a) or M = pa(a).

o If p(x) = Jyp1(y,x), then M = ¢(a) iff M | ¢1(a’,a) for some o’ € A
o If p(x) = Vyp1(y,x), then M = ¢(a) iff M | ¢1(a’,a) for all a’ € A

If o is a relational vocabulary and A; C A, then the substructure of M generated by Ay, is
a o—structure M; whose universe is 47 = A;U{cM|1 <i < p} with M =cMforl1 <i<p
and each predicate symbol P; having arity k; is interpreted as the restriction of PM to A}
i.e. PM = pPM M A% (Note that for a purely relational vocabulary A} = A;.)

2
With the above background, we now define the state of a graph transformation system.

5.2 Defining a State

A state s is a og-structure where
o5 ={N} U{E}U {TH|1 <i <N} U {Tpl1 <i <N}
The elements of the universe of s are nodes.

1. N(z) denotes that the node x is present in s.
2. E(z,y) denotes that the edge (x,y) is present in s.

3. As stated above, there is a finite set, N; of types for nodes. |N;| = N,. Each node
has a set of types associated with it which is a subset of N;. Then T4 (z)(1 < i < N,,)
denotes that the type i is present in the set of types of node .

4. As stated above, there is a finite set, F; of types for edges. |E;| = N.. Each edge has
a set of types associated with it which is a subset of F;. Then Ti(z,y)(1 < i < N,)
denotes that the type ¢ is present in the set of types of edge (z,v).

The graph of s is then defined by the nodes and edges present in the s and by their types.
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5.3 Defining A Graph Transformation System S

As earlier, we define a graph transformation as a set of parametrized operations. Each
operation is a set ) of parametrized guard-action pairs and a set of operation parameters.
Formally, an operation O is a pair O = (£, p) where p is a vector of variables represent-
ing the operation parameters. An operation relates two states s and s’ for a given set
of operation parameters. A parameterized Guard-Action(GA) pair has as its parameters
the operation parameters(inherited from the operation) and a set of GA parameters of its
own. Intuitively, for a given set of parameters, the guard checks whether certain conditions
are true of a state and if the guard holds true, actions are taken on the nodes and edges
of the state. The action of each guard-action pair is described using a finite set of basic
sub-actions k. We allow non-determinism in the actions so that the GA pair can specify
multiple sets of subactions on the nodes and edges of a state.

A Graph Transformation System S is then defined as S = (A, k) where A is a finite set of
operations and k is the finite set of basic sub-actions in terms of which the action of any
guard-action pair is expressed.

Mathematically, given a Graph Transformation System & = (A, k), for an operation
O = (2,p) € A, a guard-action pair £ € 2 is defined as § = (@%,@i). We look at
each of these components of &.

1. @% :
The guard is given by the formula @%(fg, p) which is an arbitrary FO formula, with
free variables f¢, p, in the vocabulary

0= {NJ U {EJU Tl <i SN} U (T <i <A

fe denotes the GA parameters of {. Given values to fg, p then, the guard checks
whether certain conditions are true in state s. (Note that o is the same as og except
that each predicate of the former is subscripted with s)

2. <I>§4 :
The action is given by the formula @i(fg, p). In order to define @i(fg, p), we first
introduce predicates for the sub-actions of .

The set k broadly consists of two kinds of sub-actions: (a) subactions on nodes ky
and (b) subactions on edges £g. (Thus kK = Ky Ukg).
The set kx consists of two kinds of sub-actions:

e subactions Ky p = {Ap1,Ap2, ..., Ap;} which affect the presence/absence of a
node in going from state s to state s’ and

e subactions Ky, = {Ar1, A2, -, Ang (1 < i < N,,) which affect the pres-
ence/absence of type i (in the set of types associated with a node) in going from
state s to state s’
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The set kg consists of two kinds of sub-actions:

e subactions kg p = {{tp1, P2, - - -, ftpm} Which affect the presence/absence of an
edge in going from state s to state s’ and

e subactions kg1, = {Un.1, 112, - Hrm, (1 < @ < N,) which affect the pres-
ence/absence of type i (in the set of types associated with an edge) in going
from state s to state s’.

The guard, for its input parameters (f¢, p), checks whether certain conditions are
true of state s. If the guard evaluates to true, then the action labels each node and
each edge with the sub-actions to be taken on it, for the parameters (f¢, p).

We introduce the following set of predicates for the sub-actions. (Below, for a vector
f, we denote the length of the vector as |f|. Thus if £ = (f1, fo, ..., fn), |f]l = n.)

(a) For each sub-action )\, € ky we have the predicate X§(f, z,q) where |f| = |f]
and |q| = |p|. This predicate denotes that the action of £ labels node x with
the sub-action )\, for the parameters (f, q).

(b) For each sub-action . € kg we have the predicate Y5(f, x,y, q) where |f] = |f¢|
and |q| = |p|. This predicate denotes that the action of ¢ labels edge (x,y) with
the sub-action p. for the parameters (f, q).

For e.g.
X;l(fg,x,p) A /\ﬂX}g,i(fé’%p) A /\ XT 1 (fe, 2, p) /\ /\ T i (fe, 2, p)

i=2 j=1

means that the action of ¢ for parameters f¢, p labels node x with the subactions
{Apat U]l <i <N}

A set of sub-action labels specified by the action on all the nodes and edges for a set
of parameter values of the GA pair forms a labelling for that set of parameter values.
Thus a labelling produced by the action of £ for parameters (f¢, p) is then the set of
values of X§(f;,z,p) and Y(f;, z,y, p) for all ,y and for all \,, u. € k. We allow
non-determinism in the action so that the action can specify multiple labellings for
the same set of parameters. If the guard evaluates to false, then no sub-action is
labelled on any node or edge.

Let
all all
S = Ugeﬂ {X ‘)‘ S RN} o) S = Ugeﬂ {Y ‘:ue S KE}
The action of the guard-action pair £ is then defined as @i(fg, p), an arbitrary FO
formula, with free variables f¢, p, in the vocabulary

o

00 = 0, Uo ey gt

with the constraint that for every occurence of X§(f, z,q) and every occurence of
Y&(f,x,y,q) in the formula, q is free and q = p.
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Note that the guard and the action have the same set of free variables, namely f, and p.
Note also that by this definition, we allow non-determinism in the action of a guard-action
pair so that the action can specify multiple labellings for a set of GA parameters.

We now define the labelling produced by a GA pair £ for a given set of operation pa-
rameters p. For each f; value, if the guard evaluates to True, the corresponding action
is taken. Thus, given a labelling produced by the action for each f¢ value, the labelling
produced by ¢ is obtained by aggregating these labellings i.e for each node(edge), the label
produced on the node(edge) by ¢ is obtained by taking the union of all the labels produced
on the node(edge) by the action for all f¢ values.

In case of non-determinism in the action, where for one set of GA parameter values, the
action produces multiple labellings, we can see that multiple labellings are produced by
the GA pair too.

We can similarly define the labelling produced by the operation for a given set of opera-
tion parameter values. Given a labelling produced by each GA pair of the operation, the
labelling produced by the operation is obtained by aggregation i.e. for each node (edge),
the label produced by the operation is obtained by taking the union of the labels produced
on the node(edge) by all the GA pairs.

Again in case the GA pairs produce multiple labellings, we can see that multiple labellings
are produced by the operation too.

To express the above, for each operation O = (Q,p) € A, we introduce the following
predicates:

For each node sub-action \, € ky, we introduce the predicate X9(z,q)(|q| = |p|) which
denotes that the operation O labels the node x with sub-action A,, for parameters q. Sim-
ilarly for each edge sub-action j. € kg, we introduce the predicate Y.°(z,y,q)(|lq| = |p|)
which denotes that the operation O labels the edge (x,y) with sub-action p,. for parameters
q.

Then from the above, the operation O labels node z (edge (z,y)) with A, () for param-
eters p iff the labelling produced by the action of some GA pair £ for some GA parameter
values f¢ labels the node x with A, (edge (z,y) with p.). Thus we have

Ve X7 (2,p) < \/ 3EX;(fw,p)
£eq
Vavy YO (z,y,p) < \/ HVE(E 2,y,p)
£eq
Denote the first formula as Z,(p) and the second as Z.(p). Let
Z°p)= N Zup)A N\ Z.(p)
An€ERKN He€ERE

A labelling produced by the operation for a given set of operation parameters is now trans-
lated to the next states of the operation for those set of parameters as follows.
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Let 0§ = {XO|ky € kn}, 09 = {YP|k. € i}

oy ={Ng} U{Es}U{T 1 <i< N} U AT 1< < N}

(Note that oy is the same as og except that each predicate of the former is subscripted
with s')

For each subaction \, € ky , we have formula ¢ (x,p) defining the effect of the sub-
action for operation O i.e. ¢9(x,p) defines the condition that must be true of state s’
if A\, is taken on a node z by operation O for parameters p. Likewise we have formu-
lae ¢Q(z,y, p) defining the effect of subaction . € kg for O. We allow ¢Q(z,p) (resp.
#9(z,y,p)) to be an arbitrary FO formula, with free variables x,p (resp. z,y,p), in the

vocabulary

USS,ZUSUUJ(\),UUgUUS/

with the constraint that for every occurence of X9 (z, q) and every occurence of Y.9(x,y, q)
in the formula, q is free and q = p.

Thus we have,

Ve Aseny (X2(2,P) = 00 (z,0)) A
VxVy /\MeGKE (Y;O(.T,y,p) - ¢eo($ayap>)

Denote the above as I'{(p).

For any node z, if no sub-action A, € kyp is taken on it, its presence or absence is
preserved in going from state s to state s’. Similarly, if no sub-action \,, € ky 1, is taken
on x, the presence or absence of type ¢ in the set of types of x is preserved in going from
s to s'. Likewise for edges. Thus,

Va (As,eny " X2 (2,0)) = (Ny(x) & Ny(x)) A
NS (Ao, 2X0@ D) = (Th(@) = Thu@) A

Wy (Auew Y@ wP) = (Bry) o Bolay) A
I vavy (A“eenE,T 2(x,y.0)) = (Th(ey) < Tp(,y))
Denote the above by I'Y(p).
Let

rp) =T7(p) ATS(p)

Let

YV Ao - X&(f, x,
Ye(Ep) — < A, cny X5 p)) /\)

Vavy  A,en Yo (f 2y, p
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The transition relation for the guard-action pair &, is then defined as

¢ (p) = Ve Ot p)  — 9%(f,p) A
Vfg —KI)% (fg, p) — \Ifg(fg, p)

Thus, given a set of parameters p, for all the values of f; for which the condition specified
by the guard CI>5G (fe, p) becomes true, the corresponding action @i(fg, p) is true. For all the
values of f¢ for which the condition specified by @é(fg, p) is false, no sub-action is taken
on any node or edge for those values of f;.

We now see that given a state s, putting together T’ fs,(p) for all the GA pairs of operation

O and Z9(p), we get all the labellings produced by the operation O. I'°(p) translates
each labelling to a set of next states of the operation for parameters p. Then putting all
of these together, we get the transition relation T (p) of the operation. Thus

ss’

o /\éeQTfs/(p) A
To(p) = (Zo(p)ATO(p) )

Finally the next states produced by the Graph Transformation System is obtained by

taking the union of the next states produced by all the operations for all parameter values.
Thus the transition relation Ty of the GTS S = (A, k) is given as

Toy = VO:(Q,p)EA Ip T2(p)

Note that Ty is a sentence in the vocabulary

O
Ogg! — U Oggr

OeA

5.4 Transition Relation on States Defined by S

We introduce the following notation:

For a vocabulary ¢ and o; C o, given a o—structure M, the restriction of M to the
predicates of o, is denoted as M|,,.

As noted earlier o, and oy are the same as og except that the predicates of the for-

mer are subscripted with s and s’ respectively. Then we can say that a og-structure M
defines a state s as follows:

e )M and s have the same universe, A say.
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e For all x € A,

=
5
!
=
E

e For all x,y € A,

Ey(z,y) < E(x,y)
Th (z,y) < Thz,y) 1<i< N,

(Likewise a oy structure also defines a state.)
Then a GTS S defines a transition relation 7 (s, s’) on states as follows:

Given states s and ', 7 (s, s') is true iff there exists a o5y —structure M such that M]|,,
defines s, M|, , defines s and M |= Ty

In the next chapter, we look at GTSes which use some special sub-actions. In all
subsequent chapters, to simplify the notation, we shall omit the superscipt O in the notation
when operation O is clear from the context. Similarly we shall omit £ in the superscripts
and subscripts when GA pair £ is clear from the context.



Chapter 6

Graph Transformation Systems With
Special Sub-actions

Consider GTS S = (A, p) in which the sub-actions in p are as follows:

e Sub-actions on nodes py:

— Sub-actions for presence/absence of nodes, py p

1.

Ap1 = AddNode - adds the parameter node which is absent in the graph of
state s.

Ap2 = DelNode - deletes the parameter node which is present in the graph
of state s.

Ap3 = PresNode - preserves (the presence or absence of) the parameter
node.

— Sub-actions for type-change of nodes, pnr1,,1 <i <N,

1. Ap.1 = AddNodeTypei - adds the type ¢ to the set of types of the parameter

node where type 7 is absent in the set of types of the parameter node in the
state s.

. A2 = DelNodeTypei - deletes the type ¢ from the set of types of the

parameter node where type 7 is present in the set of types of the parameter
node in the state s.

A1, 3 = PresNodeTypei - preserves (the presence or absence of) type i in
the set of types of the parameter node.

e Sub-actions on Edges pg:

— Sub-actions for presence/absence of edges, pg p

1. pp1 = AddEdge - adds the parameter edge which is absent in the graph of

state s.

32
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2. pp2 = DelEdge - deletes the parameter edge which is present in the graph
of state s.

3. ups = PresEdge - preserves (the presence or absence of) the parameter
edge.
— Sub-actions for type-change of edges, ppr,1 <i <N,

1. pp1 = AddEdgeTypei - adds the type ¢ to the set of types of the parameter
edge where type 7 is absent in the set of types of the parameter edge in the
state s.

2. pr, 2 = DelEdgeTypei - deletes the type ¢ from the set of types of the
parameter edge where type 7 is present in the set of types of the parameter
edge in the state s.

3. pr,3 = PresEdgeTypei - preserves (the presence or absence of) type i in
the set of types of the parameter edge.

We can define the above sub-actions using the o and the oy predicates. For any operation
O € A, we can write the formulae ¢9(\, € py) and ¢S (u. € pg) as below.

We drop the n and e subscripts and the O superscript when these are clear from the
context.

e Formulae for sub-actions on nodes, py:

— Formulae for py p:

Ap1: ¢(x,p) =api(z,p) = (=Ns(z) A Ny(z) Ap=Dp)
Ap2: ¢(x,p) = apa(z,p) = (Ns(z) A-Ny(z) Ap=Dp)
Aps: ¢(x,p) = aps(z,p) = (Ns(z) < Ny(z) Ap=p)

— Formulae for py7,(1 <1 < N,,):

Arpi: d(x,p) = ar(z,p) = (FTx(x) ATy

Mot d(x,p) = ara(z,p) = (Ty(x

At d(x,p) = ars(r,p) = (Ty,(z
e Formulae for sub-actions on edges, pg:

— Formulae for pg p:

Hp1 - d)(‘x?y? p) = ﬁP,l(xa p) = (ﬁES(I',y) A ES’(xv y) AP = p)
Hp2 - d)(‘x? Y, p) = ﬁP,Q(xa p) (ES(‘I7 y) A _'ES’(xv y) A p = p)
Hp3 - ¢(1’,y, p) = ﬁP,3(x> p) = (Es(x>y) — Es’(x>y) AP = p)
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— Formulae for pp 7, (1 <i < N,):

HTy1 - d)(‘x? Y, p) = ﬁTi,l(xa ) = (_'T]Z;ls(xa y) A T]Z"E,s’(xa y) A p= p)
pr2 s ¢, y,p) = Pre(x,p) = (Tp(r,y) ATy (x,y) NP =DPp)
prs s ¢(x,y,p) = Bros(z,p) = (Tg(v,y) < Tpo(x,y) AP =D)

The special sub-actions defined above cover all the possibilities for a node and an edge -
(a) a node can either be added, deleted or preserved (b) type i(1 < i < N,,) can either be
added, deleted or preserved in the set of types of a node (c) an edge can either be added,
deleted or preserved (d) type i(1 < i < N,) can either be added, deleted or preserved in
the set of types of an edge.

