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Recap: The Story so far

Module 1 Propositional Logic (Lectures 1-5)
» L1: Syntax
» L2: Parse Trees, Semantics & Problems of Interest
» L3: Formal Proofs & Natural Deduction
» L4: Natural Deduction Rules
| 2

L5: Soundness & Completeness
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Recap: The Story so far

Module 1 Propositional Logic (Lectures 1-5)
» L1: Syntax
» L2: Parse Trees, Semantics & Problems of Interest
» L3: Formal Proofs & Natural Deduction
» L4: Natural Deduction Rules
| 2

L5: Soundness & Completeness

Soundness: Anything that is provable is (semantically) correct
If Fi,...,F, Gisvalid, then F1,...,F, = G holds
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Recap: The Story so far

Module 1 Propositional Logic (Lectures 1-5)
» L1: Syntax
» L2: Parse Trees, Semantics & Problems of Interest
» L3: Formal Proofs & Natural Deduction
» L4: Natural Deduction Rules
» L5: Soundness & Completeness

Soundness: Anything that is provable is (semantically) correct
If Fi,...,F, Gisvalid, then F1,...,F, = G holds

Completeness: Anything that is correct is provable in ND!
If F1,...,F, = G holds, then Fy,...,F, - G is valid
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Recap: Completeness of Natural Deduction for propositional logic

Theorem (Anything that is correct is provable)
If F1,...,F, = G holds, then Fi,...,F,F G is valid
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Recap: Completeness of Natural Deduction for propositional logic

Theorem (Anything that is correct is provable)
If F1,...,F, = G holds, then Fi,...,F,F G is valid

Whenever F1, ..., F, semantically entail G, then G can be derived from Fy,..., F, using the ND rules.
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Recap: Completeness of Natural Deduction for propositional logic

Theorem (Anything that is correct is provable)
If F1,...,F, = G holds, then Fi,...,F,F G is valid

Whenever F1, ..., F, semantically entail G, then G can be derived from Fy,..., F, using the ND rules.

Proof: Let Fy,...,F, = G. Proof is in three steps
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Recap: Completeness of Natural Deduction for propositional logic

Theorem (Anything that is correct is provable)
If F1,...,F, = G holds, then Fi,...,F,F G is valid

Whenever F1, ..., F, semantically entail G, then G can be derived from Fy,..., F, using the ND rules.
Proof: Let Fy,...,F, = G. Proof is in three steps

» Step 1: Show that = F — (F2 = (... (Fn, — G)...)) holds.

» Step 2: Show that - F; — (F2 — (... (Fn = G)...)) is valid

» Step 3: Show that Fq,...,F, F G is valid
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Recap: Completeness of Natural Deduction for propositional logic

Theorem (Anything that is correct is provable)
If F1,...,F, = G holds, then Fy,...,F, - G is valid
Whenever F1, ..., F, semantically entail G, then G can be derived from Fy, ..., F, using the ND rules.

Proof: Let Fy,...,F, |F G. Proof is in three steps

» Step 1: Show that = F — (F2 = (... (Fn, — G)...)) holds. This is easy!
> By contradiction, suppose [ F1 — (F2 = (... (Fh = G)...)).
» This nested implication is false only if there exists an assignment s.t. G evaluates to 0 and
Fi,...F, evaluate to 1 Check this by drawing its parse tree!.

» Step 2: Show that+ F; — (Fo — (... (F, — G)...)) is valid
» Step 3: Show that F1,...,F, F G is valid
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Recap: Completeness of Natural Deduction for propositional logic

Theorem (Anything that is correct is provable)
If F1,...,F, = G holds, then Fy,...,F, - G is valid
Whenever Fi,..., F, semantically entail G, then G can be derived from Fy, ..., F, using the ND rules.

Proof: Let Fy,...,F, F G. Proof is in three steps

» Step 1: Show that = F — (F2 = (... (Fn, — G)...)) holds. This is easy!
» By contradiction, suppose = F1 — (F2 — (... (Fa — G)...)).
» This nested implication is false only if there exists an assignment s.t. G evaluates to 0 and
Fi,...F, evaluate to 1.
» Which contradicts f,...,F, = G.
» Step 2: Show that - F; — (F, — (... (Fn = G)...)) is valid

» Step 3: Show that F1,...,F, F G is valid
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Recap: Completeness of Natural Deduction for propositional logic

Theorem (Anything that is correct is provable)
If F1,...,F, = G holds, then Fi,...,F,F G is valid

Whenever F1, ..., F, semantically entail G, then G can be derived from Fy,..., F, using the ND rules.

Proof: Let Fy,...,F, = G. Proof is in three steps
» Step 1: Show that = F — (F2 = (... (Fn, — G)...)) holds.
» Step 2: Show that - F; — (F2 — (... (Fn = G)...)) is valid
» Step 3: Show that Fy,...,F, F G is valid This is also easy!
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Recap: Completeness of Natural Deduction for propositional logic

Theorem (Anything that is correct is provable)
If F1,...,F, = G holds, then Fy,...,F, - G is valid

Whenever Fi,..., F, semantically entail G, then G can be derived from Fy, ..., F, using the ND rules.

Proof: Let Fy,...,F, = G. Proof is in three steps
» Step 1: Show that = F — (F2 = (... (Fh, — G)...)) holds.
» Step 2: Show that - F; — (F, — (... (Fn — G)...)) is valid

» Step 3: Show that F1,..., F, F G is valid This is also easy!
» Take the proof from Step 2.

@oEE) Lecture 6 CS228 : Logic for Computer Science Instructor: S. Akshay IIT Bombay, India


http://creativecommons.org/licenses/by-nc-sa/4.0/
http://www.cse.iitb.ac.in/~akshayss/

Recap: Completeness of Natural Deduction for propositional logic

Theorem (Anything that is correct is provable)
If F1,...,F, = G holds, then Fy,...,F, - G is valid
Whenever Fi,..., F, semantically entail G, then G can be derived from Fy,..., F, using the ND rules.

Proof: Let Fy,...,F, = G. Proof is in three steps

» Step 1: Show that = F — (F2 = (... (Fh, — G)...)) holds.
» Step 2: Show that - F; — (Fo = (... (Fp = G)...)) is valid
» Step 3: Show that F1,...,F, F G is valid This is also easy!

» Take the proof from Step 2.
» Add Fq,...F, as premises as done in soundness proof.
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Recap: Completeness of Natural Deduction for propositional logic

Theorem (Anything that is correct is provable)
If F1,...,F, = G holds, then Fy,...,F,F G is valid
Whenever Fi,..., F, semantically entail G, then G can be derived from Fy,..., F, using the ND rules.

Proof: Let Fy,...,F, = G. Proof is in three steps

» Step 1: Show that = F — (F2 = (... (Fn, — G)...)) holds.
» Step 2: Show that - F; — (F2o = (... (Fp = G)...)) is valid
» Step 3: Show that F1,..., F, F G is valid This is also easy!

