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Topic 4.1

Formal proofs
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Consequence to derivation

Let us suppose for a (in)finite set of formulas ¥ and a formula F, we have ¥ = F.

Can we syntactically infer ¥ = F without writing the truth tables, which may be impossible if
the size of ¥ is infinite?

We call the syntactic inference “derivation”. We derive the following statements.

Y b F
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Example: derivation

Example 4.1
Let us consider the following simple example.
YU{F}FF
——
Left hand side(lhs)

If F occurs in Ihs, then F is clearly a consequence of the Ihs.

Therefore, we should be able to derive the above statement.
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Proof rules

A proof rule provides us a means to derive new statements from the old statements.

(prem ises j

Stuff-already-there
Stuff-to-be-added
/1

(conclusion j

RULENAME Conditions to be met

A derivation proceeds by applying the proof rules.

What rules do we need for the propositional logic?
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Proof rules - Basic

ASSUMPTION Fex

Y FF

Z'_FZCZ’

MONOTONIC———
B T
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Derivation

Definition 4.1

A derivation is a list of statements that are derived from the earlier statements.

Example 4.2

A derivation due to the previous rules
L {pVgq,—q}F -q
2. {pV g, g, rt+ g

Since assumption does not depend on
any other statement, no need to refer.

\ .
Assumption

Monotonic applied to 1

A
[We need to point at ]

an earlier statement.
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Proof rules for Negation

DOUBLENEGi
T ——F
Example 4.3
The following is a derivation
1. {pvaq,rttr Assumption
2. {pVvqg,—q,r}tr Monotonic applied to 1
3. {pVvq,—~—q,r}tF—-r DoubleNeg applied to 2
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Proof rules for A

A >HFF YHG AR >HEFFAG A_S >HEFFAG
NIROT T FAG MY EE MG AF
Example 4.4
The following is a derivation
1. {pANg,——q,r}t-pAgq Assumption
2. {pNg,—q,r}ttp N-Elim applied to 1
3. {pANg,~q,rtFqAnp N-Symm applied to 1
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Proof rules for VvV

- F

>
V — INTRO———M— V —SY

XFFVG

L TFFVG
Y F —(=F A—G)

V — DE

V — ELI

V —DEF

MMZI—F\/G
>-FGVF

Z|——|(—|F/\—|G)
>HEFVG

IFFVG  TU{F}FH TU{GIFH

X FH

Commentary: We will use the same rule name if a rule can be applied in both the directions. For exa

mple, V — DEF.
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Example : distributivity

Example 4.5
Let us show if we have X = (F A G)V (F A H), we can derive X = F A (G V H).

1.

N ok N

YF(FAG)V(FAH) Premise
YU{FAG}-FAG Assumption
YU{FAG}FF A-Elim applied to 2
YU{FAG}-GAF A-Symm applied to 2
YU{FAG}FG A-Elim applied to 4
YU{FAG}-GVH V-Intro applied to 5
YU{FAG}-FA(GVH) A-Intro applied to 3 and 6
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Example : distributivity (contd.)

8. XU{FAH}FFAH
9. XU{FAH}FF

10.
11.
12.
13.
14.

15.

YU{FAH}-HAF
YU{FAH}-H
YU{FAH}-HVG
YU{FAHYFGVH
YU{FAHYFFA(GVH)

SHFA(GVH)

Assumption

A-Elim applied to 8
A-Symm applied to 8
A-Elim applied to 10
V-Intro applied to 11
V-Symm applied to 12
A-Intro applied to 9 and 13

V-elim applied to 1, 7, and 14
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Topic 4.2

Rules for implication and others
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Proof rules for =

:>—INTROZU{F}|_G

YHFF=G
:>—DEFZ|_F:>G
YFAFVG

YFF=G XFF

= —KELIM ST C
j_DEFZFﬂFvG
YHFF=G
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Example: central role of implication

Example 4.6
Let us prove {-pV q,p} F q.