Consider a GTS & = (A, ). This defines a transition relation 7 (s, s’) on states. The
question now is whether it is possible to construct a GTS &' = (A’ p) such that & also
defines the same transition relation 7 (s, s’) on states. In other words, is it the case that
the transition relations on states defined by a general GTS can also be defined with a GTS
that uses the special sub-actions p. Or is it that the former kind of GTS is more powerful
than the latter kind in that the former enables us to capture transition relations on states
which cannot be captured by the latter.

While this is an open question to be investigated, for the special kind of GTS described
in the next chapter, the transition relation defined by it can indeed be defined by a GTS
using the sub-actions p.

But before looking at this special kind of GTS, lets look at the GTS S = (A, p).

For any operation O = (€2,p) € A,, we can write I' as

I'(p) = I'(p) AT2(p)
where T'y(p) is given by

Vo Asepy (Xn(z,P) = a(2,p)) A
VaVy  Aepn (Te(z,y,P) — B(z,y,P))

and I's(p) is given by

Vi /\AnEpN,p ﬁXn(xap)) —  apg(z,p) A
AN Ve (A, (@p)) = amglep) A

Vavy /\MeepEfﬁTe(:r,y,p)) —  Bea(r,y,p) A
N vavy Noceosr, ﬁTe(w,y,p)) - Brs(z,y,p)

Now,

api(r,p) — —apa(z,p) A -aps(z,p)
—  xp2(®,P) A ~xps(z, P) A ﬁ(/\zj —xpi(z,p))
—  xpi(z,p)
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Thus,

aPJ(x7p> — XPJ(I7p)

Similarly we can show

O4P,2 (.1', p) — XPE2(:B> p)
aps(r,p) < A ~xpi(z, D)

Then we can see that

No(@) = xea(e,p)V (N(@) A A xrale.p)

Now from Z, we have

/\ Vo xn(2,p) < \/ 3f xS (f, 7, p)

An€pN £eq

Then we can use the above equivalences to replace every occurence of x,, by its correspond-
ing equivalent expression in the RHS above. Thus we can write,

<v£€Q 3 x5, (F, p)) Vv
<Ns(x) A (AT (\/5GQ I x5, (f, @, p)> ))

Call the RHS above as ¢y p(z, p).
Similarly if

NS/(I') &

Veeo HThi(E2,5,0)) v

Eyfw,y) AN (Veen H T (E2,9.9) )

v (z,p) = V.EGQ HfX%’l(-ﬂ . p)) ! 1<i<N,
T (@) A NS = (Veen 305, ,(E2.))))

Veea 305, (£.2,9.p)) v

T o) A N (Veea 305 (E2.0.))))

gE,P(I7y7p) =

ser(z,y,p) = 1 <i <N,

then, we can see that for any operation O € A |

Ey(z,y) < <pp(z,y,p)
Tio(z,y) < svn(z,p) 1<i<N,
T]Z;ls/(l', y) A gE',Ti(x> Y, p) 1< < ./\/;



36 CHAPTER 6. GRAPH TRANSFORMATION SYSTEMS WITH SPECIAL SUB-ACTIONS

The above expressions will help us in the next chapter. We will also need the following
result in the next chapter.

Claim 1:

Let o be a relational vocabulary and o7 C 0. Let ¢(f) be a formula over 0. Let M be
a o-structure with universe A. Then for any f; € Af

M = o(f1) & Mo, |= o(f1)
Proof:
Since p(f) is a formula over oy, the truth of ¢(f;) is dependent only on the interpreta-

tions of the predicates of o and is independent of the interpretations of the predicates of
o —01.



Chapter 7

A Special Kind of Graph
Transformation Systems

Firstly we recall that for any GTS, for any operation O = (2, p),

( /\)\nGHN VZE XS(I’,I)) = Vgeg HfXS(f7I7p> A )

O _
Z (p) B /\MEGHE vxvy }/eo(xayap> = \/geQ Hf}/eé(fvl‘?y?p)

Using the equivalences, we can eliminate the X¢ and the Y,° predicates by replacing
every occurence of X and Y2 in Z9 and I'° by their corresponding equivalent expressions
to get

COp) = T [(Veen 3XS (.2, ) IXO (. p)]
|(Veeo 30VE(E 2., 0)) V0 (2,9, D)

In the above [a|b] denotes the replacement of every occurence of b with a. Then we can
write 79, (p) as

7%m) = AT A COp)
£eN

Consider now a GTS S = (A, k) in which for each operation O = (2,p) € A, we have
the property as described below:

For each £ € Q, for each \, € ky and each y, € kg, there exist formulae ¢S (f, z, p)
and ©5(f, 7, y, p) respectively in the vocabulary

73 U {1 Am € pv, € € Q} U{TSus € pis,€ € Q)

37
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¢t and ¢f are such that every occurence of x$, (resp. ch) is of the form Y& (fi, z,q)
(resp. T?(fl,x,y,q)) where (a) |f;| = |f¢| and (b) q is free and q = p.
Then the following property is true.

A VEVE Ay enn Xa(fzp) = @h(fa,p) A
0\ VVaYy A, cnp YE(E2,y,p) < @E(f 2,y,p)

Call the above as C1(p). Let Co(p) =

AV £ Veea ﬂfxi(f,x,p)) = Ba(z,p) A
/\uprE VaVy  (Veeo ITE(E de)) —  Be(x,9,P) A
v /\)\mGpr <\/§eQ 3 (f 2, p )) —  OBnps(z,p) A
NS % (A ™ (Veea306(E ) = Buaalep) A
VaVy /\ufepEp <\/§€QHfT (f.2,y,p )) —  Beps(r,y,p) A
N vy Noseorz, ™ <V§GQ IHYE(E, 2,9, p ))) —  Bemns(z,y,p)

(Note the similarity between Cy(p) and C°(p).)

Let X denote the vector of all the X§ predicates (\, € ky,& € Q). Similary let Y, x
and Y denote the vector of all Y*, x4 and the ch predicates.
Then the condition satisfied by the GTS for each operation O is

To(P)(X,Y) A
(p) — IpIXYxT Ep;EX Y)X, T) A

IpT?

ss’

(The above is thus a second-order condition.)

We now construct a GTS S = (A, p) such that for each operation O = (Q,p) € A,
we have O' = (@, p) € A’ as follows:

o Let Q={&,&,...,&}. Then ' ={£,&,...,6}
o (' = (Dg, ®,y) where

— For & € {&,.... &}
q)G(f§’7 p) = (I)A(fg/, p) = True
[fer| = |fe]



— For ¢’ = ¢,
Oy (fe, p) = True
fer| = |fe]
P 4(fer, p) is defined as follows:
Let
7 (£, p) 5 (f, 2, p) [€']€]
¢ (£, 2,9, p) w(f 2,9, p) [€'1€]
Cy(p) = Cao(p)[¢€]
vp(@p) = v p)¢[¢]
gEP(x y,p) = ser(zy,p)E¢]
CNT( P) = <oz, p) €]
gET(x y,p) = ser(zy,p)El¢]
Then,
Pu(fe,p) = (fo =1g) A
o (P) [on X wglyf]
[gNP T,p |N ( )}
[$ip (2,9, P)| By (2,y)]
[ (2. p \TM ) 1< i <N
[$tm (@9, P) [ Th o (2,9), 1 < i <N
The transition relation, TSS, is given by
7%() = N T AC%(p)
gey

_ (vfgi @i(fgi,p» A CY (p)

Note that,
C%p) = Cy(p)

! . .
Now,from C'?', as seen in the previous chapter,

Ny(z) < <yp(@,p)

Ey(z,y) < <gplz,y,p)
Tyo(@) < <yp(@,p),1<i<N,
Tpo(ry) < <pr(@yp) 1<i<N

39

3 4 / / / / 3
Using these equivalences, we can replace every occurence of Sy p,<Sp p, Sy 1, S, With

their corresponding LHS above, in TSOS,' to get
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T2 (p) = T9Mm) [¢8]X5, 5 |YE| A Ch(p)

We now prove that

1. If there is a JSS,—structure M such that M = IpT< (p), then there is a o
M’ such that M’ = 3p SS,( ) and M|, 0o, = M/

SS,—structure

osUo g

2. If there is a ¢9)-structure M such that M = IpT<, (p), then there is a 09, -structure
M’ such that M’ = 3pT< (p) and M ooy, = M’

osUo g

Part 1:

Let the universe of M be A. By the condition satisfied by the GTS, S, there exists
p, € APl and interpretations X, Y1, x;, X such that

(p)(XlﬁYl) N
M E (p)(Xl,YthTl)/\
( )(Xl?rl)

Let 01 = 0 ;U UO Construct the following oy —structure, M; :

1. It has the same universe as M, i.e. A.

2. M,

osUoy — M

osUo g

3. The interpretations of the X§, Y x& and the Tff predicates is as follows:

Xifrq) < X ()

Yg(fxy, qQ < Yi(fryq)
Gofz,q) < x5, (f2,q)
Tfe(f,x,zh q) < Yi(fzy.q)

Above f e Alfsl q € APl 2 € A\, € kin, fte € Ke Ay, € ,ON,,uf € pp, & € Q. Also an is the
interpretation of the X3 5 predicate of X;. Similarly for Y ,le and T1 ;-

Let C!(p) = Ci(p )[wi’wmcpﬁ\wﬁ}

Then we can see that

M = (T£/(P1) A Ci(pl) A Cé(lh))
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Using the equivalences in C](p;), we can write
M, E (ngf(Pl) A Ci(py) A Cé(l%)) [@g‘Xg ) SDSIYeé}
- (Tﬁi/(pl) [wi/IXS : 905|Y§] A True A Cé(pl))

): Tsos/l(Pl)
= 3pT%(p)

Now the formula IpT9,(p) is over the vocabulary 0, C o;. Then using Claim 1, we have
M| ,0r = 3pT (p)

Taking M’ = M| o, we find that M’ is a 09~ structure such that M’

osUoy — M

osUo g

Part 2:

Consider a 09,-structure M with universe A such that

M E 3IpTS (p)

Then there exists p; € APl such that

M = T2 (py)

Extend M to a oy-structure M; by using the following definitions for the X§ and the Y*
predicates.

Xi(f2,q) < ¢ (fz,q)
}/eg(f7x7 y7 q) — SOE (f7 x7y7q>

Above, f€ A‘ff‘,q € A‘P|7x S Aa )\n € KN, He € "QE'af S Q.
Then

M = Ts(z//(lh) A Ci(py)
Using the equivalences in C](p;), we can write
My (T2 ) A Clpy)) [XEIS L YELS
TSPy [05 1X5, @f VE] A ) / /
Ss n ni¥Yel'e X§ I3 7}/@5 g

- (oot | Xilen elet ]
= (Tsos’(pl) A C3(p1) A True)
= Tg'(lh)
= 3T (p)
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o

ss’

M0, 3T (p)

Now the formula IpT,(p) is over the vocabulary 62, C 1. Then using Claim 1, we have

osUoy — M

osUo gy

Taking M’ = M|,o , we find that M’ is a 0%,- structure such that M’

Thus S’ = (A/, p) defines the same transition relation on states as S = (A, k).



Chapter 8

Bounded Model Property

In chapter 5, from the logical formalism for GTSes, the transition relation for the GTS was
expressed by Tsy which is a first order(FO)logic formula. We consider safety properties
and initial state conditions which also are FO expressible properties of states. Thus for a
state s

e P(s) is true iff s = pp where pp is a og—sentence expressing the safety property.

e 7(s) is true iff s = ¢ where @ is a og—sentence expressing the initial-state condi-
tions.

We recall that the procedure InductionSolve uses a validity checker which is used to
check for the validity of the formulae

P(s1)
and for k > 1
i=k i=k i1=k+1
</\ T(siysiu1) A N\NPsIA N\ ~Zs)n N (si#s)) AI(51)> — P(5p11)
i=1 i=1 i=2 1<4,5<k;i#j

i=k i=k
</\ T (i, Siv1) N /\ P(si) A /\ (s; # sj)) — P(Sps1)

1<i,j<ksi#j

Since Ty, op and @y are FO formulae, the validity checker then checks the validity of
a FO formula. However, FO is known to be undecidable in general. Hence, no validity
checker can be guaranteed to terminate for arbitrary T, ¢p and ¢;. The non-termination
of the validity checker causes the non-termination of InductionSolve. We also saw that
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we cannot fix a bound on the iterator k£ in InductionSolve and expect the latter would
terminate within the bound and give the correct output. The unbounded increase of the
iterator then causes non-termination of InductionSolve. Thus there are two facets to the
non-termination of InductionSolve:

1. Non-termination due to unbounded increase of the iterator.

2. Non-termination of the validity checker.

While (1) above cannot be avoided (whether or not the validity checker terminates) in
general, we can avoid (2) by considering special classes of graph transformation systems,
safety properties and initial state conditions for which we can construct a validity checker
that would decide the validity of the formulae appearing in InductionSolve mentioned
above.

We now observe the following:
Checking the validity of a formula is the same as checking the satisfiability of the negation
of the formula. Hence considering the negation of the above formula, we have

IS1(0) = Z(s1) A—P(s1)
1S2(0) = —P(s1)

and for k> 1
i=k i=k i=k+1

IS1(k) = ATGosu)ANPEIA N\ s N\ (s # 85) AT(s1) A =Plspsn)
i=1 i=1 i=2 1<i,j<k;ij

IS2(k) = ]\T(si, Sit1) A ]\P(si) A /\ (si # 85) N =P(sk+1)

1<i,j<kii#j

We then wish to check whether the above formulae are satisfiable.
Consider 1S1(k) above. If it is satisfiable, there exists a sequence of states sq, S, ..., Ski1
satisfying 151(k). Suppose that for every such sequence, we can find a sequence s, s5, ..., s},
satisfying 1S1(k) such that each s/ is bounded in size (i.e. has a bounded number of nodes
and edges). If we know the bounds b; on the sizes of each of the states s}, then there is only
a finite number of sequences s, s5, ..., s, of states such that each s is of size atmost b;.
We can exhaustively search these sequences and check if we can find any sequence which
satisfies IS1(k). If we find one, we know that 1.S1(k) is satisfiable and we also would have

found a satisfying assignment for s1,ss,..., 5541 (namely s, s5,...,5;,,). Else we know
that there cannot exist any sequence of states si, o, . .., Sgr1 satisfying 1.S1(k) because if
there was, we should have been able to find a sequence s/, s, ..., s, (in which the size

of s is bounded by b;) corresponding to it and satisfying 751(k). Thus the bounded model
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property of 1.S1(k) by which if it has a model, it also has a model of bounded size enables
us to decide the satisfiability of I.51(k). Similarly we can decide satisfiability of the other
formulae if they also have the bounded model property.

We then investigate which graph transformation systems, initial state conditions and
safety properties have the bounded model property, so that we can use this to get bounded
models for the formulae I51(k) and I52(k) above.