» Take the proof from Step 2.
» Add Fq,...F, as premises as done in soundness proof.
» Then apply MP n times to arrive at G.
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Recap: Completeness of Natural Deduction for propositional logic

Theorem (Anything that is correct is provable)
If F1,...,F, = G holds, then Fi,...,F,F G is valid

Whenever Fi,..., F, semantically entail G, then G can be derived from Fy,..., F, using the ND rules.

Proof: Let Fy,...,F, = G. Proof is in three steps

» Step 1: Show that = F — (F2 = (... (Fn, — G)...)) holds.
» Step 2: Show that - F; — (F2o = (... (Fp = G)...)) is valid
» Step 3: Show that F1,...,F, F G is valid

So, the only thing left is Step 2. This is the hard part!
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Topic 6.1

Completing the completeness proof
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Completeness of Natural Deduction for propositional logic

Step 2 follows from the following theorem:

Theorem

For any propositional formula G, if = G holds, then G is valid. That is, if G is a tautology,
then it is a theorem!

Proof

» Let p1,..., pm be the propositional variables in G; all 2™ valuations make G true.
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Completeness of Natural Deduction for propositional logic

Step 2 follows from the following theorem:

Theorem

For any propositional formula G, if = G holds, then G is valid. That is, if G is a tautology,
then it is a theorem!

Proof

» Let p1,..., pm be the propositional variables in G; all 2™ valuations make G true.
» From just this, can derive a proof of G?
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Completeness of Natural Deduction for propositional logic

Step 2 follows from the following theorem:

Theorem

For any propositional formula G, if = G holds, then G is valid. That is, if G is a tautology,
then it is a theorem!

Proof

» Let p1,..., pm be the propositional variables in G; all 2™ valuations make G true.
» From just this, can derive a proof of G?
> Step 2.1 Key Idea: Encode each line of truth table as a sequent!
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Completeness of Natural Deduction for propositional logic

Step 2 follows from the following theorem:

Theorem

For any propositional formula G, if = G holds, then G is valid. That is, if G is a tautology,
then it is a theorem!

Proof

» Let p1,..., pm be the propositional variables in G; all 2™ valuations make G true.
» From just this, can derive a proof of G?
> Step 2.1 Key Idea: Encode each line of truth table as a sequent!

» Step 2.2: Construct proofs for each of 2™ sequents.

» Step 2.3: Assemble them to obtain proof of G
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Completeness of Natural Deduction for propositional logic

Step 2 follows from the following theorem:

Theorem

For any propositional formula G, if = G holds, then G is valid. That is, if G is a tautology,
then it is a theorem!

Proof

» Let p1,..., pm be the propositional variables in G; all 2™ valuations make G true.
» From just this, can derive a proof of G?
> Step 2.1 Key Idea: Encode each line of truth table as a sequent!

» If in line £ of truth table, p; has value 1, then set p; = p; otherwise set p; = —p;
» Sequent for line £: pr...pmE G

» Step 2.2: Construct proofs for each of 2™ sequents.

» Step 2.3: Assemble them to obtain proof of G
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Completeness of Natural Deduction for propositional logic

Step 2 follows from the following theorem:

Theorem

For any propositional formula G, if = G holds, then G is valid. That is, if G is a tautology,
then it is a theorem!

Proof

» Let p1,..., pm be the propositional variables in G; all 2™ valuations make G true.
» From just this, can derive a proof of G?
> Step 2.1 Key Idea: Encode each line of truth table as a sequent!

» If in line £ of truth table, p; has value 1, then set p; = p; otherwise set p; = —p;
» Sequent for line £: pr...pmE G

» Step 2.2: Construct proofs for each of 2™ sequents.
» For each line £ show that the sequent p; ... pm F G is valid.
» Step 2.3: Assemble them to obtain proof of G
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Completeness Proof contd

Lemma
Let F be any propositional formula with variables p1, ..., pm. Let £ be a line number in Truth
Table of F. Let p; = p; if p; has value 1 in line £, and = —p; if p; has value 0 in line £. Then

1. p1,...,Ppm Fisvalid if F evaluates to 1 in line /¢
2. p1,...,PmbE —F isvalid if F evaluates to 0 in line ¢
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Completeness Proof contd

Lemma
Let F be any propositional formula with variables p1, ..., pm. Let £ be a line number in Truth
Table of F. Let p; = p; if p; has value 1 in line £, and = —p; if p; has value 0 in line £. Then

1. p1,...,pmF F isvalid if F evaluates to 1 in line ¢
2. p1,...,PmbE —F isvalid if F evaluates to 0 in line ¢

Proof by Structural Induction on structure of F,
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Completeness Proof contd

Lemma
Let F be any propositional formula with variables p1, ..., pm. Let £ be a line number in Truth
Table of F. Let p; = p; if p; has value 1 in line £, and = —p; if p; has value 0 in line £. Then

1. p1,...,Ppm Fisvalid if F evaluates to 1 in line /¢
2. p1,...,PmbE —F isvalid if F evaluates to 0 in line ¢

Proof by Structural Induction on structure of F, i.e., induction on height of parse tree for F.
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An Example
Let F=-p—q,ie., FL = —pand F, = q. We derive the proof for line ¢ below.

p q|-p|F| —>\
0 0] 1 |0]«¢
0 1] 1|1 ﬁ/ g
1 0|0 |1 | a=0
1 1]0 |1 >

p=0

Goal: p, g+ —F.
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An Example
Let F=-p—q,ie., FL = —pand F, = q. We derive the proof for line ¢ below.

p_aq|-p|F| —>\
0 0| 1 |[0]<«¢
0 1|1 |1 ﬁ/ q
1 0|0 |1 | a0
1 1]0 |1 >

p=20

Goal: p, 4+ —F.

> Leaves: p=0= p=-p, so ~pt —p (base case).
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An Example
Let F=-p—gq,ie, FL = —pand F, = q. We derive the proof for line ¢ below.

— /0 /_)\q

q=0

— - o olu
- o~ ola
oo.—-.-n.é

o —

Goal: p, 4+ —F.

> Leaves: p=0= p=-p, so ~pt —p (base case).
g=0= §=—q, so ~q+ —q (base case).
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An Example
Let F=-p—q,ie., FL = —pand F, = q. We derive the proof for line ¢ below.

pay /_>\q

q=0

oo.—-.-n.é
= = = O

= elhe]
= O+~ OolQ

o —

Goal: p, g+ —F.
> Leaves: p=0= p=-p, so ~pt —p (base case).
g=0= §=—q, so ~q+ —q (base case).

» - node (F, = —p): F; evaluates to 1 = using the leaf,
-pt—p,ie., pk F.
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An Example
Let F=-p—gq,ie, FL = —pand F, = q. We derive the proof for line ¢ below.

pay /_>\q

q=0

oo»—w—n.é
= = = O

= elhe]
= O+~ OolQ

o —

Goal: p, 4+ —F.

> Leaves: p=0= p=-p, so ~pt —p (base case).

g=0= §=q, so ~qgt —q (base case). L -p premise

» - node (F, = —p): F; evaluates to 1 = using the leaf,
-pk—p,ie, pk F.

