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The reachability problem for timed automata:

Given a timed automaton, decide if there is an execution reaching
a green state.

Thm [Alur & Dill’94]:
The reachability problem is PSPACE-complete.



Motivation

Reachability problem is the basic problem for timed automata.

Dually: one can think of it as of asking for a proof that a green state is not
reachable. Such a proof is an interesting object: it is an invariant on a timed

system.

The goal is to provide relatively small invariants, and represent them in a
succinct way.

We hope that some of these methods can apply also to more complicated
settings.

In this talk: abstractions + search order



The key idea: Maintain sets of valuations reachable along the path.

Zone: a set of valuations defined by conjunctions of constraints.

X<C, X-y>C, x>d, Xx-y>d

\Fact: the « post » of a zone is a zone.




Zone graph

([0] (x==y && }'ZZU)j
([1] (}'==D)j

([1] (x<2 && }r::[})j 3] (lex && x-v<l && v<=x)

([2] (l<=x && yzzl)j ([l] (l<x && x<2 && }'zzﬁ)j

([2] (2<x && y= 1))

Thm [Soundness and completeness]:

' The zone graph preserves state reachability.
\




Trying to solve reachability with zones

function reachability_check(A)
W = {(s0,2)}; P := W // Invariant: W C P

while (W # () do
take and remove a node (s,Z) from W
if (s in A)
return Yes
else
for each (s,2)=(s',2Z2')
if (s',Z2))Y¢P
add (s’,Z') to W and to P
12 return No
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Fact:
The algorithm is correct, but it may not terminate.



1 function reachability_check(A)
2 W := {(s0,20)}; P := W // Invariant: W C P
3
4 while (W # () do
5 take and remove a node (s,Z) from W
6 if (s in A)
7 return Yes
8 else
9 for each (s,2)=(s',2Z)
10 if (s/,Z2)¢P
11 add (s’,Z’) to W and to P
12 return No
Fact:
The algorithm is correct, but it may not
terminate.
(y=1)
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Abstraction: a way to get termination

/ [(qox y = 0)]

), 1Y}

_)@ {z,y} l
((a1,2—y=1))




Abstraction: a way to get termination

> (20,2 -y=0))
(y: 1)7 {y} l

(QLfE—y:O))
{z,y} l
4)@ @ (g1,2—y=1)]

r! y=1# Closurey(z! y=0)

Closurem(Z):

Valuations that can be simulated by a valuation in Z w.r.t. automata with
guards using c<M.




What abstractions we can use:

Three conditions

1.
2.

3.

Abstraction s
Abstraction s

Abstraction s

Nou
Nou

NOou

simulated by W.

d have finite range: finitely many sets a(W).
d be complete: W! a(W).
d be sound: a(W) should contain only valuations




Reachability algorithm with an abstraction

1 function reachability_check(A)

2 W = {(so,a(Z))}; P := W // Invariant: W C P
3

4 while (W #0) do

5 take and remove a node (s,Z) from W

6 if (s is accepting in A)

7 return Yes

8 else

9 for each (s,Z2)=4(s",2Z") // Z' = a(post(Z))
10 if (s,2')¢ P

11 add (s’,Z’) to W and to P

12 return No

Fact:

If a(W) is a sound and complete abstraction that has finite range then
the algorithm is correct, and it terminates.



Subsumption: an important optimisation

If a green state is reachable from (q,4), and Z! Z’ then

it is also reachable from (q,Z’).
\,

We say that (g,2) is subsumed by (q,Z’).

.

Cor:

Keep only nodes that are maximal with respect to subsumption.
.




Reachability algorithm with subsumption

function reachability_check(A)
W = {(s0,a(%))}; P = W

while (W # () do
take and remove a node (s,Z) from W
if (s is accepting in A)
return Yes
else
for each (s,Z2)=4(s",2Z2") // Z' = a(post(Z))
if (s’,Z’) is not subsumed by any node in P
add (s’,Z’) to W and to P
remove all nodes subsumed by (s',Z’) from P and W
return No
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Node subsumption is frequent due to abstractions.



Abstractions

Subsumtion




Abstractions based on

simulation
Coarsest
abstractions

\

Abstractions
s \
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Time abstract simulation

A time-abstract simulation is a relation between conbgurations £, v) < (s’,v'),
such that:

¥ s= ¢,

¥ If (s,v) LN (s,v + 9) SN (s1,v1), then for some §' € R>y we have

(5,0) <25 (5,0 + ') - (s1,0)) and (s1,v1) < (s1,7).

Abstraction based on simulation

AL (W) = {v [V e W. (s,v) = (s,V)}

Fact: An abstraction based on simulation is sound and complete.