In the forthcoming chapter, we shall look at 2 kinds of GTSes which have bounded mod-
els for T,,. We later also look some safety properties and initial state conditions which
have bounded models. In this section, we look at two results that will help in proving
existence of bounded models for the GTSes we shall consider.

We introduce the following notation:

If M is a substructure of M, we denote it as M; C M.

Claim 2:

Let ¢(f) be a quantifier-free formula over the vocabulary o. Let M be a o—structure

with universe A. Then for each f; € Alfl. for each A; C A such that f; € A‘lﬂ, the
substructure M; of M generated by A; satisfies

M = p(fi) < M = o(f;)

Proof:

Let £= (f1, fa, .., fa). Foreach f; = (fi1, fiz, ..., fin) € Al if f; € Al A, C A. then
in the substructure M; of M generated by A;, we have

Peo,Pk—ary

My = P(fuys frigs -5 f1i) <= M= P(fuy, frigs -5 f1i), 1<i;<n
1< <k

M & (fuy = fu,) <= M E (fu, = fu,) 1<t <n

Since p(f;) is a quantifier-free formula, it is a boolean combination of the above atomic
formulae. Hence

M = p(fi) & M = o(f;)
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Claim 3:

Let ¢(f) be a 3*V* formula (in prenex-normal form) over vocabulary o with m existential
quantifiers. Let M be a o—structure with universe A such that M = p(f;). Then there
exists A; C A such that

1. f, € Al
2. |Ay| < ||fi]| +m

3. YAz, A C Ay C A, the substructure My of M generated by A, satisfies My = ¢(f;)

(Above, ||f;]| denotes the number of distinct elements in f.)
Proof:

e Case : m =20
Then o(f) = Yy1, Y2, - . - Ynp1 (Y1, Y2, - - -, Yn, £),n > 0. Let Ay be such that A; contains
only the distinct elements of f;. Then f; € Al |A;| < ||f;||. Consider A, such that
A; C Ay C A. Let M, be the substructure of M generated by A,.

Suppose My = —p(f))

Le. M2 }: _'vylv Yo, .. 7yn¢1(y17 Y2, Yn, fl)
Then there exist y11, Y12, - - ., Y1, € Ag such that

My = =1 (Y11, Y12, - - - Yin, f1)
Since ¢ is a quantifier free formula and Ms is a substructure of M, by Claim 2,

M ): _‘801(y117y127--'7y1n7f1)
): Ely1>y27"'7ynﬁ901(yl>y2a"'>yn>f1)

= —e(f)
which is a contradition. Hence My = o(f;).

e Case 2: m >0

Then p(f) = Jz1, 29, . .., YY1, Y2, -« - Yn 1 (T1, T2y« oy Ty Y1, Y2y -« Yny £),m > 0.
As M = ¢(f)), there are elements x4, 212, . . ., 1, € A such that

M ): YY1, Y2, - - -ynwl(fﬁn,xw, s Timy Y1, Y2, - - ,Z/n,fl)
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As the above is a V* formula, by Case 1, there exists A; C A such that f; € A‘lﬂ, T; €

Ai(1 <i<m),|A1] <||fi]| +m and YAy, A; C Ay C A, the substructure My of M
generated by A, is such that

M2 ): V?Jl;y% .. -ynQOl(xllale, oy Timsy Y1, Y2,y - - aynafl)
): Elxhx% <. ‘xmavylay% <. ‘yngpl(xlax% e Tms Y1, Y2, - - 7yn7fl)

F of)



Chapter 9

Graph Transformation Systems
Having Bounded Models

9.1 Class 1

9.1.1 An Example - The Library System

We now express the library system as a Graph Transformation System. Firstly we note
that for the library system

N; = {Book(B), Member(M), Claim(C), Loan(L), Shelf(S)}

Then T (z) = B(x), Ta(x) = M(z), Ts(z) = C(x), T (z) = L(x), Ty(x) = S(z). There
are no types for the edges so F; = {}. (Since there are no types for the edges, there
are no type change sub-actions in p.) The operations in the GTS for the library system
correspond to the operations of Addbook, Addmember, Reserve, Borrow, and Return. We
shall first look at the operation for Reserve.

Reserve(t,m):

1. If atleast one book with the title ¢ is on shelf, then exactly one such book is removed
from the shelf and reserved for the member m. As a graph transformation, if there
is a B node adjacent to the 7 node t and adjacent to an & node and there exists a C
node which is absent in the graph of the current state, then for exactly one B node
b, one S node s and one C node ¢ satisfying the properties just mentioned, the edges
between b and s is deleted, c is added, and the edge between b and ¢ and between ¢
and m are added. Other nodes and edges are preserved.

2. If there is no book on the shelf with title ¢, the claim is kept pending. As a graph
transformation, if there is no B node b and S node s such that b and ¢ are adjacent
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and b and s are adjacent and there exists a C node which is absent in the graph of the
current state, then exactly one C node ¢ which is absent in the graph of the current
state is added and the ¢ — ¢t and the ¢ — m edges are added. Other nodes and edges
are preserved.

We can construct an operation Opeseme = ({€1,62},P) where p = (¢,m) as follows:
&1 = (@2’ Q)il)’ f€1 = (bv = C)'

This corresponds to (1) above.

(Henceforth, when ¢ is clear from the context, we shall omit it in the subscript and super-
script in the notation.). Thus

fl = (@G,@A),f: (b,S,C)
Pu(f,p) = Ni(m )A

AEp) - EEEEE

XP,l(fu C, p)/\
TP,l(ﬂ ba C, p) A TP,l(fa ¢, m, p) A TP,Q(ﬂ ba S, p) A

Vo (2 # ¢) — xpa(f, 7, D)) A
VEP) =y (w=b Ay =)V =bAy =) V(e =cAy=m))
—>Tp3(fa: y,p) A

Vo NiZy xns(f, 2, p)

In order to understand ® 4 above, we first note that

¢(f7 p) - XP,I(f7 C, p) - —|\IJ(f7 p)

Now suppose P 4(f;,p) and ®(fy, p) are true for f; # f,. Further suppose ¥(f;, p) and
¥ (fy, p) are true.

Consider f;. Since ®4(f;,p) is true we have I ((f# £1) A¢¥(f,p)) — ¥(fi,p). Now as
£y # f) and ¥(fy, p), ¥(f;, p) is true. This is a contradiction as ¢ (f;, p) — —V(f;, p). Thus
(£, p) and ¢(fy, p) cannot be simultaneously true. This, coupled with the fact that

Du(f,p) — (-3 ((FL £ f) AU(f,p)) — ¥(f, p))

ensures that if ®4(f, p) is true for some f, then there is exactly one f* such that ®4(f*, p)
and ¢(f*, p) are true. Then from Ty (p), we have

—®q(f, p) — V(f,p) — —¥(f, p)
(I)G(fa p) - (I)A(fv p) - 3'F¢(F7 p)
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(3" means there exists a unique f*)

Thus if there is some f¢, for which ®¢!(fe,, p) is true, then there is a unique f;, such that
@2(%, p) and ¥, (f;,, p) are true. This f; gives the particular b, s and ¢ nodes that are
chosen for the graph transformation as described above in (1) and ¢, (f;,, p) gives the
sub-actions to be taken on all nodes and edges.

We can similarly write the GA pair &, for (2) above.

£ = (Pg, Pa),f= (o).

M(m) NT(t) AC ()/\N( )AN()/\ﬂNs(C)

Pa(f,p) = —Ja(Csler) A Ny(er) A Eg(er,m) A (C t))
=3b, 8(Bs(b) A Ss(s) A Ns(b) A Ns(s) A Es(b, s) A Eg(b, 1))

3 (B # ) Av(fs,p)) — W(Eip) A
a(f,p) = 3£, (£, # £) A (f%g)) —  (f, p) where

XP,l(f7c p)/\
TpJ(f, ¢, t, p) A TP,I(fy ¢, m, p) A
Ve ((x #c) = xps(fiz,p)) A
VEP) = (e =cny =)V =cAy=m)
- TP3(f z,Yy,p )

Vo N2 xrs(f 2, p)

Once again as reasoned earlier, if there is some f¢, for which ®%(fe,, p) is true, there
is a unique f;, such that (IDEGQ (f5,, p) and ¥, (f;,, p) are true. This f;, gives the particular c
node that is chosen for the graph transformation as described above in (2) and v, (f;,, p)
gives the sub-actions to be taken on all nodes and edges.

We can now write the other operations in a similar manner. In all of them, @i(fg,p)
is of the form
H((£# fe) AYe(fp) — Yelfe,p) A
S ((E# ) Abe(fp) —  te(fe, p)
Hence in the following only <I)£G and ¢ have been mentioned. For better readability, we
shall omit the ’s’ subsript for e.g. instead of M, we shall simply write M and similarly
for others. Also instead of xp,; we shall simply write x; and for Tp; we shall write 1.

Borrow(b, m):

Construct Opgorrow = ({£1,&2}, p) where p = (b, m) as follows:
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° 61 = (@G,@A),f: (S,l).
B(b) A M(m) A S(s) A L(1)
®aEP) = N(p) A N(m) A N(s) A =N(I) A (b, s)
Xl(fal>p)/\
Ti(£0,0,p) A Y1(£,1,m,p) A To(f, b, 5,p) A
w(f p) — v ((ZL’ 7é l) - X3(f x,p)) A
’ Ve,y= (. =bAy=s)V(@=bAy=0)V(@=1Ay=m))
- I3(f7x7y7p> A
Vo A\iZ ?XT s(f,x,p)
° 62 = (@G,@A) f= (C l)
_ B(b) AM(m)AC(c) N L(L)
®a(bP) = M) A N(m) A N(€) A=N(I) A E(b,¢) A Ec,m)
xi(£1,p) Axa(f, e, p) A
To(f. b, c, p) A (E,c,m, p) A
T (£, b, )/\T(flmp)
v(fp) = Vx((x#l/\ﬂﬁ#C) — xs(f,z,p)) A
Va, y- ((%ZbAy—C)V(x—c/\y—m V

Return(b, m):

)

v917/\ 1XT 3(f P)

m)) —

Construct Ogeprn = ({£1,€2,&3}, p) where p = (b, m) as follows:
) 61 = (@G,@A),f: (S,l).
e
VAN AN(s) A AN

®lEP) = B0y A B(lim) A-E(b, 5)
=3, t(C(e) AT (t) A N(c) ANN(t) A E(c,t) N E(b,t))
x2(f, 1, p)A
Tg(fblp)/\Tg(fl p) AT1(£,b,5,p) A

W(Ep) = va ((z #1) — xs(£,2,p)) A B

Va,y- (@ =bAy=s)Ve=bAy=0)\(=1Ay=m))

— Ts(f z,y,p) A
v'x/\z 1XT 3(fx p)
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[} 62 = (@G,@A),f: (S,l).

B(b) A M(m) AS(s

N(b) A N(m) A N(I)

Og(f,p) = —3s1(S(s1)AN )

E,1) A E(l,

—3e, £(C(c) AT (1) A

x2(£,,p) A xa(f, s, p

Tg(f b Lp) AYa(f L, m,

Ve ((x# 1) — xs(f2,p) A

VEP) = v (@ =bAy=s) V(@ =bAy=D)V(@=1Ay=m)
— Tg(f T, Yy,p )

v'x/\z 1XT 3(f X p)

o &= (e, Da),E= (c,1,0),

) AT (1)
) AN(

B(b) A M(m) AC(c) N L(
da(f,p) = N(b)AN(m)AN(c ) AN(t)
E(b,t) N E(c,t) NE(b, 1) N E(l,m)
X2 f7l7p>/\
T1(f,0,¢c,p)A
(£,0,1,p) AN Vo(f, l,m,p) A Ta(f, ¢, t, p)A
Y(f,p) = Va(z#1) — xs(f,z,p)A

Vo,y=((x =bAy=0\V(@=1Ny=m)\
(x—b/\y—C)V(xchyzt)) — T3(f, 2,9, p) A
v917/\2 1 x13(f, r,p)

Addbook(b, t, s):

Construct O adgpoor = ({&1,€2, 3, 64,&5} , p) where p = (b, ¢, s) as follows:

[ ] 51 = ((I)G,(I)A),f: (d)

Oo(f,p) = Bb)AT(t) ANS(s) A=N(b) AN(t) AN(s)
—3¢(C(c) A N(c) A E(e,t))

Xl(f, b, p)/\
Tl(f, b,t,p) A T1(f,b, s, p)A
Y(f,p) = Vo((z#0b)— xs(fz,p))A
Vi yﬂ((x—b/\y—t)v(fﬂ:bAyZS)) — Y3(f,z,y,p) A

v‘r/\z 1XT 3(f X p)
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o & = (Dg, Pa),f= (d).

Ou(f,p) = B(b) AT (t) ANS(s) A=N(b) AN—=N(t) A N(s)
—3¢(C(c) A N(c) A E(c,t))

Xl(fa b> p) /\Xl(f>tap)/\
Ty(£0,t,p) AN Y1(f b, s,p)A
Y(Ep) = Vo((x#bAx#t)— xs(fz,p))A
Ve, y=((z=bAy=t)V(z=bAy=s)) = T3(f z,y,p) A
Va /\zj XT;,3 (f, z, P)

o &= (D¢, 0a),f = (d).

Oo(f,p) = Bb)AT(t) ANS(s) A=N(b) A N(t) A—=N(s)
—3¢(C(c) A N(c) A E(c,t))

Xl(ﬂ b7 p) A Xl(f7 S, p)/\
Ty(f0,t,p) AN Y1(f b, s,p)A
Y(Ep) = Vo((zx#bAx#s)— xs(f,z,p)) A
Vi, y=((x=bAy=t)V(z=bAy=s)) = Ts(f z,y,p) A

Va /\zjlj XT;,3 (f, z, P)

Ou(f,p) = B(b)AT(t) ANS(s) AN=N(b) A=N(t) N=N(s)
—3¢(C(c) A N(c) A E(e,t))

Xl(fv b7 p) A Xl(f7t7 p) A Xl(ﬂ S, p>/\
Ti(£,0,t,p) A Y1(f, b, s,p)A
Y(f,p) = Vaz((@#bAz#sAz#1l) — xs(f,z,p)) A
Ve, ym((x=bAy=t)V(z=bAy=s)) = Ts(f z,y,p) A

VI' /\Ziflj XN,TZ-,3(f7 x, p)
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[} 65 = (@G,@A),f: (C)

Pu(f,p) = B(b) NT(t) AN—N(b) A N(t)
C(c) NN(c) N E(c,t)

Xl(f7 ba p)/\
Tl(fa b7 t7 p) A Tl(fa b7 ¢, p) A T2(f7 ¢, t7 p>/\
sty — Vo@D = xalap) A
P Ve,ym(z=bAy=t)V(z=bAy=c)V(r=cAhy=1))
- ‘Tg(f,l',y,p) A
Vo A2y xr5(F, 7, )

AddMember(m):

Construct O gdgmember = ({&1}, p) where p = (m) as follows:

[ ] 51 - ((I)G,(I)A),f: (d)

Oq(f,p) = M(m)A-N(m)

Xl(f, m, p>/\
Va (@ # m) — xs(f,z,p)) A
¢(f>P) = vgg,y'T;),(f,x,y,P;/\

Vo AiZy xnr.5(f 2, p)

Having written the operations, we can write the GTS, Sriprry for the library system as
SLibmry - (ALibrargp p)7 where

ALibmry - {OAddbook7 OAddmembera OBormun OReturna OReserve}

We now make the following observations about Sppmry. For each operation O = (Q,p) €
ALibrary, for each £ € 2 we have the following:

1. ®4(f, p) is of the form
3y ((f: # £) Av(f1,p))
—3fy ((f1 # £) A(fL, p))

2. ¥(f,p) — ~V(f,p)

3. Y(f,p) is a V* formula in prenex normal form. By Claim 3 then, given any o9-
structure M with universe A such that M | 1 (fi, p,) where f; € Afl p, € AlPl
there exists A; C A such that

U(f,p) A
Y(f,p)

—
—
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(a) f € Al p, € AP

(b) |Ay| < ||fi|| + |py| (hence A; is of bounded size)

(c) VAs, A1 C Ay C A, the substructure My of M generated by Aj is such that
My = (f1, py)-

4. ®s(f, p) has the following properties:

(a) It is a V* formula in prenex normal form.