» — node (F, root): F evaluates to 0 at this line. We have
—p (from the — node) and —q (from the leaf) as premises —
using these, we derive —F on the right:
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An Example
Let F=-p—gq,ie, FL = —pand F, = q. We derive the proof for line ¢ below.

pay /_>\q

q=0

oo»—w—n.é
= = = O

= elhe]
= O+~ OolQ

o —

Goal: p, 4+ —F.

> Leaves: p=0= p=-p, so ~pt —p (base case).
g=0= §=q, so ~qgt —q (base case). L -p
-q premise

premise

» - node (F, = —p): F; evaluates to 1 = using the leaf,
-pk—p,ie, pk F.

» — node (F, root): F evaluates to 0 at this line. We have
—p (from the — node) and —q (from the leaf) as premises —
using these, we derive —F on the right:

@oEE) Lecture 6 CS228 : Logic for Computer Science Instructor: S. Akshay IIT Bombay, India


http://creativecommons.org/licenses/by-nc-sa/4.0/
http://www.cse.iitb.ac.in/~akshayss/

An Example
Let F=-p—gq,ie, FL = —pand F, = q. We derive the proof for line ¢ below.

p gl -p|F| —
0 0 1 0 | «/¢ / \
0 1|1 |1 _ q
1 0 0 1 ‘ q=0
1 1 0 1
p
p=0
Goal: p, g+ —F.
> Leaves: p=0= p=-p, so ~pt —p (base case). )
qg=0= §=—q, so -gF —q (base case). L -p premise
» - node (F, = —p): Fy evaluates to 1 = using the leaf, 2. -q premise .
—-pk —p, e, pk F. 3. -p—q assumption
4,

» — node (F, root): F evaluates to 0 at this line. We have
—p (from the — node) and —q (from the leaf) as premises —
using these, we derive —F on the right:
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An Example
Let F=-p—gq,ie, FL = —pand F, = q. We derive the proof for line ¢ below.

p q ‘ -p ‘ F ‘ —
0 0 1 [0]«¢ RN
0 1|1 |1 _ q
1 0 0 1 ‘ q=0
1 1 0 1
p
p=0
Goal: p, g+ —F.
> Leaves: p=0= p=-p, so ~pt —p (base case). )
g=0= §=q, so ~qgt —q (base case). 1 -p premise
» - node (F, = —p): Fy evaluates to 1 = using the leaf, 2 9 premise _
—-pk —p, e, pk F. 3. -p—q assumption
» — node (F, root): F evaluates to 0 at this line. We have 4 q MP 3.1
—p (from the — node) and —q (from the leaf) as premises — 5

using these, we derive —F on the right:
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An Example
Let F=-p—gq,ie, FL = —pand F, = q. We derive the proof for line ¢ below.

p_q|-p|F| —
0 0] 1 [0]«¢ / \
0 1|1 |1 _ g
1 0 0 1 ‘ qg=0
1 1 0 1
p
p=0
Goal: p, g+ —F.
> Leaves: p=0= p=-p, so ~pt —p (base case). )
qg=0= §=—q, so -gF —q (base case). L -p premise
» - node (F, = —p): Fy evaluates to 1 = using the leaf, 2. 4 premise _
—-pk —p, e, pk F. 3. -p—q assumption
» — node (F, root): F evaluates to 0 at this line. We have & q MP 3,1
—p (from the — node) and —q (from the leaf) as premises — 5. 1 —e 4,2
using these, we derive —F on the right: 6.
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An Example
Let F=-p—gq,ie, FL = —pand F, = q. We derive the proof for line ¢ below.

p q ‘ -p ‘ F ‘ —
0 0| 1 |0]<«¢ / AN
0 1|1 |1 _ g
1 0 0 1 ‘ =0
1 1 0 1
p
p=0
Goal: p, g+ —F.
> Leaves: p=0= p=-p, so ~pt —p (base case). )
qg=0= §=—q, so -gF —q (base case). L -p premise
» - node (F, = —p): Fy evaluates to 1 = using the leaf, 2. —d premise _
—pt —p, ie., phk F. 3. -p—q assumption
» — node (F, root): F evaluates to 0 at this line. We have & q MP 3,1
—p (from the — node) and —q (from the leaf) as premises — 5. 1 —e 4,2
using these, we derive =F on the right: 6. —~(-=p—q) —i35
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An Example (contd.)
Same F=-p— q (F1 =—p, F, =q). Now let's try line ¢: p=1,q=1.

p q ‘ -p ‘ F —>\
0 O 1 0
0 1 1 1 —|/ q
1 0 0 1 ‘ q=1
1 1 0 1|« /¢ p
p=1
Goal: p, G+ F.

@oEE) Lecture 6 CS228 : Logic for Computer Science Instructor: S. Akshay IIT Bombay, India


http://creativecommons.org/licenses/by-nc-sa/4.0/
http://www.cse.iitb.ac.in/~akshayss/

An Example (contd.)
Same F=-p— q (F1 =—p, F, =q). Now let's try line ¢: p=1,q=1.

\ —
VRN
q

qg=1

= = O OlT
= o = ola
oo.—-.—\.é
I—ll—‘b—‘o:

-
p
p=1

Goal: p, G+ F.

> Leaves: p=1= p=p, so pt p (base case);
g=1=§=gq, so gt g (base case) — both leaves now
positive.
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An Example (contd.)
Same F=-p— q (F1 =—p, F, =q). Now let's try line ¢: p=1,q=1.

\ —
VRN
q

qg=1

= = O Ot
= o~ ola
oo.—-.—\.é
»—ll—lr—lo:

—/ [‘)
p=1

Goal: p, G+ F.

> Leaves: p=1= p=p, so pt p (base case);
g=1=§=gq, so gt g (base case) — both leaves now

positive.

» — node (F; = —p): F1 now evaluates to O (since p = 1)! By
IH, pF p; use =—i to get pF ——p, ie., pk —F.
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An Example (contd.)
Same F=-p— q (F1 =—p, F, =q). Now let's try line ¢: p=1,q=1.

P _q|-p|F| -
0o ol 11O RN
0 1|1 |1 _ q
1 0 0 1 ‘ q=1
1 1 0 1| «¢
p
p=1
Goal: p, G+ F.
> Leaves: p=1= p=p, so pt p (base case); . .
. P premise

g=1=§=gq, so gt g (base case) — both leaves now
positive.

» — node (F; = —p): F1 now evaluates to O (since p = 1)! By
IH, pF p; use =—i to get pF ——p, ie., pk —F.

> — node (F, root): F; evaluates to 0, F, evaluatesto 1 — a

third sub-subcase! We have p —=F; and g - F» as premises
— using these, we derive F on the right:
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An Example (contd.)
Same F=-p— q (F1 =—p, F, =q). Now let's try line ¢: p=1,q=1.

P _q|-p|F| —
0 0 1 0 / \
0 1 1 1 _ q
1 0 0 1 ‘ a—1
1 1 0 1 l
< p
p=1
Goal: p, G+ F.
> Leaves: p=1= p=p, so pt p (base case); .
g=1= §=gq, so qgF q (base case) — both leaves now L P premise
q premise

positive.