1. {-pVvag,ptkp Assumption
2. {-pVaqg,pt--pVg Assumption
3. {-pVag,ptFp=gq =-Def applied to 2
4. {-pVag,p}tq =-Elim applied to 1 and 3
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All the rules so far

YHF YFF
cy i ——
ASSUMPTIONZ - FF €Y MONOTONIC s I__Z Cx DOUBLENEGz T—
/\_INTROZFF *HG /\_ELIMZI—FAG /\_SYMMZI—FAG
SEFFAG >FF >FGAF
vfll\'TRoi V*SYM\ILF\/G \V —DEF rEEve '
YFFVG "YFGVF Y —(=FA-G)
YFFVG YU{F}FH YU{G}HH
—E
Vv LIM SE A
YU{F}+FG YFF=G XFHF YHFF=G
= —INTRO = —ELIM = —DEF

* Works in the both directions

SFF=G SFG SEFVG.
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Example: another proof

Example 4.7

Let us prove 0 - (p = q) V p.

1.

i

{=p}F-p

2. {=p}F-pVygq
3.
4 {-ptt(p=q)Vp

{-pt+(p=q)

{ptEp

6. {p}-pVip=q)
7. {ptF(p=q)Vp

A{tF(p=p)
At (pPVP)
10.

{}F(p=q)Vp

Assumption
V-Intro applied to 1
. Case 1
=--Def applied to 2

V-Intro applied to 3 }

Assumption
V-Intro applied to 5 % Case 2

V-Symm applied to 6

=--Intro applied to 5
_ Only two cases
=-Def applied to 8

V-Elim applied to 4, 7, and 9
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Proof rules for punctuation

ShF
1

0 NTROD_(I__)

SE(FAG)AH

A RN T

V —PAREN

SH(FVG)VH

>*-FVGVH
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Proof rules for <

o _perol =6 o _pprol F 26
SFG=F SFF=G

YEG=F YHEF=G

< TDEF S GoF

Exercise 4.1
Define rules for ©

lCommentary: this set of proof rules does not cover . We will cover them in greater detail.
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Topic 4.3

Soundness
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Soundness
We need to show that

Theorem 4.1
if
proof rules derive a statement © - F
then
Y EF.
Proof.

We will make an inductive argument. We will assume that the theorem holds for the premises of
the rules and show that it is also true for the conclusions.
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Proving soundness

Proof(contd.)

Consider the following rule
YFFAG

TFF
Consider model m = X. By the induction hypothesis, m = F A G.

A — ELIM

Using the the truth table, we can show that if m = F A G then m = F.

m(G) || m(F A G)

o ol

= =

‘n
N—r

0
1
0
1

= O O O

Therefore, ¥ = F.
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Proof

Proof.

Consider one more rule
YU{F}FG

:>—INTROZ'_F:>G

Consider model m = X. There are two possibilities.

» case m = F:
Therefore, m =X U {F}. By the induction hypothesis, m = G. Therefore, m = (F = G).

» case m [~ F: Therefore, m = (F = G).
Therefore, X F F = G.

Similarly, we draw truth table or case analysis for each of the rules to check the soundness. O
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Topic 4.4

Problems
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Exercise: the other direction of distributivity

Exercise 4.2
Show if we have X = F A (G V H), we can derive X - (F A G) V (F A H).

Hint: Case split on G and —G.
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Exercise: proving a puzzle

Exercise 4.3
a. Convert the following argument into a propositional statement, i.e., .+ F.

If the laws are good and their enforcement is strict, then crime will diminish. If strict
enforcement of laws will make crime diminish, then our problem is a practical one. The laws are
good. Therefore our problem is a practical one. (Hint: needed propositional variables G, S, D, P)
(Source : Copi, Introduction of logic)

b. Write a formal proof proving the statement in the previous problem.
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Redundant rules

Exercise 4.4
Show that the following rule(s) can be derived from the other rules.

> \V-Symm
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Redundancy***

Exercise 4.5
Find a minimal subset of the proof rules which has no redundancy, i.e., none of the rules can be
derived from others. Prove that the subset has no redundancy.
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End of Lecture 4
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