(b) No occurence of each of z =y and E,(z,y) is such that one of the variables is
quantified and the other is in f. Thus both z and y are such that either (a) each
is quantified or is in p or (b) each is free (i.e. belongs to f or p).

We later show that for 4 of the form stated, given a o,-structure M with universe
A and any p, € AP!| there exists A; C A such that

(a) py €AY
(b) Aj is of bounded size

(c) VAg, A C Ay C A, the substructure My of M generated by A, is such that
My | ®q(fi,p)) = M | ®q(fi,p,), fi € Ay,
In particular then, if M |= V=04 (f, p,), then
M, ): Vf_'(I)G(ﬂ p1)

We now prove the following result for a generalisation of the particular example of the
Library system considered above.

We will require the following definition. Let Sig(¢) be the set of all predicate and
constant symbols occuring in a FOL formula (with equality) ¢.

Definition 9.1 (EBS property) A formula () is said to satisfy the Extensible Bounded
Submodel property with respect to o C ¥ (denoted as p(x) € EBSx(0)) if Sig(p) = X and
there exists a cardinal B (dependent on ¢ and o in general) such that for every Y—structure

M having universe A with |A| > B and for every a € Al®, if M |= p(a) then there exists

Ay C A such that

1. ac A
2. |A| < B

3. For all Ay such that Ay C Ay C A, if M., is the substructure of M generated by As,
then there ezists a X—structure My such that Ms|, = M|, and My = ¢(a).

Note that in the special case that ¥ = o, the condition (3) above reduces to
VA, such that Ay C Ay C A, if My is the substructure of M generated by Ao, then

M; = ¢(a).
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9.1.2 Generalization

Result 1:

Consider a GTS S = (A, p) in which for every operation O = (2, p) € A, each GA pair
¢ € () satisfies the following properties:

1. ®4(f, p) is of the form
3 ((f # ) Av(f,p)) — U(fp) A
-3 ((F # ) Ad(fp) — (fp)

where 1 (f, p) is a formula over 09 satisfying the following

( P ) - ﬁ\p(ﬂ p)
Y(f,p) € EBSx(X) where ¥ = 09.

(a)
(b) ¥

2. ®q(f, p) is such that
(a) P¢(f,p) € EBSy(X) where X = 0.
(b) Vf=®¢(f, p) € EBSx(X) where ¥ = 0.

Then TY,(p) € EBSg(X) where X = 09

ss’*

Proof:
Firstly we prove the following:

Claim 4:
For each ¢ € €, either
1. M = =®g(f1,p;) (and hence M |= ¥(f;, p,)) Vf; € Afl or

2. There is a unique f; such that M = (®c(ff, py) A ©(f, py)) and Vi # £, M =
\Il(flupl)

Proof:

Let S = {fi € Af|M | ®¢(f1,py)}.

For any f; € Afl we have

M E —%q(fi,p)

}: \Ij(fhpl) ( M ): ss’( 1))
E —u(fi,p;)  (by 1(a) in the statement of the Result)
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1. If S = {}, then for each f; € A, M = —®(f;,p;) and thus from above, M =
qj(flapl)

2. Else suppose that M = —)(fy,p,),VE € S. (For f; ¢ S, M = —)(f;,p,) as shown
above.) Then Vf; € S,

M ): (I)G(fl,p1)

= ®a(fi,p)) (- M ETI(p)))
(A f) Ay py)) — ¢(fL,py)
}: 1/)(f1,p1)

giving a contradiction. Hence there is atleast one f; € S such that M = ¢(f, py).
Suppose M = ¢(f;,py),i = 1,2 where f; # £, f;,f, € S. Now for i,j € {1,2},i# j

Pq(fi, p1)

P A(fi, p1)

IH((£#£) Av(fpy)) — Y(fi, py)

((£; # £i) Av(f,py))

U(f,p;) (by prec. 2 stmts)
- (fi, p1)

M

mmmm

giving a contradiction.
Thus there exists a unique f; € S such that M |= ¢(f;, p;) and for f; # f{,f; €
S, M = ¥ (f),p,). For f; ¢ S, M |= U(f,, p,) as already shown above.

Thus M = V(fi,p,), VE # fi.

Let
s = {elM | (£ py) }

From Claim 4, for each § € S, there is a unique f; such that M = ®¢(f, p;) A (£, py).
Q formula, from Claim 1 we have, for each £ € S,

Since v is a 0
M‘Ug ): ¢(f27p1)

Then by 1(b) in the statement of the result, ¢ (f;,p) € EBSx(X) where ¥ = ¢9. Then

there exists Be,; such that since M = (g, p;) there exists A¢y C A(f; € A‘;ﬁ‘, p, € A'g’l‘)
satisfying the conditions of the property.
Similarly for each £ € S, by 2(a) of the statement of the result, ®¢(f;,p) € EBSx(X)
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where 3 = o,. Then there exists B, such that since M = ®g(fi, p;) there exists A¢o C

A(f € A';é', p; € ALPQ‘) satisfying the conditions of the property.
Similarly for each £ ¢ S, by 2(b) of the statement of the result, Vf—®4(f, p) € EBSx(X)
where ¥ = o,. Then there exists B¢ such that since M |= Vf=®4(f, p,) there exists

A: CA(p, € A‘g)') satisfying the conditions of the property.

Then construct
A =|J A ul 420 A
¢es ¢es £¢S

Let Ay be such that Ay C Ay C A. Let M, be the substructure of M generated by A,.
Note that p, € APl

Consider € € S.

From above,
M‘Ug ): w(fgv pl)

Consider Mg\ag which is the substructure of M |Ug generated by A,. Since Ag; C Ay, by

the EBS property for ¢ (fe, p),

Mg £ (f.py)

hence by Claim 1

M v(Ep)  £€S (9.1)
Similarly,
My = Oa(fe,py) £esd (9.2)
My | Viadg(fp,)  £¢S (9.3)

For all £ € O, W, is a V* formula. Since p;, € AP and 4; C A,, p, € AP\ Then from
Claim 3, since M, is a substructure of M,

M = U(f,p) — My = W(f,p;) i€ Al (9.4)

Then from Claim 4, 9.1, 9.4, we get

U(f,p) fie AV fi#f, ¢S
M, = Y(f,py) fi= fgf (9.5)
qj(f17p1) fl EA‘2|7 fgéS

Consider an arbitrary € € Q. We show that M, = T2, (p,).
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e Case 1: £€ 8
Since U(.) — —)(.), from 9.5 above, we have

My { H(EA B AGED)) AV P) € AN £ S,
2 SHEA L ACEP) AV =1

Thus M, |= ®4(f, p;) Vi € A|2ﬂ'
Now,
If My = ®g(fy, py), then from above My = @ 4(f1, py).
If My = =®g(f1, py), then from 9.2, f; # f{ and hence from 9.5, My = ¥(f;, p,)
Thus
M = T¢, (p,)
o Case 2: £ ¢S
Then from 9.3, M, |= Vf = ®4(f, py)

and from 9.5, M, = Vf U(f, p,)
and hence

M,y |= TS, (p,)
Thus from both the above cases we have
M2 }: /\ Tfs’(pl)
£e,
Let,

Ud(z,p) = \/ IHX(E2p) An € PN
£eq

Ve(z,y,p) = \/ 3 T(E 2,y,p)  pe € p
£eq

We recall that ¥(f, p) = (Vx As,epy Xnlfr 2, p)) A <Vx, Y N\ucpp " Le(f 2.y, p))
Then from Claim 4, for \, € py, tte € pe,x,y € A, we have

—xn(f1, 2, py) ficAlfl ¢¢ 9

M }: _'Te(fbxayapl) f; € A|f|> f §é S
—xn(f1, 7, py) fLe AN f ££,¢eS
_'Te(fbxayapl) fl € A|f|7f1 7é fg? 6 €S

Then, for z,y € A, the following holds in M.

Un(x>p1) = \/ sz(fgax>p1) )‘n €PN
£es

Ve(z,y,p) = \/ Y, 2,4,p1)  pe € pe
£es

29
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We can similarly show using 9.5 that the above relation holds in M5 as well. Thus in M
and My, U,(x,p;) and V(z,y,p;) are in fact quantifier-free formulae.

Consider the formulae x,(x,p), an(z,p)( Ay € pn) and Ye(x,y, p), Be(z,y,P)(tte € pr).
These are quantifier free formulae. Since My C M by Claim 2 and Claim 1, for z,y €
Az, An € pNs e € PE

My | xn(2,p1) < M E xa(z,P1)
My = Te(z,y,p1) < MET(2,y,p)
My EUy(z,p) < M EU(z,py)
My = Ve(r,y,p;) < M EVe(r,y,p1)
M | an(z,py) < M E o (z,py)
M = Be(z,y,p1) < M E Be(2,y,p1)

Using the above and the fact that since M = T, (p,), M & Z°(p;) AT9(p,), we have

M, = Zo(Pl) N Fo(pl) (9.7)

From 9.5 and 9.6,
M; = T2 (py)
Note that A; C A, and p, € APl

Bound on |A;]:

A = (JMeaaUA) Ul A

ces e¢s

Yees(|Aea| + [Aeal) + Xegs| Al
2565(85,1 + 85,2) -+ Eggng

maxsco {Sees(Be + Be2) + LegsBe}
= Bo(say)

| Ay

ININ TN

Corollary 1:

Consider a GTS S = (A, p) where each operation has the properties stated in the pre-
vious result. Then T,y € EBSy(X) where ¥ = 0,4.
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Proof:
Tss’ = \/ Elst(z’ (p)
O0=(Q,p)eA

Since M | T,y, M = T (p,) for some O € A and some p; € APl By Claim 1,
M|,o | TS(p,). Then by Result 1, since T,(p) € EBSg(X) where ¥ = 09, there

ss’ ss’

exists a Bo such that since M|,o | T (p;) there exists A; C A such that

1. |A] < Bo
2. p; € A'lp‘

3. VA3, Ay € Ay C A, the substructure M. of M|Uo/ generated by A, is such that
My = T3(py)-

Then consider the substructure My of M generated by Ay. CLearly Ms|,0 = M,. Since

o
My TS (p,) by Claim 1, we have M, = T, (p,) and hence My = Ty

|A1| < Bo < maxpeaBo (= B)

9.2 Class 2

9.2.1 An Example

Before considering the example, we need the following definition:

Let o be a vocabulary. Let ¢(f) be a formula over o. Then ¢(f) is said to be positive
unate in a k-ary predicate P € o if the following is true:

Let M be any o-structure (with universe A) s.t. M | o(f)), (fi € Af). Then each
o-structure M; with the same universe A and which differs from M only in the value of
P(x1,x9,...,25) being false in M and true in M, is such that M; = o(f;).

Now consider a GTS S = (A, p), where for each operation O = (,p) € A, each GA
pair £ € €0, has the following properties:

1. ®¢(f, p) has the following properties:

(a) It is a 3* (or a V*) formula in prenex normal form.
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(b) No occurence of each of z =y, Es(z,y) and T} (z,y)(1 < i < N,) is such that
one of the variables is quantified and the other is in f. Thus both = and y are
such that either (i) each is quantified or is in p or (ii) each is free (i.e. belongs
to for p).

2. ®,(f, p) is a V* formula in prenex normal form and is positive unate in the predicates
of o CUaE'S (e {xSIh € pni € € QY U{ T pe € pi € € Q})

We now prove the following:

®¢ is such that for any o,-structure M with universe A and for any p; € APl there
exists a subset A; C A such that

1. A, is of bounded size

2. p, € AP

3. VAg, Ay C Ay C A, the substructure M, of M generated by A, is such that
My | ®(fi,py) = M @a(fi,py)  Vh€ Ay

Proof:

Suppose $¢(f, p) is an 3* formula.(The case when it is a V* formula is similar)
Then in disjunctive normal form, ®(f, p) can be written as

i=n

Iy \/ Di(f.y.p)

i=1

where Dy, Ds, ..., D, are the disjuncts of the matrix of ®5. Each disjunct is a conjunction
of atomic formulae and can be written as

where C; is quantifier-free and has only the variables of f and p appearing in it and B; is
quantifier-free and has only the variables of y and p appearing in it.
(This follows from 1(b)(i) and 1(b)(ii) above.)

If y= (ylay2> cee >ym) then

CDG(f? p) = Elylay2> e Ym \/ Dz(fa Y1, Y2, - - - aymap)
i=1

As the 3 distributes over disjunction,

CDG(f? p) = Ely1>y2> sy Ym—1 \/ Elysz(fa Y1,Y2y - -+ YUm, p)
i=1
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Continuing this way for the remaining y;s,

1=n

q)G(ﬂ p) = \/ HyDz(ﬂ Y, p)

=1

1=n

— \/ (Ci(f,p) N 3yBi(y,p))

i=1

Now given a o,—structure M with universe A and any p, € APl let
S={ill <i<n,M [=3yB;(y,p;)}

By Claim 3, for each i € S, there exists A;; C A such that p; € ALﬁ' and |A; 1| < [|py||+m
satisfying the properties given in the claim. Then construct

A=A
i€S

Then p, € A‘1p| and |A;| < Xies]dia| < n.(||p|] +m)). Thus A, is bounded. Consider A,
such that A; C Ay C A and let M, be the substructure of M generated by As.

1. Since C;(1 < i < n) is a quantifier-free formula and M, is a substructure of M, for
any f; € A‘Qﬂ, we have from Claim 2,

M; = Ci(fy, py) < M = Ci(f1, py)
2. Forie€ S, A;; € Ay. Then from Claim 3
M, = 3yBi(y, py)
For i ¢ S,

M = -3yBi(y,p1)
= Vy-Bi(y.p1)

Then again from Claim 3, since p; € A‘1p|, we have

M, E Vy-Bi(y,p;)
= —-3yBi(y.p,)

Thus
M = 3yB;(y,p1) « M, = 3yBi(y,p1) 1<i<n
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Then for any f; € A'Qf‘, since O (fy, py) is a boolean combination of C;(f;, p;) and
M @g(f,p)) = M |= ®(fi,py)  VE € 4y

If &4 is a V* formula, then writing its matrix in conjunctive normal form and proceeding
similarly, we can prove the above equivalence.

Suppose now that for a 0§ —structure M with universe A, and for p, € APl

M | \/ H(@c(f, py) A Pa(f. py))
£eq

Then there is £* € Q and fe- € Alfl such that

M | (@ (Fe- py) A B (fe-,py)

Construct A; as shown above for ®%,. A; is of bounded size. fe. € A'lﬂ, p; € A‘f". Consider

Ag such that A; C Ay C A. Let M, be the substructure of M generated by As.
Since for all £ € Q, 4 is a V* formula, from Claim 3, we have

M | ®4(fy,p;) — My = ®a(fy,p)) f; € A (9.8)

Let A, C As(\, € pn) and A, C Ay X Ay(te € pr). Then consider M) which is exactly the
same as My except that & (fe-, z, ;) is set to True (z € A, \, € py) and TS (fo, 2, y, p;)
is set to True ((z,y) € Ae, tte € pE).