» — node (F; = —p): F1 now evaluates to O (since p = 1)! By
IH, pF p; use =—i to get pF ——p, ie., pk —F.

> — node (F, root): F; evaluates to 0, F, evaluatesto 1 — a
third sub-subcase! We have p —=F; and g - F» as premises
— using these, we derive F on the right:
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An Example (contd.)
Same F=-p— q (F1 =—p, F, =q). Now let's try line ¢: p=1,q=1.

p q|-p|F —
0 0 1 0 / \
0 1|1 |1 _ g
1 0 0 1 ‘ q=1
1 1 0 1| «¢
p
p=1
Goal: p, G+ F.
> Leaves: p=1= p=p, so pt p (base case); .
g=1= §=gq, so qgF q (base case) — both leaves now L P premise
positive. 2. q premise
3. ——p —=7 1
» — node (F; = —p): F1 now evaluates to O (since p = 1)! By 4

IH, pF p; use =—i to get pF ——p, ie., pk —F.

> — node (F, root): F; evaluates to 0, F, evaluatesto 1 — a
third sub-subcase! We have p —=F; and g - F» as premises
— using these, we derive F on the right:
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An Example (contd.)
Same F=-p— q (F1 =—p, F, =q). Now let's try line ¢: p=1,q=1.

p q|-p|F —
0 O 1 0 / \
0 1|1 |1 _ q
1 0 0 1 ‘ q=1
1 1 0 1| ¢
p
p=1
Goal: p, G+ F.
> Leaves: p=1= p=p, so pt p (base case); .
g=1= §=gq, so qgF q (base case) — both leaves now L P premise
positive. 2. q premise
3. ——p =i 1l
» — node (F; = —p): Fy now evaluates to 0 (since p = 1)! By . - T
IH, pF p; use =—i to get pF ——p, ie., pk —F. 5'

> — node (F, root): F; evaluates to 0, F, evaluatesto 1 — a
third sub-subcase! We have p —=F; and g - F» as premises
— using these, we derive F on the right:
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An Example (contd.)
Same F=-p— q (F1 =—p, F, =q). Now let's try line ¢: p=1,q=1.

p q|-p|F —
0 010 RN
0 1|1 |1 _ g
1 0 0 1 ‘ q=1
1 1 0 1| «¢
p
p=1
Goal: p, G+ F.
> Leaves: p=1= p=p, so pt p (base case); .
g=1= §=gq, so qgF q (base case) — both leaves now L P premise
positive. 2. q premise
. 3. ——p —=il
» — node (F; = —p): F1 now evaluates to 0 (since p = 1)! By . - T
IH, pF p; use =—i to get pF ——p, ie., pk —F. 5' A s
> — node (F, root): F; evaluates to 0, F, evaluatesto 1 — a 6.

third sub-subcase! We have p —=F; and g - F» as premises
— using these, we derive F on the right:
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An Example (contd.)
Same F=-p— q (F1 =—p, F, =q). Now let's try line ¢: p=1,q=1.

p q|-p|F| —
0 0 1 0 / \
0 1] 1 |1 _ g
1 0 0 1 ‘ q=1
1 1 0 1| «¢
p
p=1
Goal: p, G+ F.
> Leaves: p=1= p=p, so pt p (base case); .
g=1=§=gq, so gt g (base case) — both leaves now L p premise
positive. 2. q premise
3. ——p —=7 1
» — node (F; = —p): Fy now evaluates to 0 (since p = 1)! By . - T
IH, pF p; use =i to get p= ——p, ie., p —F. 5' A s
> — node (F, root): F; evaluates to 0, F, evaluatesto 1 — a 6. q le5b
third sub-subcase! We have p —=F; and g - F» as premises 7.

— using these, we derive F on the right:
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An Example (contd.)
Same F=-p— q (F1 =—p, F, =q). Now let's try line ¢: p=1,q=1.

p q|-p|F| —
0 0] 1 ]o0 VRN
0 1] 1 |1 _ g
1 0 0 1 ‘ q=1
1 1 0 1| «¢
p
p=1
Goal: p, G+ F.
> Leaves: p=1= p=p, so pt p (base case); .
g=1=§=gq, so gt g (base case) — both leaves now L p premise
positive. 2. q premise
. 3. ——p —=il
» — node (F; = —p): Fy now evaluates to 0 (since p = 1)! By . - T
IH, pF p; use =—i to get pF ——p, ie., pk —F. 5' A s
> — node (F, root): F; evaluates to 0, F, evaluatesto 1 — a 6. q le5b
third sub-subcase! We have p —=F; and g - F» as premises 7. -pq —i46

— using these, we derive F on the right:
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Completeness Proof contd

Lemma
Let F be any propositional formula with variables ps, ..., pm. Let £ be a line number in Truth
Table of F. Let p; = p; if p; has value 1 in line ¢, and = —p; if p; has value O in line £. Then

1. p1,...,PmFE Fisvalid if F evaluates to 1 in line ¢
2. p1,...,Ppm = —F isvalid if F evaluates to 0 in line ¢
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Completeness Proof contd

Lemma
Let F be any propositional formula with variables ps, ..., pm. Let £ be a line number in Truth
Table of F. Let p; = p; if p; has value 1 in line ¢, and = —p; if p; has value O in line £. Then

1. p1,...,PmFE Fisvalid if F evaluates to 1 in line ¢
2. p1,...,Ppm = —F isvalid if F evaluates to 0 in line ¢

Proof by Structural Induction on structure of F,
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Completeness Proof contd

Lemma
Let F be any propositional formula with variables ps, ..., pm. Let £ be a line number in Truth
Table of F. Let p; = p; if p; has value 1 in line ¢, and = —p; if p; has value O in line £. Then

1. p1,...,PmHE Fisvalid if F evaluates to 1 in line ¢
2. p1,...,Ppm = —F isvalid if F evaluates to 0 in line ¢

Proof by Structural Induction on structure of F, i.e., induction on height of parse tree for F.

» Base Case : If F = p, a proposition, then p+ p and —p F —p.
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Completeness Proof contd

Lemma
Let F be any propositional formula with variables ps, ..., pm. Let £ be a line number in Truth
Table of F. Let p; = p; if p; has value 1 in line ¢, and = —p; if p; has value O in line £. Then

1. p1,...,PmHE Fisvalid if F evaluates to 1 in line ¢
2. p1,...,Ppm = —F isvalid if F evaluates to 0 in line ¢

Proof by Structural Induction on structure of F, i.e., induction on height of parse tree for F.
» Base Case : If F = p, a proposition, then p+ p and —p F —p.

