CS 105: Department Introductory Course
on Discrete Structures

Instructor : S. Akshay

Aug 12, 2024

Lecture 07 — Basic structures: sets
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Two problem-sheets released on Piazza

1. Questions on Basic proofs, reasoning

2. Questions on Induction, WOP, Strong Induction.
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Quiz 1: End of August, tentatively Aug 28th, 8.30am
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Proof by Induction

1. n=1, lhs:lz%:rhs. Hence holds.

2. : Assume statement for some & (or for all numbers
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Formal Writing

Qn: Prove that

Proof by Induction

1. n=1, lhs:lz%:rhs. Hence holds.

2. : Assume statement for some & (or for all numbers
from 1...k): 14+2+4... 4k = EEED

3. :at k4 1, we need to show

14+24 ..+ (k4 1) = EED(E2)

lhs=14+2+...4+k+(k+1)=0+2+...k)+(k+1)

= M52 4 (k +1) (By )
_ k(k+1)+2(k+1) _ (E4+2)(k+1) _
_ R0 (k)04

rhs.

4. Hence by induction we can conclude for all n € N;n > 1.
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case!



Formal Writing

Qn: Prove that
Proof by WOP

Any non-empty set of non-negative integers has a smallest element.

1.
2.
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Suppose Not. i.e., the negation of the statement holds.
There exists some k for which 1 +2...k # k“

Let S be set of all such counter—examples, ie.,
S={teN|142...¢+ 42y

S is non-empty! Why? Because by above, k € S.

By WOP, S must have a smallest element, let it be &’ € S.
k' # 1, so k' — 1 exists. Because for n = 1, we use Base case!

At k' — 1 < K/, statement is true, i.e.,
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Formal Writing

Qn: Prove that
Proof by WOP

Any non-empty set of non-negative integers has a smallest element.

1.
2.

N e

© o

Suppose Not. i.e., the negation of the statement holds.
There exists some k for which 1+ 2...k ;é k“

Let S be set of all such counter—examples, ie.,
S={teN|142...¢% 4Dy

S is non-empty! Why? Because by above, k € S.

By WOP, S must have a smallest element, let it be k' € S.
k' # 1, so k' — 1 exists. Because for n = 1, we use Base case!
At k' — 1 < K/, statement is true, i.e.,

142, (K —1) = EDE)

Butnow,1+2...(k’—1)+k’—(kfl)(k)—l—k’ (k+1)

. Implies ¥’ ¢ S. A contradiction.



From proofs to structures



From proofs to structures

Next: Chapter 2: Basic Discrete Structures
» Finite and Infinite Sets,

» Functions
> Relations
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What is a set?
> A set is an unordered collection of objects.

> The objects in a set are called its elements.

More formally,

Let P be a property. Any collection of objects that are defined
by (or satisfy) P is a set, i.e., S = {z | P(z)}.
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Not so simple...

A barber is a man in town who only shaves those who don’t
shave themselves.

Barber’s paradox: Does the barber shave himself?

Russell’s paradox

Let S={X | X € X}

Then if S € S, then S ¢ S and if S € S, then S € S!

How do you resolve this?

Figure: Bertrand Russell (1872-1970)
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Not so simple...

A barber is a man in town who only shaves those who don’t
shave themselves.
Barber’s paradox: Does the barber shave himself?

Russell’s paradox

Let S={X | X ¢ X}

Then if S € S, then S ¢ S and if S ¢ S, then S € S!
Axiomatic approach to set theory (ZFC!)

Start with a few objects defined. Then for a set A and a
property P, S ={xz € A| P(z)} is a set.

Let P(z) =x ¢ x. let Abeasetand S={z € A|z &z}.

» if (S €.5): from the definition of S, S € Aand S & S,
which is a contradiction.

» if (S ¢ 5): from the definition, either S ¢ A or S € S. But
we have assumed that S ¢ S. Hence, S ¢ A. No

contradiction!
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Is the fun done? How do we compare sets?

» For two finite sets, this is easy, just count the number of
elements and compare them!

» But what about two infinite sets?
» Example: {set of all even natural numbers} vs N vs Q vs R

» Turns out we need functions... but first...
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Hilbert’s hotel

» Suppose there is a hotel with infinitely many rooms.

» And suppose they are all full (like in IIT guest house).

1. Can you accomodate 1 or finitely many more guests, by
shifting around the existing guests?

2. What if infinitely many more guests arrive?

3. What if infinitely many more trains with infinitely many
more guests arrive? (H.W)