For any ¢ € ), since ® 4 is positive unate in the x5 (A, € pn) and Y& (. € pg) predicates,
we have

My |= ®a(fipy) — Mj = ®a(fi,py) f € Alf (9.9)

From 9.8 and 9.9 above, for all £ € Q)

M= ®4(f,py) — My Oa(fi,p) f; € A

We now prove the following result for a generalisation of the particular example con-
sidered above.
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9.2.2 Generalisation

Result 2:

Consider a GTS S = (A, p) in which every operation O = (2, p) satisfies the following
properties:

1. For any GA pair £ = (Pg,P4) € Q, g is such that for any og-structure M with
universe A and for any p, € AP, there exists a subset A C A such that

(a) Ag is of bounded size

(b) p; € A‘g)'
(c) VAg, Ae € Ay C A, the substructure M, of M generated by Aj is such that

My = ®(f1,p)) & M = da(fy,p)  VhH € AY

2. For any o%-structure M, for any p, € APl if M = Veea I (Pa(f, pr) A Palf, py)),
then there exists £* € Q, fee € Alfl such that M = (@g(fg*,pl) A D5 (fg*,p1)> and
there exists A; C A such that

(a) A is of bounded size
(b) fer € Al and p, € AP

2y = = ) ) 2 i
(c) YAg, A C Ay C A, the substructure M) of M generated by A, satisfies the
following;:

For any subset A,, C Ay(\, € pn) and any subset A, C Ay X As(pe € pg),
the oQ-structure M, obtained from M; by setting x5 (fe+,z, p;) to True (z €
An, M € py)and YE (fer, 2,9, py) to True ((z,y) € Ae, pte € pg) is such that

M= ®u(f,p,) — My = ®u(f,p,) VR eAl ceq

Then TY,(p) € EBSx(0) where X = 09, and 0 = 0, U 0.
Proof:

We are given 09,-structure M with universe A such that M = T9,(p,) for p, € APl
Consider M]|,,. Then for each £ € Q, for ®¢, there exists a subset Ac C A such that

p; € A'SP‘, Ag is bounded in size (|A¢| < Be) and satisfies the properties stated above.

L IEME-=Veq 3fDS,(f, p, ), then construct

A= A

£eQ
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Note that A; C A, p, € A|1p|.

| A1] < Yeeal Ae| < DeeaBe-

Consider As such that A; € Ay C A. Construct My as the substructure of M
generated by A,. Now, since M |= T, (p;) and M = =V g 3D, (f, p, ),

M ): \Il(fbpl) fl € A'f‘,f € (910)

Since VU is a V* formula, p; € A‘2p| and M, C M, by Claim 2,

M, = U(fi,p,) fre Al ceq (9.11)

Further since for each £ € 2, A C Ay and M,

o &M

0., from assumption,

oo [ Pa(fi,py) = My, | Og(fi,p) V€AY
Then by Claim 1,

M

M, |= ®g(f1,p,) = M | Og(fi,p,)  VF €AY

Since M = =V e IHPc(£, py),

M, = -®g(fi,p) fieAlceQ (9.12)

From 9.11 and 9.12, we can see that
M, = ng’(pl) §eq

Let

Then from 9.10 and 9.11 we can also see that

M2 ): Un(x>p1) - M ): Un(x>p1) WS A2>)\n S PN
M2 ):‘/e(xayapl) — M):‘/e(wayapl) x>y€A2>Me€pE

We shall use these facts later.
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2. f M = Vg 3D, (f, p, ), then since M = T2 (p,)

M\ VE (@£ p,) — 4(Ep)))
£eq

and therefore M [= \/,.q 3f <<I>§G(f, py) A D5 (F, P1))~

Then by assumption, there exists {* € €2 and fe € A such that
M = <<I>£G (fer, py) A D5 (Fee, pl)) and there exists A7, C A which is bounded in size
(| Az

Then construct

< B{.) satisfying the assumptions.

A= J A uA4

£eq

Note that A1 g A, P1 € A|1p| and |A1‘ S (EEGQ‘AH + |A** ) S (EEGQBf + B**)
Consider A, such that A; C Ay C A. Construct the substructure M/, of M generated
by A,.

Consider & € Ay. For \, € py, if My = x5(f1,2,p,) for some £ € Q and some
f, € AJ then M} |= U,(z,p,). Then as M} C M, M = x&(f,,z,p,) and hence
M E U, (z,p,). However vice-versa might not be true. Like-wise for y. € pp. Hence

let
M), = -U,(z,p;) but }
An = - A 2 nAT L y )\n €
{x ? M ): Un(x7p1) PN
M, E —V.z,y,p;) but }
A, = Jy) € Ay x A 2 el : e €
(CUEEEH I e fe € 0

Consider the 09-structure M, which is the same as M} except that x5 (fex, z, py) is set
to True (z € A,, \, € py)and Y& (fer, 2, y, p;) is set to True ((z,y) € Ae, pte € pi).
By the assumption about ® 4, for each £ € €2, we have

M EQa(fi,p;) — My EQa(fi,p) Vi€ A'zﬂ (9.13)

Now Ms|,, = M}|,, € M|,,. Since for each & € Q, Ac C Ay, by assumptions about
q>G7

M2 Os ): (I)G(fla pl) — MUS ): ®G(f17 pl) Vfl € A|2ﬂ

By Claim 1 then

M, | @g(fy,p,) — ME®g(f,p,) Ve A (9.14)
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Since VU is a V* formula, p; € A‘2p| and M} C M, by Claim 2,

M EU(f,p,) — M= U(f,p,) f, e Alf (9.15)

Since M, differs from M} only in the x§ (fe, z, p;) and the Y& (fe-, x, p;) values, we

have for f; € Alzﬂ,

My EVY(f,p) < M U(fi,p) (9.16)

From 9.13, 9.14, 9.15, 9.16, we have
M, = Tsés/(pl) §£e

Now for any = € A; and A\, € py

o Ifx € A,, then M = U, (z,p,) but M} = —U,(x,p,). Since My |= x& (fex, 2, p;), Mo =
Un(xapl)‘

o If z ¢ A,, then M = U,(z,p,) < M) = U,(x,p;). From the way M, was
constructed, the x5 (f, 2z, p;) values were changed only for £ = £*,f = f and
z € A,. Since ¢ ¢ A, My = U, (z,p;) < M} = U,(z,py)

From either case above,
M2 }: Un(‘x?pl) = M ): Un(‘x?pl) U A27 /\n € PN

Similarly,
M2 ): ‘/e(x7y7p1) — M ): ‘/e(x>y7p1) z,y € A2alue € PE

In both cases (1) and (2) above we have shown that,

My = /\ Tsés/(pl) (9.17)
ceq
M2 }: Un(xapl) - M ): Un(xapl) WS AQa/\n S PN
My = Ve(r,y,p;) < M EVe(z,y,py) T,y € Ag, fie € pi

Consider the formulae y, (2, p), an(z,p)(An € py) and To(z,y,p), Bo(2,9,P) (e € pr).
These are quantifier free formulae. Now since

Ms

o !
osUoggUonyUog — M2 osUo g UonyUop g M osUogUonyUog
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applying Claim 2 and subsequently Claim 1,

M = xn(z, 1) xr € Ay, \y € pn
METY(z,y,p1) 2,y € Ao, pic € pp
M = ay(z,py) r € Ay, Ny € pN
M = Be(v,y,p1) 7,y € Ay, fie € pE

My = Xn(7,P1)
My =T (z,y,p1)
M, = an(z,py)
M, | Be(z,y, 1)

11171

Using the above and the fact that since M =T, (p,), M = Z°(p;) AT9(p,), we have

M, = ZO(Pl) N Fo(pl) (9.18)

From 9.17 and 9.18,
M = ng/(Pl)

Note that Ms|s,us, € M|s,us, and Ay € Ay C A, p; € Allp\‘
’A1’ < (EgeQBg + B**) = Bo (Say).

Corollary 2:

Consider a GTS S = (A, p) where each operation has the properties stated in the pre-
vious result. Then Ty € EBSy(0) where ¥ = 04y and 0 = 0, U 0.

Proof:

T..= \/ 3pTL(p)
0=(Q,p)eA

Since M = T,y, M = T2 (p) for some O € A and some p, € APl. By Claim 1,
M|,o =TS (p,). Then by Result 2, there exists A; C A such that

1. |A1] < Bo

2. p, € AP

3. VAy, A1 C Ay C A, there exists a Jg,, structure M} with universe A, such that
(a) My
(b) M; = T3 (py).

osUo g

osUoy - M|00,
Ss
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Consider any o,y -structure My such that MQ’UO, = M. Then M, has the same universe

Ay as M) and "
M, osUoy — Mé osUo gy - M|a'o/ osUogy — M osUogr - Since M2|UO, = Méu M?‘ao, }: Tsosf(pl)
Using Claim 1, then M, = T9,(p,) and hence My |= Ty

|Ai] < Bo < maxpeaBo = B.



Chapter 10

Deciding The Formulae of
InductionSolve

10.1 Special GTSes, Safety Properties and Initial State
Conditions

As seen in chapter 8, bounded model property for the formulae 1.51(k) and 152(k) allows
us to decide their satisfiability. In this section, we show how for particular kinds of graph
transforming systems, safety properties and initial state conditions having the bounded
model property, we can use their individual bounded model properties to get bounded
models for the formulae 751(k) and 152(k).

We firstly recall, that a GTS S = (A, k) defines a transition relation on states 7 (s, s’)
as follows:

Given states s and s, 7 (s, s') is true iff there exists a oz —structure M such that M|,,
defines s, M|, , defines s and M |= Ty

We again recall that the safety property P and the initial-state conditions Z are FO-
expressible properties of states. Thus for a state s

e P(s) is true iff s = ¢p where pp is a og—sentence expressing the safety property.

o 7(s) is true iff s = ¢y where @ is a og—sentence expressing the initial-state condi-
tions.

We now consider the following special kind of graph-transformation systems, safety prop-
erties and initial-state conditions.
Consider the special kind of GTSes S = (A, k) for which Ty € EBSx(0) where ¥ = o,y

71
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and 0 = 0,Uoy. Let Br denote the cardinal satisfying the conditions of the EBS property
of Tss/-
In the previous chapter, we already saw two kinds of GTSes which have the above property.

Let Z = {p |¢ € EBSy,(Xs)}.

Now every formula ¢ can be uniquely encoded as a natural number (p). Each of the
symbols 3, V¥, the boolean connectives, the parantheses (, ), the equality symbol (=), the
predicates of og can be encoded by assigning unique numbers to them. The separation
between adjacent symbols in the formula can be encoded as a unique number representing
the separation. The variables can be encoded easily: If there are n variables x1, xs, ..., T,
appearing in the formula, then we assign a unique number, say 7 for x; and then the z;
is encoded as the number nn...itimes. n can always be chosen so that this method of
encoding variables doesnt produce numbers which already represent encodings of other
symbols.

For example assign the following codes:

1. Quantifiers: 3 =11,V =12

2. Paranthesis: (=21,) =22

3. Boolean connectives: A =31,V =32, - = 33, 5= 34, <= 35

4. Equality(=): =4

5. Predicates: N =5E =6, T, =7j(1<j <N,), T, =8j(1<j<N,)
6. The separator(space) = 0.

7. Variables: If there are n variables z1,xo, ..., x,, then z; is encoded as 9, x5 as 99,
r3 as 999 and so on

Then ¢ = 3V (N(x1) A E(z1 x3)) can be encoded as follows:
(p) = 1109012099021050210902203106021090990220220.
(Note that using the codes above, we can reconstruct a formula exactly from its encoding,.)

Let, for a set F of formulae, (F) = {(¢) |¢ € F}. Then construct the function fg :
(Z) — N defined as

fs({#)) = B,
where B,, is the cardinal satisfying the conditions of the EBS property of ¢.

Let Zp be a subset of Z such that

1. Tt is closed under negation (for every ¢ € Zp, ~p € Zp)

2. fp = fslizs) (fs restricted to (Zp)) is a recursive function.
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(Such a subset exists - Consider Zp which contains only 2 sentences of Z which are nega-
tions of each other.)
Similarly let Z; be a subset of Z such that

1. It is closed under negation (for every ¢ € Z;, ~¢p € Zj)

2. fr= fsliz,) is a recursive function.
We then consider

e Safety properties P such that pp € Zp

e Initial state conditions Z such that p; € Z;

An example of Zp is the following:

ZL = The set of all sentences which are of the form 3* or V* in prenex normal form.
Since the negation of an 3* sentence is a V* sentence and vice-versa, Z} is closed under
negation. Further from Claim 3, we can see that any 3* sentence and any V* sentence
belongs to Z. Hence Z}, C Z. Further from Claim 3, for an 3* sentence ¢ having m
existential quantifiers, B, = m and for a V* sentence ¢, B, = 0. Then we can construct a
procedure for computing fp(n).

The procedure takes as input n and first checks if n forms a valid encoding. If not, it
returns null. If yes, then n = (p) for some ¢. It reconstructs the sentence ¢ from (p). It
brings the sentence in prenex normal form. It then checks whether the sentence is of the
form 3* or V*. If its neither of these, it returns null. Else if the sentence is of the form 3*,
then it counts the number(m) of existential quantifiers and returns m. Else if the sentence
is of the form V*, it returns 0.

10.2 Bounded Models For I51(k) and 152(k)

We recall that

IS1(0) = Z(s1) A—P(s1)
I152(0) = =P(s1)

Consider 151(0).
Suppose there is a state s; with universe A such that 751(0) is true. Then

s1 = o1 A —pp
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Then, from our assumptions about ¢;, there exists a subset A; C A such that |A4;| <
fr({¢r)) satisfying the properties mentioned. Similarly for —pp, there exists a subset
Ay C A such that |As| < fp((—pp)) and satisfying the properties mentioned. Construct

A=A U A

A < ([Aa] + [A2]) < (fr((een) + fr((ep)))-
Consider the substructure s of s generated by A’. Then from assumptions about ¢; and

ep,
sy | pr A mpp
Thus given s; satisfying 151(0), there is a state s} of bounded size (|JA'| < (fi1({(—¢1)) +

fr({(—pp)))) satistying 1.51(0).
We can similarly show that, given s; satisfying 1.52(0), there is a state s} of bounded size

(14] < fe((~pp)) satisfying 52(0).

Let us consider IS1(k) and 1S2(k) for k > 1. We have,

1=k i=k i=k+1
IS].(kZ) = /\ T(SZ‘, Si-l—l) VAN /\ P(SZ) AN /\ _'Z(Si) A /\ (Si 7é Sj) /\I(Sl) AN _‘P(Sk+1)
1=1 =1 1=2 1<4,j<k;i#j

i=k i=k
1S2(k) = /\T(si,siﬂ)/\ /\P(si)/\ N (si #55) A=P(s11)

1<i,j<kii#j

We show now that if there exists a sequence of states s1, So, . .., Sgy1 satisfying I51(k)
(resp. 152(k)), there exists a sequence of bounded states s/, s, ..., s, satisfying IS1(k)
(resp. 152(k)). We note that since in InductionSolve, we proceed inductively i.e. check-
ing IS1(k) and 1S2(k) starting with £ = 0 and increasing its value, while considering
k > 1, we have already established that Z(s) — P(s) (and hence =P(s) — —Z(s)) for any
state s.

Consider a sequence of states sy, S, ..., Sky1 satisfying I51(k).

Since —P(sg41) is true, sg1 = —@p. Let the universe of sx; be A. By assumption about
—p, there exists a subset A, C A such that |A;, ;| < fp({—¢p)) satisfying the proper-
ties mentioned. Let Agyq = A; ;.