» Induction Hyp: Assume Lemma for formulae with parse tree height < k —1

@oEE) Lecture 6 CS228 : Logic for Computer Science Instructor: S. Akshay IIT Bombay, India


http://creativecommons.org/licenses/by-nc-sa/4.0/
http://www.cse.iitb.ac.in/~akshayss/

Completeness Proof contd

Lemma
Let F be any propositional formula with variables ps, ..., pm. Let £ be a line number in Truth
Table of F. Let p; = p; if p; has value 1 in line ¢, and = —p; if p; has value O in line £. Then

1. p1,...,PmHE Fisvalid if F evaluates to 1 in line ¢
2. p1,...,Ppm = —F isvalid if F evaluates to 0 in line ¢

Proof by Structural Induction on structure of F, i.e., induction on height of parse tree for F.
» Base Case : If F = p, a proposition, then p+ p and —p F —p.
» Induction Hyp: Assume Lemma for formulae with parse tree height < k —1
» Case Negation : F =—-F
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Completeness Proof contd

Lemma
Let F be any propositional formula with variables ps, ..., pm. Let £ be a line number in Truth
Table of F. Let p; = p; if p; has value 1 in line ¢, and = —p; if p; has value O in line £. Then

1. p1,...,PmHE Fisvalid if F evaluates to 1 in line ¢
2. p1,...,Ppm = —F isvalid if F evaluates to 0 in line ¢

Proof by Structural Induction on structure of F, i.e., induction on height of parse tree for F.
» Base Case : If F = p, a proposition, then p+ p and —p F —p.
» Induction Hyp: Assume Lemma for formulae with parse tree height < k —1
» Case Negation : F =—-F

» If F evaluates 1 at line ¢, then F; evaluates to 0. By inductive hypothesis, p1, ..., pm F —F1,
i.e., pr,....pmHE F.
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Completeness Proof contd

Lemma
Let F be any propositional formula with variables ps, ..., pm. Let £ be a line number in Truth
Table of F. Let p; = p; if p; has value 1 in line ¢, and = —p; if p; has value O in line £. Then

1. p1,...,PmHE Fisvalid if F evaluates to 1 in line ¢
2. p1,...,Ppm = —F isvalid if F evaluates to 0 in line ¢

Proof by Structural Induction on structure of F, i.e., induction on height of parse tree for F.
» Base Case : If F = p, a proposition, then p+ p and —p F —p.
» Induction Hyp: Assume Lemma for formulae with parse tree height < k —1
» Case Negation : F =—-F
» If F evaluates 1 at line ¢, then F; evaluates to 0. By inductive hypothesis, p1, ..., pm F —F1,

i.e., P1y...,pmE F.
» |f F evaluates O at line ¢, then F; evaluates to 1.
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Completeness Proof contd

Lemma
Let F be any propositional formula with variables ps, ..., pm. Let £ be a line number in Truth
Table of F. Let p; = p; if p; has value 1 in line ¢, and = —p; if p; has value O in line £. Then

1. p1,...,PmFE Fisvalid if F evaluates to 1 in line ¢
2. p1,...,Ppm = —F isvalid if F evaluates to 0 in line ¢

Proof by Structural Induction on structure of F, i.e., induction on height of parse tree for F.
» Base Case : If F = p, a proposition, then p+ p and —p F —p.
» Induction Hyp: Assume Lemma for formulae with parse tree height < k —1
» Case Negation : F =—-F

» If F evaluates 1 at line ¢, then F; evaluates to 0. By inductive hypothesis, p1, ..., pm F —F1,
i.e., P1,--.,pmbE F.
» If F evaluates 0 at line ¢, then F; evaluates to 1. By inductive hypothesis, pi,...,pm F F1.
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Completeness Proof contd

Lemma

Let F be any propositional formula with variables ps, ..., pm. Let £ be a line number in Truth
Table of F. Let p; = p; if p; has value 1 in line ¢, and = —p; if p; has value O in line £. Then

1. p1,...,PmFE Fisvalid if F evaluates to 1 in line ¢
2. p1,...,Ppm = —F isvalid if F evaluates to 0 in line ¢

Proof by Structural Induction on structure of F, i.e., induction on height of parse tree for F.

» Base Case : If F = p, a proposition, then p+ p and —p F —p.
» Induction Hyp: Assume Lemma for formulae with parse tree height < k —1
» Case Negation : F =—-F

» If F evaluates 1 at line /, then F; evaluates to 0. By inductive hypothesis, pi, ...

e, Plr... Ppm b F.

» If F evaluates 0 at line ¢, then F; evaluates to 1. By inductive hypothesis, py, ...

——i rule to obtain proof of py,...,pn F ——F1, i€, p1,..., Pm b —F.

7ﬁm|__‘F1v

s Pm F F1. Use
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Completeness Proof contd

Case »: F=F — F
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Completeness Proof contd

Case -: F=F —FK
Two subcases:
» Subcase 1: F evaluates to 0 in line ¢, (exactly our first example!)

» Subcase 2: F evaluates to 1 in line ¢,
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Completeness Proof contd

Case -: F=F —FK
Two subcases:
» Subcase 1: F evaluates to 0 in line ¢, (exactly our first example!)
» then F; evaluates to 1 and F, to 0.

» Subcase 2: F evaluates to 1 in line ¢,
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Completeness Proof contd

Case -: F=F —FK
Two subcases:
» Subcase 1: F evaluates to 0 in line ¢, (exactly our first example!)

» then F; evaluates to 1 and F, to 0.
» Let {qg1,...,qk} be the variables of F; and let {r,...,r;} be the variables in F;

{qlw"?qk}u{rla"wrj}:{pla"'upm}-

» Subcase 2: F evaluates to 1 in line ¢,
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Completeness Proof contd

Case -: F=F —FK
Two subcases:
» Subcase 1: F evaluates to 0 in line ¢, (exactly our first example!)

» then F; evaluates to 1 and F, to 0.
» Let {qg1,...,qk} be the variables of F; and let {r,...,r;} be the variables in F;

{qlw"?qk}u{rla"wrj}:{pla"'upm}-
» By inductive hypothesis, di,...,dx = F1and A,..., i F -F.

» Subcase 2: F evaluates to 1 in line ¢,
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Completeness Proof contd

Case -: F=F —FK
Two subcases:
» Subcase 1: F evaluates to 0 in line ¢, (exactly our first example!)
» then F; evaluates to 1 and F, to 0.

» Let {qg1,...,qk} be the variables of F; and let {r,...,r;} be the variables in F;

{qlw"?qk}u{rla"wrj}:{pla"'upm}-
» By inductive hypothesis, di,...,dx = F1and A,..., i F -F.
> Then, pAl,...7p/;n|_ Fl/\_‘FQ.

» Subcase 2: F evaluates to 1 in line ¢,
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Completeness Proof contd

Case -: F=F —FK
Two subcases:
» Subcase 1: F evaluates to 0 in line ¢, (exactly our first example!)

» then F; evaluates to 1 and F, to 0.

» Let {qg1,...,qk} be the variables of F; and let {r,...,r;} be the variables in F;
{q17"‘7qk}U{r1u"'7U}: {p].?'-'apm}'

» By inductive hypothesis, di,...,dx = F1and A,..., i F -F.

> Then, pAl,...7p/;n|_ Fl/\_‘FQ.

> Exercise 6.1: Prove that F; A —=F, - =(F; — F>) and conclude this case!