Now consider sj, and sg;1. Since 7 (s, Sg11) is true, there exists a o4y —structure My, such
that My|,, defines s, My|y defines spy1 and My, = Tye. (Thus My, si, sp41 have the same
universe, namely A.) Then by assumption, since Ty € EBSx(0)(X = 055,0 = 05, U 0y),
there exists A; C A such that |A}| < Br and which satisfies the conditions of the EBS
property.

Since P(sy) is true, s, = ¢p and hence by assumption, there is a subset AZ C A such that
|A2| < fp({pp)) and which satisfies the properties of Zp.
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Further since —Z(sg) is true, sy = ¢y and hence by assumption, there is a subset A% CA
such that |A3| < f1({(=¢;)) and which satisfies the properties of Z;.
Construct

A= AL UATU A U Ay

Note that

1. Ap1 €A, CA

2. [Ak| < AL+ [AR] + |AR] + [Aga|
< Br+ fr((ep)) + fi((=¢r) + [Aps]

Now consider s;_; and sg. Since 7 (sg_1, k) is true, there exists a ozy—structure My
such that Mj_i|,, defines sp_1, Mj_1|o; defines s, and My |= Toe. (Thus My_1, sp—1, Sk
have the same universe, namely A.) Then by assumptions, since Tsy € EBSy(0)(X =
0ss,0 = 05 U0y, there exists Aj ; C A such that |A}_,| < By satisfying the conditions of
the EBS property.

Since P(sy_1) is true, s;_1 | @p and hence by assumption, there is a subset A7 ; C A
such that |A% || < fp({pp)) and which satisfies the properties of Zp.

Further since —Z(sy_1) is true, sx_; | —p; and hence by assumption, there is a subset
AP | C A such that |A? | < f1({(—=¢r)) and which satisfies the properties of Z;.
Construct

A=A JUA? JUA [ UA,
Note that

1. A, C A1 CA

2. [Apa] < | Aj |+ AR |+ AR ] + [Ag]
< Br+ fr((ep)) + [1((=¢r) + [Ax]

We continue this way back to s;. At s;, we construct A} as we constructed any A}.
Now since Z(s1) is true, s; = ¢; and hence by assumption, there is a subset A7 C A such
that |A2| < fr({¢r)) and which satisfies the properties of Z;.

Then construct
A =AU AU A,

Note that

1. Ay, C A CA

2. [Ay] < A+ |AZ] + |As
< Br + fi({¢1) + | A2

(Note that since, we have already established that Z(s) — P(s), we do not consider
the fp({pp)) term for |A;|. By the same reason, we do not consider thef;({—yy)) term for
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| Aka] )
Thus we have a sequence of A;s satisfying the following recurrence relations

1. Ai=AlUAZUABUA, 1<i<k
A = AlU AU A,

2. A1 CACA 1<i<k

3. 1Al < Br+ fe({er) + fil{=er) + [Ai] 2<i<k
[ A1l < fr({—ep)
Al < Br+ fil{en)

Consider s; and s;(1 <4,j < k+1,7+# j). s; and s; have the same universe, namely
A. Now since s; # s;, there exists A;; C A such that the substructure s} of s; generated
by Ajj is not equal to the substructure s} of s; generated by Ajj, i.e. s} # s].
Consider A}; such that

Since og consists of only unary and binary predicates, we can see that
A5 <2 1<ij<k+1i#]

Construct
A=au |J 4
1<i,j<k+1,i#j
Size Calculation for A’
Solving the recurrence relation

|Ai| < Br + fe({ep) + f1({(mer) + [Aia| 2<i <k
|Apy1] = fr((=pp))

we get
|Ai| < (B +1—=1d)(Br + fr({wp)) + f1({—¢1)) + fr({=ep))
Then
A"l < AL] + Bicijckrnizg] Ajl
< Br+ fi({ern) + [As| + Zi<i j<irizg2
< kBr+(k—=1).(fe({¢pr)) + f1((=¢1))) +

fi(len) + fe((mpp)) +2.571Cy
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Thus A’ is of bounded size.

Now for each i,1 < i < k + 1, consider M; (seen earlier) such that M; = Tsy and M;|,,
defines s; and M|, defines s;11. M, has universe A. Consider A}. Since A} C A’ C A,
from the assumptions about the GTS, there exists a o,y —structure M} such that

osUo s - Mz

osUo g

2. le ): TSS/

Consider s/ and s}, such that M}

!/ 1 /
o, defines s; and M}|,, defines s} ;.
: 1 ool :
1. Since M} = Tyy, T (s}, 5;,,) is true.

2. Since M}

osUo - Mz

1
osUo g Mz

oy © M;lo,. Thus s C s;. Similarly s, ; C s;41.

3. For2 <i < k,P(s;) is true, hence s; = pp. Further A2 C A; C A’ C A and s/ (having
universe A’) is a substructure of s; (having universe A). Then from assumptions about
©vp, si E pp. Hence P(s)) is true.

4. For 2 < i < k,—Z(s;) is true, hence s; = —p;. Further A2 C A; C A C A
and s, (having universe A’) is a substructure of s; (having universe A). Then from
assumptions about -y, s, = . Hence —Z(s}) is true.

5. Consider i = k + 1. Since —=P(sy41) is true, sg1 | —@p. Further Ay,; C A C A’ C
A and s), (having universe A’) is a substructure of s; (having universe A). Then
from assumptions about —pp, s; ., = ~¢p. Hence =P(s;,,) is true.

6. Consider ¢ = 1. Since Z(s;) is true, s; = ;. Further A3 C A; C A’ C A and
sy (having universe A’) is a substructure of s; (having universe A). Then from
assumptions about ¢y, s| = ¢;. Hence Z(s)) is true.

Since we already established that Z(s) — P(s), we have

1. Z(s}) — P(s}) and hence P(s}) is true.

2. =P(s},1) — "L(s},,) and hence ~I(sj_,) is true.
Finally for 1 <i,5 < k+ 1,7 # j, Aj; is such that the substructure s} of s; generated
by Aj; and the substructure s} of s; generated by Aj; are such that sy # s7. Now since

* /! * / * / : * * / !/
A, CA'C A, st C s and s} C ). Since s; # s}, we have s; # s/

Thus we have shown that if there is a sequence of states s, so, .. ., sx41 satisfying 1.S1(k),
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there exists a sequence of states si,s5,...,s),,, satisfying IS1(k) such that each sj is
bounded. Each s; has universe A’ which is bounded by B given by

B = k.Br+ (k= 1).(fr({¢r)) + fi((=en)) + fr({en) + fe((mpp)) + 2.71Cy

It can be shown that the 2.5¥1C, term can be replaced by a 2.(k — 1) term so that the
bound is given by

B =FkBr+ (k—1).(fr({¢p)) + fr({=er) +2) + f1({en) + fe({(—~¢p))

In a very similar fashion, we can show that if there is a sequence of states sy, so, ..., Sky1
satisfying 152(k), there exists a sequence of states si,s),..., s}, satisfying 1.92(k) such
that each s is bounded. Each s} has universe A’ which is bounded by B given by

B < k(Br+fe({pp))) + fr((~ep))

Thus for IS1(k) (resp. IS2(k)), if we can find s7,s5,...,s),; having universes of
size bounded (by the bound we calculated above) satisfying 151(k) (resp. I152(k)), then
we have found a sequence of states satisfying IS1(k) (resp. IS2(k)). If however, we
cannot find s, s5, ..., s}, having universes of size bounded (by the bound we calculated
above) satisfying 1S1(k) (resp. 152(k)), then there cannot exist a sequence of states
S1,82,...,Sk+1 satisfying I.S1(k) (resp. 152(k)), since if so, we should have been able to
find s/, s5, ..., s,,, having universes of bounded size satisfying /S1(k) (resp. 152(k)).

10.3 Decision Procedure For InductionSolve

Using the results of the previous section, we can now construct a decision procedure for
checking the validity of the formulae appearing in InductionSolve. We denote the for-
mulae of InductionSolve by [SF1(k) and ISF2(k) where ISF1(k) = —I1S1(k) and
ISF2(k) = —~1S52(k).

The procedure takes in as input the sentences Ty, @p and ¢;, k (value of iterator in
InductionSolve) and J (J = 1,2 which indicates which formula to decide i.e. ISF1 or

ISF2) as input. It is assumed that Br and the functions f; and fp are known. The
procedure then performs the following operations:

1. Formula Generation

(a) For each i,1 < i < k, it produces the sentence T, as follows:

»Si41

i. It replaces each occurence of the predicates N, and Ny with N, and N, ,.
It does likewise for predicates F,, Eu, Ty ,, T} (1 < j < N,), Th,
Té,s’(l SJ S NG)'
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ii. For each operation O = (Q, p) € A (where the GTS is S = (A, k)), for each
¢ € QQ, it replaces each occcurence of

A, X§ with X5, \, € ky
B. Y with YE, . € kg
C. X9 with X0, A, € kn
D. YO with Y9, | pe € kg
(b) Foreachi,1 <i < k+1, it produces the sentence ¢ p,, from pp by replacing each
occurence of the predicate N with Ny, E with Ey,, T}, with T%, (1 < j <N,),
and T}, with Tiﬂ,s (1<j<N).

A

(c) For each i,1 <i <k + 1, it produces the sentence ¢y, from ¢; as in (2).
(d) For 1 <i,j < k+1,i+# j, it produces the sentence

Ve, — o[ ¥ (M@ N@n  AZTE @) < Th @)
o VZE, Y (Esi (I, y> - Esj (I, y>/\ /\k;l ’ Tg,si (I, y) A Tg,sy’ (:L’, y) )

(e) e If J =1, it produces the sentence
151, =

i=k+1

i=k i=k
/\ 7;1'75i+1 A /\ PPs; A /\ I, A /\ NeQSi,Sj A PI,s1 A PP sgp1
i=1 i=1 i=2 1<i j<k+1;i#£j

e Else if J = 2, it produces the sentence

i=k i=k
152, = /\ ,];i75i+1 A /\ ©p,s; N\ /\ Neqsmsj A TPP,sp 11
=1 =1

1<, j<k+15i]

2. Removal of equality.
It then removes equality ( = ) between variables as follows:

Let o be the set of all predicates appearing in I5J;. Let P be a k—ary predicate in
0. Then z = y is replaced with

P(x7zla'227"'7zkfl) — P(ywzlaz%"wzkfl)/\
P(bea 227"'72’/]671) — P(Zby?ZQa"wzkfl)/\
/\ V1,20, 005 261
Peco !
P(z1,29,...,26-1,2) < P(z1,29,...,26-1,9)

Let ISJ} be the resulting formula after removal of equalities.
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. Removal of negations preceding quantifiers.

It removes negations just preceding quantifiers using the rules -4 = V- and =V = 3-
to produce 1SJ7.

. Bound computation.

It then computes the bound B for 1.SJ (k) using the expression derived earlier. Since
Br is known and since fp, and fr are recursive functions, it computes B by using the
procedures for these. It then constructs the set A = {ay,aq,...,a5}.

. Elimination of quantifiers.

It eliminates quantifiers.

e Each occurence of 3z is replaced with \/,_,.

e Each occurence of Vz is replaced with A, ,.

Let the resulting formula be 1S.J}.
Note that after this step there are no quantifiers or variables in 1SJ}.

. Propositionalization.

It propositionalises I.5.J} to produce I.SJ}.
For each P € o, P, k—ary, it replaces P(a;,, ai,,...,a;)(1 <i; <B,1 < j < k) with

the propositional variable Py, o, ... .a;, -

. Invoking a propositional SAT solver.

The formula ISJ}! is a propositional logic formula and is fed to a propositional SAT
solver which decides the satisfiability of the formula.

. Output.

If the SAT solver returns True, it means I.SJ;} and hence 1SJ, is satisfiable. Then
ISFJ(k) is not valid and hence the procedure outputs False. The satisfying assign-
ment produced by the SAT solver gives the counterexample for ISFJ (k).

If the SAT solver returns False, it means 1.5/} and hence 15.J;, is unsatisfiable. Then
ISFJ(k) is valid and hence the procedure outputs True.

The entire flow is shown in the figure below.
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10.4 Checking the Library System

We have already shown in chapter 9 that the library system can be expressed as a GTS
which is of the kind mentioned in the previous chapter. We now look at the safety property
and the initial state conditions.

The library system starts from the empty graph. Thus Z is expressed by the formula ¢;
which is given as

¢r = Va=N(z) AVr,y,~E(r,y)
= Vz,y(=N(z) A =E(z,y))

Thus ¢; is a V* formula. Thus ¢; belongs to the example Z} which we had considered in
10.1.

The safety property P we wanted to check was the C-7-B-S pattern. This pattern is
present in a state if there is a Claim instance connected to a Title instance which is con-
nected to a Book instance which in turn is connected to a Shelf instance. If this pattern
is present it means that a claim for a title is kept pending even when there is a book for
the title on shelf which is clearly an undesirable situation. We can express this as a safety
property by the formula ¢p which is given as

pp =

~3e, t,b, 5 (C(e) AT(t) ABDB) AS(s) AN(c) AN(E) AND) AN(s) A E(e,t) A E(b,t) A E(b, s))
Ve, t,b, s (C(c) AT(t) AB(b) AS(s) A N(c) AN(E) AND)AN(s)AE(e, t) A E(b,t) AE(b,s))

Thus @p is also a V* formula. Thus pp also belongs to the example Z} which we had
considered in 10.1.

We just proved that for the kind of GTSes, safety properties and initial state conditions
mentioned in 10.1, we can decide the formulae 7S1(k) and 152(k). The library system,
the C-T-B-S§ safety property and the initial graph of the library system - are all of the kind
mentioned in 10.1. Thus we can decide the formulae 1.S1(k) and 152(k) for the library

system.

For the C-T-B-S safety property, fp({¢p)) = 0 and fp({—pp)) = 4. For the initial
state, f1({(¢r)) = 0 and fr((—¢r)) = 2. For the library system, Br = 8. The bounds for
k > 1 for the system were - (a) IS1(k) : B =12k —1 (b) I52(k) : B = 8k + 3. Though in
general we cannot put bounds on the iterator k of InductionSolve, it turns out that for
k = 1 itself, InductionSolve terminates for the library system returning True, meaning
that the library system does satisfy the C-7-B-S§ safety property.
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Chapter 11

Some studies on the EBS property

11.1 A Syntactic Subclass of £BS

(Note: There is a modification to the definition of the QPS property and a slight mod-
ification to Example 1, and the statements of Lemmas 4 and 5 as given in the paper
(submission no: 139) submitted to FSTTCS ’'07. These should be as given below.)

Without loss of generality, consider a formula ¢(x) in prenex normal form with all
variables named uniquely. Let V' (¢(x)) be the set of free variables and variables that are
existentially quantified before (to the left of) all universally quantified variables in the
prefix structure of p(x). Let AV (p(x)) be the set of all ¥ quantified variables of ¢(x) and
EV (p(x)) be the set of all 3 quantified variables of p(x) not in V(¢(x)). Further, we index
the quantified variables in the prefix in increasing order from left to right.

Definition 11.1 (QPS property) The formula ¢(x) is said to satisfy the Quantifier
based Predicate Separable property with respect to o C ¥ (denoted as p(x) € QPSx(0))
if Sig(¢) = X and the following conditions hold:

1. Every predicate P € % of arity k > 1 satisfies the following:

e If P € o, then every argument of every instance of P is in V(p(x)) UAV (p(x)).

o [f P € X\ o, then for each i in 1 through k, either (a) the i'™ argument of every
instance of P in o is in V(o(z)) U AV (¢()), or (b) the i'™" argument of every
instance of P in ¢ is in V(p(x)) U EV(p(x)). Further, for each instance of
P, either (a) all its arguments are from V (p(x)) U AV (¢(x)) or (b) its highest
indexed argument is from EV (p(x)).