» Subcase 2: F evaluates to 1 in line ¢,
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Completeness Proof contd

Case -: F=F —FK
Two subcases:
» Subcase 1: F evaluates to 0 in line ¢, (exactly our first example!)

» then F; evaluates to 1 and F, to 0.
» Let {qg1,...,qk} be the variables of F; and let {r,...,r;} be the variables in F;

{Q17~-~7Qk}U{r1a~~-7rj}: {plw"apm}-
» By inductive hypothesis, di,...,dx = F1and A,..., i F -F.
> Then, pAl,...7p/;n|_ Fl/\_‘F2.
> Exercise 6.1: Prove that F; A —=F, - =(F; — F>) and conclude this case!
» Subcase 2: F evaluates to 1 in line ¢, there are 3 subsubcases.

» If both Fy, F> evaluate to 1,
» If both F;, F> evaluate to O,

> If F; evaluates to 0 and F; evaluates to 1, (our second example!)
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Completeness Proof contd

Case -: F=F —FK
Two subcases:
» Subcase 1: F evaluates to 0 in line ¢, (exactly our first example!)

» then F; evaluates to 1 and F, to 0.
» Let {qg1,...,qk} be the variables of F; and let {r,...,r;} be the variables in F;

{Q17~-~7Qk}U{r1a~~-7rj}: {plw"apm}-
» By inductive hypothesis, di,...,dx = F1and A,..., i F -F.
> Then, pAl,...7p/;n|_ Fl/\_‘F2.
> Exercise 6.1: Prove that F; A —=F, - =(F; — F>) and conclude this case!
» Subcase 2: F evaluates to 1 in line ¢, there are 3 subsubcases.

» If both Fy, F> evaluate to 1, then p1,...,0m F F1 A Fo.
» If both F;, F> evaluate to 0O,

> If F; evaluates to 0 and F; evaluates to 1, (our second example!)
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Completeness Proof contd

Case -: F=F —FK
Two subcases:
» Subcase 1: F evaluates to 0 in line ¢, (exactly our first example!)

» then F; evaluates to 1 and F, to 0.

» Let {qg1,...,qk} be the variables of F; and let {r,...,r;} be the variables in F;
{qlw"?qk}u{rla"wrj} = {p].?'-'apm}'

» By inductive hypothesis, di,...,dx = F1and A,..., i F -F.

> Then, pAl,...7p/;n|_ Fl/\_‘F2.

> Exercise 6.1: Prove that F; A —=F, - =(F; — F>) and conclude this case!

» Subcase 2: F evaluates to 1 in line ¢, there are 3 subsubcases.

» If both Fy, F> evaluate to 1, then p1,...,0m F F1 A Fo.
Exercise 6.2(i): Prove F; A F - F; — F» and conclude.

» If both F;, F> evaluate to 0O,

> If F; evaluates to 0 and F; evaluates to 1, (our second example!)
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Completeness Proof contd

Case -: F=F —FK
Two subcases:
» Subcase 1: F evaluates to 0 in line ¢, (exactly our first example!)

» then F; evaluates to 1 and F, to O.

» Let {qg1,...,qk} be the variables of F; and let {r,...,r;} be the variables in F;
{qlw"?qk}u{rla"wrj} = {p].?'-'apm}'

» By inductive hypothesis, di,...,dx = F1and A,..., i F -F.

> Then, pAl,...7p/;n|_ Fl/\_‘F2.

> Exercise 6.1: Prove that F; A —=F, - =(F; — F>) and conclude this case!

» Subcase 2: F evaluates to 1 in line ¢, there are 3 subsubcases.

» If both Fy, F> evaluate to 1, then p1,...,0m F F1 A Fo.
Exercise 6.2(i): Prove F; A F - F; — F» and conclude.

» If both Fy, F> evaluate to 0, then gy, ..., pm F —F1 A =F;.

> If F; evaluates to 0 and F; evaluates to 1, (our second example!)
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Completeness Proof contd

Case -: F=F —FK
Two subcases:
» Subcase 1: F evaluates to 0 in line ¢, (exactly our first example!)
» then F; evaluates to 1 and F, to O.
» Let {qg1,...,qk} be the variables of F; and let {r,...,r;} be the variables in F;
{qlw"?qk}u{rla"wrj} = {p].?'-'apm}'
» By inductive hypothesis, di,...,dx = F1and A,..., i F -F.
> Then, pAl,...7p/;n|_ Fl/\_‘F2.
> Exercise 6.1: Prove that F; A —=F, - =(F; — F>) and conclude this case!
» Subcase 2: F evaluates to 1 in line ¢, there are 3 subsubcases.
» If both Fy, F> evaluate to 1, then p1,...,0m F F1 A Fo.
Exercise 6.2(i): Prove F; A F - F; — F» and conclude.
» If both Fy, F> evaluate to 0, then gy, ..., pm F —F1 A =F;.
Exercise 6.2(ii): Prove =F; A —~F> - F; — F, and conclude.
> If F; evaluates to 0 and F; evaluates to 1, (our second example!)
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Completeness Proof contd

Case -: F=F —FK
Two subcases:
» Subcase 1: F evaluates to 0 in line ¢, (exactly our first example!)

» then F; evaluates to 1 and F, to O.

» Let {qg1,...,qk} be the variables of F; and let {r,...,r;} be the variables in F;
{qlw"?qk}u{rla"wrj} = {p].?'-'apm}'

» By inductive hypothesis, di,...,dx = F1and A,..., i F -F.

> Then, pAl,...7p/;n|_ Fl/\_‘F2.

> Exercise 6.1: Prove that F; A —=F, - =(F; — F>) and conclude this case!

» Subcase 2: F evaluates to 1 in line ¢, there are 3 subsubcases.

» If both Fy, F> evaluate to 1, then p1,...,0m F F1 A Fo.
Exercise 6.2(i): Prove F; A F - F; — F» and conclude.

» If both Fy, F> evaluate to 0, then gy, ..., pm F —F1 A =F;.
Exercise 6.2(ii): Prove =F; A —~F> - F; — F, and conclude.

> If F; evaluates to 0 and F, evaluates to 1, (our second example!) then gi,..., gm F —F1 A Fa.
Exercise 6.2(iii): Prove =F; A F, = F; — F,, and complete this case.
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Completeness proof (Contd.)

Exercise 6.3
» Complete similar proofs for the cases A, V.
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Completeness proof (Contd.)

Exercise 6.3
» Complete similar proofs for the cases A, V.
Or at least read it from Huth & Ryan's book!
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Completeness proof (Contd.)