2. For any 2 instances of P € X\ o of arity > 1 having non-indentical argument lists,
either (a) all arguments of each instance are from V(p(x)) U AV (p(x)) or (b) there
exists a variable from EV (¢(x)) which appears as the i argument of one instance
but not as the i*" argument of the other.

83
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Example 1:
In the formula ¢(u) as given in the paper, the =Q(z) should actually be =Q(x). The rest
of the formula remains unchanged.

Lemma 4:

Let ¢(x) be a formula in prenex normal form having the 3*V*3* quantifier prefix, in
which every predicate of arity > 1 in ¥ = Sig(p) appears exactly once. Then there exists
o C ¥ such that ¢(x) € QPSy(0).

Proof: Follows from definition.
Lemma 5:

Let ¢(x) be a formula in QP Sx(c) in prenex normal form. Let k be the total number
of instances of all predicates of arity > 1 in ¢(x) and k¢ be the total number of nullary
predicate instances in ¢(x). Let r = |[EV(¢(x))|. Then p(x) satisfies all conditions in
EBS Definition with B = kg + |x| + r.3".

Proof:

Consider a X —structure M such that M |= ¢(by) and such that |A| > B = ko+|x|+7r.3F.
Let by be the witnesses to the leftmost 4 quantified variables of ¢. Consider any subset
Ay of A such that by € A'lx‘,bg € A'lbﬂ and such that in addition to these elements
(i.e. different from these) A; has r.3* distinct elements of A. Then |A;| < B. Let the r.3%
elements be denoted as a1, - - -, G(1,3%), A2,1)5 - - - A2,3%)5 - - -, A(r,1)5 - - - » A(p 38y . Consider any
Ay such that A; C A, C A.

Let ¢(x) be of the form
o(x) = JyVzoIv1Vz1F0eVzs . .. F0, V2,0 (X, Y, 20, V1, Z1, - - -, Ur, Zy)

where the matrix v is quantifier-free. We now show how to choose vy, ..., v, and how to
define the predicates of ¥\ o so that we can get the desired Y-structure M, satisfying the
EBS conditions. Choose x = by and y = b,. Recall that A, C A.

We move from left to right in the quantifier prefix of ¢ and observe the truth values in M
of the predicate instances of 1 as we substitute values from A, for the V quantified variables
and values from A for the 3 quantified variables. Firstly we substitute the values for the
variables of V(p(x)), namely b; for x and by for y. Next we substitute values for zy from
As. For each value dg € A‘;O‘ of zg, there is a certain value say e; of v; (e; € A) which is
used to make p(by) true in M. Upon substitution of e; for vy in 1, each predicate instance
when interpreted in M with the (possibly incompletely specified) values of its arguments
as they appear in ¢ (b, bs, dy, €1,21,...,0,,2,.), can be in one of 3 ‘states: (a) True (b)
False (c) Undetermined at that stage (because the values of the subsequent variables in
the prefix sequence of ¢ have yet not been specified.) Since each predicate instance is
in one of these 3 states, the states of all predicate instances taken together determines a
‘configuration’ of states. Since there are k predicate instances, there are 3¥ configurations.
Number the 3% configurations from 1 to 3*. Then upon substitution of value e; for v;, let
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71 be the configuration of the states of all predicates instances, when interpreted in M, for
the values of their arguments as they appear in ¢(by, be,do, €1, 21, ..., v, 2,). Then from
Ay, we choose the value a( j,) to substitute for v;. Further we define the interpretations in
M of the predicates of ¥ such that the states of the predicate instances, when interpreted
in M, for the values of their arguments as they appear in ¢(by, by, do, a1,5,), 21, - - -, Up, Zr),
produce the same configuration, namely j7;. In particular, each predicate instance, when
interpreted in My, with the (possibly incompletely specified) values of its arguments as they
appear in ¥ (b, by, do, a1 5,), 21, - - -, Ur, Z,), has the same state as it has when interpreted
in M with the (possibly incompletely specified) values of its arguments as they appear in
¢(b1, bg, d(), €1,Z1,...,0U, Zr).

Next we substitute values for z; from A,. For each value d; € A|2Z1| of z;, there is
a certain value say es of vg (e2 € A) which is used to make (b;) true in M. Upon
substitution of value ey for wvs, let jo be the configuration of the states of all predicates
instances, when interpreted in M, for the values of their arguments as they appear in
(b1, by, do, €1,d1, 2,22, ...,v,,2,). Then from Ay, we choose the value a(s;,) to substi-
tute for vy. Further we define the interpretations in M, of the predicates of X such that
the states of the predicate instances, when interpreted in Ms, for the values of their ar-
guments as they appear in ¢(by, by, do, a1 j,), d1, a2,j,), 22, - - -, Ur, Z,), produce the same
configuration, namely 7;. In particular, each predicate instance, when interpreted in Mo,
with the (possibly incompletely specified) values of its arguments as they appear in
(b1, ba, do, a1 51y, d1, a2,45), 22, - - -, Ur, Z,) has the same state as it has when interpreted
in M with the (possibly incompletely specified) values of its arguments as they appear in
¢(b1, bg, d(), €1, dl, €2,Z9, ...,V Zr)

We proceed this way till eventually for each dy € A|2Z°|, ...,d, € A'QZ’”‘, we would have
determined the values a;;, for v;(1 < ¢ < r) and would have defined the state of each
predicate instance, when interpreted in Ms, for the values of its arguments as they appear
in ¥ (b, by, do, a1 51y, d1, a@2,4s) - - - A(rj,), dr). In particular, since in
1 (by, bs, do, a1y A, a@2e)s - - A d,) all predicate instances have values for all argu-
ments specified, we would have defined the truth values in M5 of each predicate instance, for
the values of its arguments as they appear in (b1, ba, do, aq j,), di1, a250), - - - » (rj,), dr).-
Note that if for a predicate instance, all arguments are from V' (p(x)) U AV (¢(x)), then its
interpretation in M, is exactly the same as in M restricted to As.

A conflict is said to occur for a predicate P if for some set of values of its arguments,
it has been defined to be both True and False. The question that now arises is: Does
the interpretation of the predicates in M,, the way we have constructed above, contain a
conflict for any predicate?

Now a conflict can occur in two ways:

1. Internal: Given values dg,dy,...,d,, there are 2 different instances I; and Iy of the
same predicate which have the same set of values for their arguments in
(b1, by, do, a5y, di, @240 - - - A(rj,), dr) but (w.lo.g) evaluate to True and False



86 CHAPTER 11. SOME STUDIES ON THE EBS PROPERTY

respectively, when interpreted in M.

2. External: Given values dg;,dy1,...,d,1 and dgg,dyo, . ..,d,2 (and hence the corre-
sponding values a(i1,j,,) - - - Q(r1,5,,) and a2 ) - - - A(r2,,0) to the variables vy, ... V),
there are 2 instances I; and I, of the same predicate such that I; has the same set
of values for its arguments in ¢(by, by, do1, aq1,5,,), di1, @21,j01)s - - - 5 Cr1,j,1), dr1) a8 Lo
has for its arguments in
(b1, by, doz, a12,515) 125 422,500 - - - » A(r2,5,2), dr2) but (w.l.o.g) evaluate to True and
False respectively when interpreted in M,.

We now show that both of the above do not occur.

Consider 1. Suppose there are 2 different instances I; and I, of a predicate P which have
the same set of values to their arguments in w<b1,bg,do,a(l,jl),dl,a(g,h), . ,a(m-r),dr)
but the former is True and latter False when interpreted in Ms. Since ¢ € QPSx (o), if
P € o, then since all its arguments in V' (¢(x)) U AV (p(x)), as seen earlier, it is interpreted
in M, exactly as in M restricted to As. Then this conflict must have been present in M
also, which is not the case. If P € ¥\ o, then since ¢ € QPSy(0), we have the following
cases:

1. All arguments of both I; and I, are from V(¢(x)) U AV (p(x)). Then as seen earlier,
their interpretations in M, are exactly as in M restricted to A,. Then this conflict
must have been present in M too, which is not the case.

2. I, and I, have different argument lists. Then there is a variable v, from EV (¢(x))
which appears as the i argument of I; but not as the i"® argument of I,. Now the
it" argument of I is a variable v € V(p(x)) U EV (p(x)). Then the value substituted
for v is as,, and for v is either some b value or some a;,, (t # s). Either of the latter
2 values of v are different from a,,. Clearly I; and /5 then do not have the same set
of values to their arguments in which is a contradiction.

3. I and I5 have the same argument lists. Since I; and I5, for the values to their argu-
ments in (b, by, do, aq ), d1, a@js), - - -5 a@y,), dr) were True and False when in-
terpreted in Ms, they were were True and False respectively when interpreted in M,
for the values of their arguments in ¢ (by, by, dg, €1,dy, €, ..., €,,d,.). (the interpreta-
tions in My of I and I5 were defined this way.) But since I; and I, have the same argu-
ment lists, they had the same values to their variables in ¢ (by, by, dg, €1, dy, €2, . .., €,,d;.).
This means there is a conflict in M.

Thus there are no internal conflicts.

Consider 2. Suppose there are 2 instances I; and I, of P such that [; in

1 = (b1, ba, dor, aqi i) dit, @21,ja1)s - - - 5 A(r,jry)> A1) has the same set of values to its
arguments as [ in

2 = (b1, ba, do2, A(12,515) 12, A(22,jos)s - - - » Ar2,5,0), dr2) but these evaluate to different
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truth values when interpreted over M,. Clearly if all the arguments of both instances
were in V(p(x)) U AV (¢(x)), then as shown above, M would contain conflicts. (Hence P
cannot be in 0.) Hence consider the case when atleast one argument of atleast one of Iy
or Iy is in EV (p(x)).

Let the instances of P in ¥ be numbered from 1 to g from left to right. Let I; be the m!®
and I be the n'" instance respectively.

Suppose m = n. Then I; and I have the same arguments (and not just the same set of
values to their arguments). Consider the largest index j such that v; € EV(p(x)) is an
argument of I; (and hence of I5). Since p € QPS,(X), v; is the highest indexed variable
of I; and I,. Now let the common value of v; in ¢; and ¢2 be a;,. Then while we were
constructing the interpretations in M; of all the predicates by moving left to right in the
quantifier prefix sequence of ¢, as soon as the value for v; is substituted, the values for
all the arguments of I; (and I5) would have been specified (since v; is the highest indexed
variable of I; and I). Then in constructing ¢; and ¢,, the configuration of the states of
all predicate instances upon substitution of a;, for v; is u. Since u is a configuration, it
defines exactly one state for all predicate instances and in particular for the m*™ instance,
it defines exactly one truth value. Then, both /; and I must have the same truth value
for the values of their arguments in ¢; and ¢, when interpreted in M,. But this is a
contradiction.

Suppose m # n. Then since ¢ € QPS_(X) we have the following cases:

1. There is a v; € EV (p(x)) which (w.l.o.g) appears as the i argument of I; while the
it argument v of Iy is in V(p(x)) U EV (¢(x)). Then the value substituted for v; is
a;j, and for v is either some b value or some a,,(t # j). Either of the latter 2 values
of v are different from a;,. Clearly I; and I, then do not have the same set of values
to their arguments - a contradiction.

2. I, and I, have the same argument lists. Then consider the instance I, appearing in
¢o. Since I and I, have the same argument lists, they have the same values to their
arguments in ¢o. But I; in ¢; and I (in ¢5) have the same values to their arguments.
So I in ¢1 and I; in ¢y have the same argument lists. Now suppose (w.l.o.g) I; in
¢y is True while I5 in ¢, is False when interpreted in M5. Then since there are
no internal conflicts, I in ¢5 is also False when interpreted in M. Thus [; in ¢
conflicts with I; in ¢ - which, as shown above, is not possible.

Thus there are no external conflicts as well.

Thus the interpretations of the predicates of ¥\ o in M, are conflict-free. Note that since
the o predicates have only arguments of kind (A) described above, they are defined in M,
exactly as they are defined in M restricted to A, (and hence are also conflict-free). Thus
if My is the sub-structure of M generated by As, then M|, = Ms|,.

Now note that by our construction, all the predicate instances, when interpreted in M,
for the values of their arguments in (b1, by, do, aq j,), d1, a2,js)s - - - a@rj,), dr) have the
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same states (i.e. truth values) as they have when interpreted in M, for the values of their
arguments in ¢ (by, by, dg, e1,dy, €, ..., €,,d,). Since M = ¢(by), the latter evaluates to
True and hence the former also evaluates to True. In other words, My = ¢(by).

From the preceding two paragraphs, ¢(x) € EBSx(0).

Closure Properties of QPS

The closure properties of QPS are the same as given in the paper. Only their proofs
are slightly modified due to the modified definition of the QPS property.
Let ¢;(x;) € QPS. Then ¢;(x;) € QPSy (0;) for some o; € X; where ¥; = Sig(y;). Let
C=(E1NXy=01No0y). Let ¥ =%, U35 and 0 = 07 U 0.

1. Closure under & (& = A, V)
Let o(x) = ¢1(x1) @ pa(X2). Firstly assume that there are no primed variables in
either ¢; or wy. Then rename each quantified variable v of 5 to v'. Let this new
formula be ¢} (x2). Now bring ¢ in prenex normal form with the leftmost 3 quantified
variables of ¢ being the leftmost 3 quantified variables of ¢; and 5.

Then V(p(x)) = V(p1(x1)) U V(ps(x2)), AV(p(x)) = AV(1(x1)) U AV (95(x2)),
EV(p(x)) = EV(p1(x1)) U EV (g3(x2)).

Consider P € o of arity > 1. Then we have the following cases:

(a) P € o1 Noy. Then, an instance of P in ¢ is either an instance of P in ¢
or ¢y, In the former case, all its arguments are in V(p1(x;1)) U AV (¢1(x1))
and hence in V(p(x)) U AV (p(x)). In the latter case, all its arguments are in
V(h(x2)) U AV (ph(x2)) and hence in V(p(x)) U AV (p(x)).

(b) P € o1\ 09 or P € 03\ 01. Now since C holds, (o7 \ 02) N Xy = 0 and
(09 \ 01)NE; = 0. Then for P € 0y \ 03, every instance of P in ¢ is an instance
of P in ;. Then all its arguments are in V(¢1(x1)) U AV (p1(x1)) and hence
in V(p(x)) UAV(p(x)). Similarly, for P € o9 \ oy, for any instance of P, all its
arguments are in V(p(x)) U AV (¢(x)).

Consider now P € ¥\ 0. Again since C holds, (X;\ o) C (3;\%;), 4,j € {1,2},i # j.
Then consider P € ¥\ 0. Then P € ¥\ 0 or P € ¥ \ 0. Then either (a) P ¢ ¥,
and P € ¥ \ 07 and hence every instance of P appears only in ¢, or (b) P ¢ ¥; and
P € 3, \ 02 and hence every instance of P appears only in ¢s.

In either case, it is easy to see that the QPS conditions are satisfied by P.
Thus ¢(x) € QPSy(0) C QPS.

2. =— Non-closure
QPS is also not closed under negation. Consider ¢ = FxVy(P(z,z) A P(y,y)).
Clearly ¢ € QPS. But in —¢ = VaIy—(P(z,x) A P(y,y)), the exists quantified y
as the 1" argument of P(y,y) comes after the V quantified = in the 1% argument of
P(z,x) in the prefix structure of —=p.Hence - ¢ QPS.



11.2. £€BS AND SEMI-LINEAR SETS 39

3. 3— closure.
Under 3 quantification, we note that the sets V(-), AV(-) and EV(:) remain un-
changed and the highest indexed argument of any predicate instance continues to
remain its highest indexed argument. Hence QPS is closed under 3 quantification.

4. V— Non-closure
Consider the formula ¢(z) = Jy(P(y) vV P(r)). Clearly ¢ € QPSpy (). But
Vrp(z) ¢ QPSy (o) for any o C 3.