Exercise 6.3
» Complete similar proofs for the cases A, V.
Or at least read it from Huth & Ryan's book!
This completes the proof of the Lemma, finishing Step 2.2 of the overall proof.
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Completeness of Natural Deduction for propositional logic

Back to Step 2: If = G holds, then - G is valid; if G is a tautology, then it is a theorem!
Proof

» Let p1,..., pm be the propositional variables in G; all 2™ valuations make G true.
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Completeness of Natural Deduction for propositional logic

Back to Step 2: If = G holds, then - G is valid; if G is a tautology, then it is a theorem!
Proof

» Let p1,..., pm be the propositional variables in G; all 2™ valuations make G true.
» From this, we derive a proof of G
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Completeness of Natural Deduction for propositional logic

Back to Step 2: If = G holds, then - G is valid; if G is a tautology, then it is a theorem!
Proof

» Let p1,..., pm be the propositional variables in G; all 2™ valuations make G true.

» From this, we derive a proof of G
> Step 2.1 Key Idea: Encode each line of truth table as a sequent!
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Completeness of Natural Deduction for propositional logic

Back to Step 2: If = G holds, then - G is valid; if G is a tautology, then it is a theorem!
Proof

» Let p1,..., pm be the propositional variables in G; all 2™ valuations make G true.

» From this, we derive a proof of G
> Step 2.1 Key Idea: Encode each line of truth table as a sequent!

» Step 2.2: Use Previous Lemma to Construct proofs for each of 2™ sequents.

» Step 2.3: Assemble the sequents to obtain proof of G
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Completeness of Natural Deduction for propositional logic

Back to Step 2: If = G holds, then - G is valid; if G is a tautology, then it is a theorem!
Proof

» Let p1,..., pm be the propositional variables in G; all 2™ valuations make G true.
» From this, we derive a proof of G
> Step 2.1 Key Idea: Encode each line of truth table as a sequent!

» If in line £ of truth table, p; has value 1, then set p; = p; otherwise set p; = —p;
> Sequent for line &: pr...pmE G

» Step 2.2: Use Previous Lemma to Construct proofs for each of 2™ sequents.

» Step 2.3: Assemble the sequents to obtain proof of G
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Completeness of Natural Deduction for propositional logic

Back to Step 2: If = G holds, then - G is valid; if G is a tautology, then it is a theorem!
Proof

» Let p1,..., pm be the propositional variables in G; all 2™ valuations make G true.

» From this, we derive a proof of G
> Step 2.1 Key Idea: Encode each line of truth table as a sequent!

» If in line £ of truth table, p; has value 1, then set p; = p; otherwise set p; = —p;
> Sequent for line &: pr...pmE G

» Step 2.2: Use Previous Lemma to Construct proofs for each of 2™ sequents.
» For each line ¢, by Previous Lemma, we have pi ...pn F G is valid.
» Step 2.3: Assemble the sequents to obtain proof of G
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Completeness of Natural Deduction for propositional logic

Back to Step 2: If = G holds, then - G is valid; if G is a tautology, then it is a theorem!
Proof

» Let p1,..., pm be the propositional variables in G; all 2™ valuations make G true.

» From this, we derive a proof of G
> Step 2.1 Key Idea: Encode each line of truth table as a sequent!

» If in line £ of truth table, p; has value 1, then set p; = p; otherwise set p; = —p;
> Sequent for line &: pr...pmE G

» Step 2.2: Use Previous Lemma to Construct proofs for each of 2™ sequents.
» For each line ¢, by Previous Lemma, we have pi ...pn F G is valid.
» Step 2.3: Assemble the sequents to obtain proof of G
» Use LEM repeatedly on all the propositional variables of G and V-e to obtain - G.
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An example

Consider the tautology F = p A g — p.

Exercise 6.4 Show that it is a theorem by applying all steps of proof above.

» Has two propositions p, g. So 4 valuations
» Then applying Lemma we have (derive them!):
> p,g-pAg—p
> -p,gEpAg—p
> p,g-pAg—p
> —p,mgEpAg—p

» Using LEM to show - F...
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An example: Assembling the Proof

Assemble the four sequents via LEM and Ve, applied three times — exactly as in Huth & Ryan:
1. pV-p LEM
2.
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An example: Assembling the Proof
Assemble the four sequents via LEM and Ve, applied three times — exactly as in Huth & Ryan:

1. pV-p LEM

2. p assumption
3. qV q LEM

4.
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An example: Assembling the Proof

Assemble the four sequents via LEM and Ve, applied three times — exactly as in Huth & Ryan:

1. pV-p LEM

2. p assumption
3. qV q LEM

4. q assumption
5. pAgq—p UselLemma
6.
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An example: Assembling the Proof

Assemble the four sequents via LEM and Ve, applied three times — exactly as in Huth & Ryan:

1. pV-p LEM

2. p assumption
3. qV q LEM

4. q assumption
5. pAgq—p UselLemma
6. -q assumption
7. pAqg—p UselLemma
8.
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An example: Assembling the Proof

Assemble the four sequents via LEM and Ve, applied three times — exactly as in Huth & Ryan:

1. pV-p LEM

2. p assumption
3. qV —q LEM

4. q assumption
5. pAgq—p UselLemma
6. -q assumption
7. pAqg—p UselLemma
8. pANqg—p Ve 3,456-7
9.
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An example: Assembling the Proof

Assemble the four sequents via LEM and Ve, applied three times — exactly as in Huth & Ryan:

1. pV-p LEM
2. p assumption
3. qV —q LEM
4. q assumption
5. pAgq—p UselLemma
6. -q assumption
7. pAqg—p UselLemma
8. pANqg—p Ve 3,456-7
9. -p assumption

10. qV q LEM

11.
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An example: Assembling the Proof

Assemble the four sequents via LEM and Ve, applied three times — exactly as in Huth & Ryan:

1. pV-p LEM
2. p assumption
3. qV —q LEM
4. q assumption
5. pAgq—p UselLemma
6. -q assumption
7. pAqg—p UselLemma
8. pANqg—p Ve 3,456-7
9. -p assumption
10. qV q LEM
11. q assumption
12. pAg—p UselLemma
13.
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An example: Assembling the Proof

Assemble the four sequents via LEM and Ve, applied three times — exactly as in Huth & Ryan:

1. pV-p LEM
2. p assumption
3. qV —q LEM
4. q assumption
5. pAgq—p UselLemma
6. -q assumption
7. pAqg—p UselLemma
8. pANqg—p Ve 3,456-7
9. -p assumption
10. qV q LEM
11. q assumption
12. pAg—p UselLemma
13. -q assumption
14. pAqg—p UseLemma
15.
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An example: Assembling the Proof
Assemble the four sequents via LEM and Ve, applied three times — exactly as in Huth & Ryan:

1. pV-p LEM
2. p assumption
3. qV —q LEM
4. q assumption
5. pAgq—p UselLemma
6. -q assumption
7. pAqg—p UselLemma
8. pANqg—p Ve 3,456-7
9. -p assumption
10. qV q LEM
11. q assumption
12. pAg—p UselLemma
13. -q assumption
14. pAqg—p UseLemma
15. pAqg—p Vel0,11-12,13-14
16.
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An example: Assembling the Proof
Assemble the four sequents via LEM and Ve, applied three times — exactly as in Huth & Ryan:

@oEE)

1. pV-p LEM
2. p assumption
3. qV —q LEM
4. q assumption
5. pAgq—p UselLemma
6. -q assumption
7. pAqg—p UselLemma
8. pANqg—p Ve 3,456-7
9. -p assumption
10. qV q LEM
11. q assumption
12. pAg—p UselLemma
13. -q assumption
14. pAqg—p UseLemma
15. pAqg—p Vel0,11-12,13-14
16. pANg—p Vel?2-89-15
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Conclusion!