Consider the sub-class of QPS in which each formula ¢(x) is such that if for the
variable z being V quantified, z occurs as the i argument of a predicate P, then
the " argument in each instance of P is in V(p(x)) U AV (p(x)). Then under V
quantification of z, V(p(x)) U AV (p(x)) remains unchanged and the i*" argument of
each instance of P continues to be in V(p(x)) U AV (p(x)). Its easy to check that
the V— quantified formula is in QPS. (More precisely, if ¢(z,x) € QPSy(0), then
Vzp(z,x) € QPSy(0).) Hence this sub-class is closed under V.

11.2 EBS and semi-linear sets

We first introduce some notation. Let V be the set of all vocabularies. Let EBS =
Usev Uscs EBSs(0). We look now at the relation between £BS and semi-linear sets.
Before that, we need the following result.

Claim 6:

A sentence ¢ € EBS iff either ¢ is unsatisfiable or there exists B’ such that ¢ has a
model of every cardinality ranging from B’ to the cardinality of the ¢’s largest model.

Proof:

A formula ¢y € EBSx(0) iff ¥ = Sig(¢) and there exists B such that for every
Y —structure M having universe A with |A| > B satisfying M |= 1, there exists 4; C A
such that

1. [A|<B

2. For all Ay, Ay C Ay C A, there exists a o—structure M, with universe A, U C' such
that M, = 1. (where C' = {cM|c constant ,c € o} is the set of interpretations in M
of the constants of ).

Assume that ¢ € EBS. Then ¢ € EBSx(0) where ¥ = Sig(¢). Then either ¢ is
unsatisfiable or there is a B such that for the largest model M of ¢, the size of its universe
Ais > B and there is A; C A satisfying the properties as memtioned above. Then take
B’ = B+ |C|. Then for every As such that A; UC C Ay C A, there exista a ¥— structure
M, with universe A, satisfying Ms = ¢. Then the ‘only-if’ part of the Lemma holds.
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We now prove the ‘if’ part. Assume that the ‘if’ part is true for a formula ¢. Let
Y = Sig(p) and consider a X—structure M having universe A with |A| > B where
B = B' + |C| such that M | ¢. Consider any subset A; of A such that |4, = B.
Consider A, such that A; € Ay € A. Now since C C A, we have A; C A, UC C A.
Then B < |Ay U C| < size of ¢’s largest model. Then by the ‘if” part, there is a model
M} of ¢ of cardinality |Ay U C|. Then consider the model M, with universe A; U C and
isomorphic to M. Since boolean queries are closed under isomorphism [LLI8|, M, = ¢.
Thus ¢ € EBSy () and hence ¢ € EBS.

We now look at the relation between £BS and semi-linear sets.

By Claim 6, if ¢ € EBS, either ¢ is unsatisfiable or there is a B’ such that ¢ has
models of all cardinalities ranging from B’ to the cardinality of ¢’s largest model. The
spectrum of a formula ¢ is defined as the set of the cardinalities of all its models. Let S,
be the spectrum of ¢ restricted to countable cardinalities. Then for ¢ € EBS, S, is of the
form

1. S, = {Bo1, Boz, - .., Bon} if ¢ has no infinite model. Here By; < By(iy1)-

2. S, = {Bo1,Boz, ..., Bon} U{B',B"+ 1,8 +2,...,} if ¢ has an infinite model. Here
Boi < Bo(i+1), Bon < B'.

A linear set produced by the pair (p,q),p, q € N is defined as {p + iq|i € X}. A semi-linear
set is a finite union of linear sets. Then we see that S, is a finite union of linear sets
produced by the pairs (a) (By;,0), 1 <i <n for (1) and (b) (By;,0), 1 <i<nand (B,1)
for (2). Thus for ¢ € EBS, S, is a semilinear set.

What can we say about the converse? That is, given a semi-linear set S, is there p € EBS
such that S, = 57 Clearly, if it is, then as seen above it is a semi-linear set with ¢ being 0
or 1. But ¢, for a general semi-linear set is not restricted to be 0 or 1. So for the converse
to also be true, we must consider a class larger than £BS. We then relax the definition of
the EBS property as below:

A formula ¢(x) is said to satisfy the Extensible Bounded Submodel property with
respect to o C ¥ (denoted as p(x) € EBSx(0)) if Sig(¢) = X and there exists a cardinal
B (dependent on ¢ and o in general) such that for every Y—structure M having universe
A with |A] > B and for every a € A if M |= ¢(a) then there exists A; C A such that

1. ae AX
2. A < B

3. There exists a recursive function f, : & — S, with the property that f,(z) is the
smallest number in S, greater than x. Then
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(a) for all Ay such that A; € Ay € A and |Ay| < X there exists A such that
Ay C A, C A, A, UC] = fu(|As]) (C is the set of interpretations of the
constants of ¥J) and if M is the substructure of M generated by A}, then there
exists a Y—structure My such that M|, = M|, and M; | ¢(a).

(b) for all Ay such that A; € As C A and cardinality of A, is infinite, if M) is the
substructure of M generated by As, then there exists a X—structure Msy such
that M|, = M|, and My = p(a).

Note the following:

e By the above definition, f, is a monotone function.

e The size of S, must be infinite. Suppose it was finite, it would have a largest element
say t. Then f,(t) will not be defined.

o If the largest model of ¢ has finite size, then there cannot exist any f, satisfying
the above conditions. Suppose it existed. Let A be the universe of the model. Then
choosing A; = A, there must exist A, C A such that A, U C| = f,(|A]) > | 4] and
satisfying the conditions of 3a. But since A, UC' C A, we have a contradiction.

Now, since the motivation behind this relaxation is to achieve the equivalence that a
sentence ¢ € EBS iff S, is semi-linear, we might have to impose some additional constraints
on f,. We now investigate what these additional constraints are.

We firstly have the following.

Claim 7:
If a sentence ¢ € EBS, then

1. ¢ is unsatisfiable or the largest model of ¢ is of finite size or

2. For some n Z 07 SS@ = {801,802,. . .,Bon} U { ;Z)(B”Z 2 ].}

Proof:
(1) is easy to see. For (2), since ¢ € EBS, ¢ € EBSx(0). Then clearly there exist models
of sizes fg) (B),i > 1. Further by the property that f,(z) is the smallest number in S,

greater than z, we see that there are no models of sizes in between fg)(B) and fg(fJ’l)(B)
for all 7 > 1.

We recall that the modified definition of the EBS property was to achieve the equiv-
alence that a formula ¢ € EBS iff S, is semi-linear. Then we need to know what are
functions f,, such that S, is semi-linear.

A property of semi-linear sets
We state the following without proof.
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Claim 8:

Consider a set S C N. Consider the sequence s of elements of .S ordered by <. Then consider
the ‘difference’ sequence d of S which is formed by taking the difference of consecutive
elements of s. (Eg. if s ={1,3,7,14,...},d=2,4,7,...).

Then S is semi-linear iff d is of the form

*
a1, G2, a3, . . . a&n(blab% R bm)

(* means repetition infinite number of times)

Then if S, is semi-linear we have the following:

1. Either it is finite or
2. For some ng > 0,

Thus for i > nyg, the difference D(i) = fg)(B) - fgil)(B) is a periodic function.

(Note that if S, was semi-linear with the generating pairs of the form (p,0) and atleast
one pair (p,1), then the difference sequence of D is of the form ay,as, ..., a,(1)*. Then
D(i) = fg)(B) — fc/(f*l)(B) = 1for i > ng. Then f,(z) =z for all z > f7°(B). We can see
that this special case is indeed the old definition of EBS with the cardinal f2°(B) being
taken as the cardinal satisfying the EBS conditions.)

We now add this condition to the relaxed EBS definition and state the modified defi-
nition below.

A formula p(x) is said to satisfy the Extensible Bounded Submodel property with
respect to o C ¥ (denoted as p(x) € EBSx(0)) if Sig(¢) = X and there exists a cardinal
B (dependent on ¢ and o in general) such that for every ¥—structure M having universe
A with |A| > B and for every a € A if M |= ¢(a) then there exists A; C A such that

1. ac AX
2. A <B

3. There exists a recursive function f, : X — S, with the property that (a) f,(z) is the
smallest number in S, greater than x (b) there exists some ng such that for i > ny,

the difference D(i) = féf)(B) - fgil)(B) is a periodic function. Then

(a) for all Ay such that A; C Ay C A and |Ay| < R there exists A such that
Ay C A, C A |ALUC] = f,(JA2]) (C is the set of interpretations of the
constants of ¥J) and if M} is the substructure of M generated by A}, then there
exists a o—structure My, such that Ms|, = Mj|, and Ms = ¢(a).
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(b) for all Ay such that A; C As C A and cardinality of A, is infinite, if M) is the
substructure of M generated by As, then there exists a o—structure My such
that Ms|, = M|, and My = p(a).

As before, let EBS = Usey U,cx, EBSs(0). Again as before, we have EBSg(0y) C
EBSy(0y) if 05 C 0y € . Hence EBS = Us.ev EBSx(0).

We now prove that ¢ € EBS iff S, is semi-linear.

Proof:
Let S, be semi-linear, then (a) either it is finite or (b) its difference sequence is of the
form ay,...,a,(b1, ..., by)*. If it is finite, then take B to be one more than the size of the

largest model of ¢. Clearly then ¢ € EBS. Else consider the function f, : 8 — S, defined
as below. Let Bp be the size of the smallest model of , X(j) = X2 a; + By, Cy = X (n),
Y(j) =2"1b;, Co =Y (m) and Z(k,j) =Y (j) + Cy + k.Cs.

X(O) r < By
folw) = ¢ X(k) X(k-1)<z<X(k),1<k<n
Z(k,j) Zk,j—1)<ax<Z(k,j),1<j<mk>0

Let B = |x| (No. of free vars of ¢(x).) Its easy to see that f, is recursive and satisfies the
following:

1. f,(x) is the smallest element of S, which is greater than or equal to z.

2. For some r > 0, S, = {Bo1, ..., Bor} U {fg)(B)]i > 1}.

3. Let ngy be the smallest ¢ — 1 such that fg)(B) — fgil)(B) = ;. Then
fOB) = fO VB =b; i=no+j+km1<ji<mk=0,1,...

)

Thus for i > nyg, the difference D(i) = fg)(B) - fgil)(B) is a periodic function.

Then following the proof of Claim 6, its easy to show that ¢ € EBSx(()) C £BS.

Conversely assume ¢ € EBS. Then ¢ € EBSy(0) for some 0 € ¥. Then for some
r>0,S, ={Bo,...,Bo}U {fg(f)(B)M > 1}. Now since for some ng > 0, for all i > ny,
D(i) = fg)(B) — 571)(8) is a periodic function, we have that the difference sequence of
S, is of the form ay,...,ay(b,...,b,)*. Then S, is semi-linear.

Ofcourse with the last definition of the EBS property, the closure properties are not
guaranteed!



Chapter 12

Conclusion and Future Work

We looked at graph transformation systems in which each state is a typed graph and
transitions from one state to another involve graph transformations. We are then interested
in knowing whether certain safety properties are true in all the reachable states of the
system given a set of initial states. This can be translated into the problem of reachability
of states violating the safety property from the initial set of states. We illustrated this with
the particular example of the library system which can be modeled as a graph transforming
system. We then introduced the safety property of checking whether there exists a book
on shelf yet there is a pending claim for the title of the book.

We then looked at how the problem of reachability analysis is undecidable in even infi-
nite state graph transforming systems. (The problem is known to be undecidable in infinite
state systems in general). We then developed a procedure InductionSolve which uses a
combination of inductive reasoning and bounded model checking to perform reachability
analysis in infinite state systems in general. (The procedure though is not guaranteed to
terminate on all inputs.) We then gave a logical formalism for graph transforming systems
where a graph transforming system (GTS) is expressed using a set of operations and a set
of sub-actions on nodes and edges. We considered a special kind of sub-actions and posed
the question that whether the transition relation 7 (s, s’) on states defined by an arbitrary
GTS can also be defined by a GTS using the special sub-actions. The question though
still open, we showed that for GTSes satisfying a certain condition, it is indeed possible to
construct a GTS using the special sub-actions which defines the same transition relation
on states.

We looked at the procedure InductionSolve which uses a validity checker and found
that there are are two ways of non-termination of the procedure - one by an unbounded
increase in its iterator, which cannot be avoided in general and the other by the non-
termination of its validity checker. We saw that the bounded model property for the
formulae of InductionSolve enables us to decide their validity and thus enables us to
construct a terminating validity checker. We looked at 2 classes of GTSes which have
bounded models for 7 (s, s’) and showed that the library system is indeed in one of these
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classes. We finally considered certain safety properties and initial conditions which have the
bounded model property and then showed how this can be used to get bounded models for
the formulae of InductionSolve and computed expressions for the bounds. We used this
to construct a decision procedure (validity checker) for the formulae of InductionSolve.
Finally we showed that in the library system, for the particular safety property mentioned
above, we can construct a decision procedure for it and find that InductionSolve too
terminates for it and proves that the library system indeed satisfies the safety property.

Some of the future work is mentioned below:

1. We firstly note that the results in chapter 9 talk about GTSes satisfying certain
semantic conditions and mention one example for each, each example satisfying cer-
tain syntactic properties which ensure the semantic conditions. We would firstly
like to replace the semantic conditions by syntactic conditions while still preserving
the generality of the semantic conditions. It would be even better to get a syntac-
tic characterization which is more general than the semantic conditions. However,
if we are unable to do either of these, we would atleast like to get more examples
satisfying syntactic properties which ensure the semantic conditions too. It would
be even better if we could, just as it was done for the classical decision problem (of
checking whether an arbitrary FO formula is satisfiable), classify all the formulae on
syntactic criteria into 2 sets of classes - one set containing classes for which we can
decide whether formulae of the class satisfy the semantic conditions and the other
set. containing classes for which the problem of checking whether a formula of the
class satisfies the semantic conditions is undecidable.

2. We would like to know how expressive the formalism for graph transformation systems
introduced in Chapter 5 is.

3. We would like to know whether the transition relation captured by an arbitrary GT'S
can be captured by a GTS using the special sub-actions mentioned in Chapter 6.

4. The concept of Ehrenfeucht-Fraissé games is very relevant to our problem. We briefly
this concept is as follows:

The classical Ehrenfeucht-Fraissé game on two o—structures A and B consists of two
players - a spoiler and a duplicator. The game is played in rounds and in each round
there are two moves - one by the spoiler and the other by the duplicator. The spoiler
selects one of the structures and chooses an element from it. The duplicator then
chooses an element from the other structure. The objective of the duplicator is to
show that A and B are isomorphic while that of the spoiler is to show they are not.
More precisely, in a k round Ehrenfeucht-Fraissé game, the duplicator tries to show a
partial isomorphism between A and B. This is the winning condition for the duplica-
tor. If there is a strategy for the duplicator to show a partial isomorphism regardless
of the spoiler’s moves, it is denoted as A =, B. The theorem by Ehrenfeucht and
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Fraissé says that A =; B iff A and B agree on all FO sentences of quantifier rank
atmost k.

We then wish to identify classes of og—structures (i.e. states as defined in Chapter
5) such that each structure is = to some structure of bounded size. We then identify
the properties of these classes of structures which are expressible in FO. Then we are
guaranteed by the Ehrenfeucht and Fraissé theorem that the properties are true in
structures of these classes iff they are true in structures of bounded size. In other
words, these properties will have bounded models. What are such classes of structures
and what are the properties is something we wish to explore.

. While bounded model property is one way of deciding the formulae IS1(k) and

152(k), we would like to explore other ways of deciding these formulae.
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