Propositional Logic is sound and complete.
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Conclusion!

Propositional Logic is sound and complete.

This means we can freely switch between semantic (}=) and syntactic () reasoning — pick
whichever is easier for the problem at hand!
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Are there other proof systems

» What we have looked at is called Gentzen-style Natural Deduction.
» Was introduced in 1934!
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Are there other proof systems

» What we have looked at is called Gentzen-style Natural Deduction.

» Was introduced in 1934!

Hilbert-style Natural Deduction Proof System

» Has only 3 axioms and ONE inference rule! Modus Ponens
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Are there other proof systems

» What we have looked at is called Gentzen-style Natural Deduction.

» Was introduced in 1934!

Hilbert-style Natural Deduction Proof System

» Has only 3 axioms and ONE inference rule! Modus Ponens

» Everything is derived from this...

@oEE) Lecture 6 CS228 : Logic for Computer Science Instructor: S. Akshay

IIT Bombay, India

16


http://creativecommons.org/licenses/by-nc-sa/4.0/
http://www.cse.iitb.ac.in/~akshayss/

Are there other proof systems

» What we have looked at is called Gentzen-style Natural Deduction.
» Was introduced in 1934!

Hilbert-style Natural Deduction Proof System

» Has only 3 axioms and ONE inference rule! Modus Ponens
» Everything is derived from this...

» As a result derivations are long and hard, but showing structural induction is easy!
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Are there other proof systems

» What we have looked at is called Gentzen-style Natural Deduction.

» Was introduced in 1934!

Hilbert-style Natural Deduction Proof System
» Has only 3 axioms and ONE inference rule! Modus Ponens

» Everything is derived from this...
» As a result derivations are long and hard, but showing structural induction is easy!

There are MANY more proof systems....

Intuitionistic Logic: No LEM! No double-negation elimination!
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Are there other proof systems

» What we have looked at is called Gentzen-style Natural Deduction.

» Was introduced in 1934!

Hilbert-style Natural Deduction Proof System
» Has only 3 axioms and ONE inference rule! Modus Ponens

» Everything is derived from this...
» As a result derivations are long and hard, but showing structural induction is easy!

There are MANY more proof systems....
Intuitionistic Logic: No LEM! No double-negation elimination!
» If you want to prove F, you should prove F, not disprove —F!

» No proof by contradiction also!
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Are there other proof systems

» What we have looked at is called Gentzen-style Natural Deduction.
» Was introduced in 1934!

Hilbert-style Natural Deduction Proof System

» Has only 3 axioms and ONE inference rule! Modus Ponens
» Everything is derived from this...
» As a result derivations are long and hard, but showing structural induction is easy!

There are MANY more proof systems....

Intuitionistic Logic: No LEM! No double-negation elimination!

» If you want to prove F, you should prove F, not disprove —F!
» No proof by contradiction also!

Exercise 6.5 Why are Intuitionistic logics interesting? What was Brouwer-Hilbert controversy?
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Topic 6.2

Remarks and Extensions
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A notable point

Showing invalidity of a sequent

» To show a sequent Fi,... F, = G is valid, you just derive a proof.
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A notable point

Showing invalidity of a sequent

» To show a sequent Fi,... F, = G is valid, you just derive a proof.
» How do you show that it is NOT valid?
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A notable point

Showing invalidity of a sequent

» To show a sequent Fi,... F, = G is valid, you just derive a proof.

» How do you show that it is NOT valid?

Use soundness!
1. Just find an assignment such that /; =1,...F, =1 and G =0.
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A notable point

Showing invalidity of a sequent

» To show a sequent Fi,... F, = G is valid, you just derive a proof.

» How do you show that it is NOT valid?

Use soundness!
1. Just find an assignment such that /; =1,...F, =1 and G =0.
2. This means Fi ... F, = G.
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A notable point

Showing invalidity of a sequent

» To show a sequent Fi,...F, F G is valid, you just derive
» How do you show that it is NOT valid?

Use soundness!
1. Just find an assignment such that F; =1,...F, =1 and
2. This means Fy...F, £ G.
3. Now soundness implies: if F1...F,F G is valid, then F;

a proof.

G =0.

... Fn = G holds; the

contrapositive gives: if F1...F, & G, then Fy...F, I/ G.
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A notable point

Showing invalidity of a sequent

» To show a sequent Fi,...F, F G is valid, you just derive
» How do you show that it is NOT valid?

Use soundness!
1. Just find an assignment such that F; =1,...F, =1 and
2. This means Fy...F, £ G.
3. Now soundness implies: if F1...F,F G is valid, then F;

a proof.

G =0.

... Fn = G holds; the

contrapositive gives: if F1...F, & G, then Fy...F, I/ G.

4. This completes the proof F;...F, t/ G.
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A notable point

Showing invalidity of a sequent

» To show a sequent Fi,... F, = G is valid, you just derive a proof.

» How do you show that it is NOT valid?

Use soundness!
1. Just find an assignment such that F; =1,...F, =1 and
2. This means Fy...F, £ G.
3. Now soundness implies: if F1...F,F G is valid, then F;

G =0.

... Fn = G holds; the

contrapositive gives: if F1...F, & G, then Fy...F, I/ G.

4. This completes the proof F;...F, t/ G.

Exercise 6.6: Prove or disprove: p - p A g valid.

@oEE) Lecture 6 CS228 : Logic for Computer Science Instructor: S. Akshay

IIT Bombay, India

18


http://creativecommons.org/licenses/by-nc-sa/4.0/
http://www.cse.iitb.ac.in/~akshayss/

Another note regarding reusing what has been derived

Consider the theorem
Fp—(q—p)
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Another note regarding reusing what has been derived

Consider the theorem

Fp—(q—p)
p assumption
2.
q—=p |
5. p—(g—p) —il4
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Another note regarding reusing what has been derived

Consider the theorem

Fp—(q—p)
1. assumption
2. assumption
3.
4. qg—p —12-3
5. p—(qg—>p) —il4
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Another note regarding reusing what has been derived

Consider the theorem

Fp—(q—p)
1. p assumption
2. q assumption
3. p copy 1
4. qg—p — 123
5. p—(qg—>p) —il4
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Another note regarding reusing what has been derived: The Copy Rule

Consider the theorem

Fp—(q—p)
1. p assumption
2. q assumption
3. p copy 1
4. qg—p — 123
5. p—(qg—=p) —il4

So, when can you copy? From above
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Another note regarding reusing what has been derived: The Copy Rule

Consider the theorem

Fp—(q—p)
1. p assumption
2. q assumption
3. p copy 1
4. qg—p — 123
5. p—(qg—=>p) —il4

So, when can you copy? From above ... unless they depend on temporary assumptions whose
box has been closed!
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