Abstraction based on simulation

af(W) ={v |3V eW. (s,v) = (s,V)}

Thm [Laroussinie, Schnoebelen 2000]

Computing the coarsest time-abstract simulation for a given
automaton is EXPTIME-hard.

LU bounds for a given automaton

For every clock x, let L(x) be the sup over constants occurring in
lower bound guards of the automaton (x>c, x=c).
Similarly U(x) but for upper bounds (x<c, x<c)

ldea: compute the coarsest time-abstract simulation for all
~automata with a given LU bounds.




Abstractions based on
simulation

Coarsest |
abstractions The coarsest LU-abstraction
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The coarsest abstraction for all automata
with a given LU.

For a pair of valuations we set v <, v’ if for every clock x:
o if v'(z) < v(zx) then v'(x) > L., and

o if v'(x) > v(x) then v(x) > U,.

Defintion [Behrmann, Bouyer, Larsen, Pelanek]:
a (W) ={v | T e W v =<,y 0'}

Thm:

For a time-elapsed zone Z, the set a<,,(Z) is the coarsest LU-abstraction.




A comparison of different abstractions

CﬂosureLU

Zal|

Extra’, (2): IV B
3 19

HECEVvEL

a%LU




Abstractions based on
simulation

Coarsest |
abstractions The coarsest LU-abstraction

\ Efficient use of the abstraction

Abstractions
s \
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The same algorithm but with a_LU. We store only Z

1 function reachability_check(A)

2 W = {(s0,20)}; P := W

3

4 while (W #0) do

5 take and remove a node (s,Z) from W

6 if (s is accepting in A)

7 return Yes

8 else

9 for each (s,Z2)=(s',2Z2") // Z' = post(Z)

10 if Z/ Cay(Z”) for some (s’',Z"”) in P // subsumption
11 then nop

12 else

13 add (s’,Z') to W and to P

14 remove all nodes subsumed by (s',Z’) from P and W
15 return No

Remarks:

We store only zones not the abstractions of zones.
This is possible since we do Z’ C apy(Z2”)
Observe that LU can change during the execution.



The test Z' C apy(Z2”)

In general aruy(Z) is not a zone.

Thm:
Z ¢ ary(Z") iff there are two clocks x, y such that:

proj ., (Z) & aru(proc,, (Z"))

Thus the inclusion test is as efficient as testing Z! Z’



Abstractions based on
simulation

Coarsest |
abstractions The coarsest LU-abstraction

\ Efficient use of the abstraction

Abstractions Static bounds

one per state

Better
LU-bounds
“
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(v =1), {y}

M(y)=1

M(x) = 10°



More than 10° unnecessary nodes

(y=1), {y}

OO
((qo,x—y=1) (q1,0§><§y))

((CIOaX — Y= 2)) ((qz, 10° < x < y))

Yy
A

M(y) =1 ((qo’x oW 1))
> x !
M(x) = 10° (g0, x — y = 100 + 2))




Static analysis [Behrmann, Bouyer, Fleury, Larsen]

(y=1), {y}

@R

Mo(X)= "#  Mq(x)=106
Mo(y) =1 Mi(y) = "#

Key idea:
Different bounds for every state of the automaton.



y_]-) {y} (gg, X ! yzo))
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|\/|0(X) = "# Ml(X) — 10° ((CI2’ 10°" x " y))
Mo(y) = 1 Mi(y) = "#




However

(vy=1), {y}

Static analysis gives more than 10° nodes in the zone graph.
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\ Efficient use of the abstraction

Abstractions Static bounds
g one per state
Better On-the-fly-bounds,
LU-bounds one per (state,zone)
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On-the-fly bounds

constants at

depend on subtree

Key idea:

Bounds for every (g,Z) of the zone graph




(y=1), {y}

X=1ANy=2 x > 10°
do q1 @

(x:1l,y:2)
((CIOaX_YZO))
(x: 1,y 2)((q Xyé{)) \
(x: 1,y 2)( X_l }

Semantics tells us that g1 is unreachable, no need to consider the big
bound for X.



Two ways of getting bounds

Static analysis:

LU bounds for every state g

On-the-fly
LU bounds for every pair (g,Z); obtained by constant propagation
during the run of the algorithm.

Being able to quickly change LU bounds in our algorithm is very
Important here



Abstractions based on
simulation

Coarsest |
abstractions The coarsest LU-abstraction

\ Efficient use of the abstraction

Abstractions Static bounds
one per state

Lazy bounds,
from disabled edges

TA

Better On-the-fly-bounds,
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Observation 1

If all edges are enabled in the zone graph then we
do not need bounds at all.

(y=1), {y}

S
—>| (¢0,z — y = 0)

On—the—fly propagation q%» 5= 1) (q1,% — y = 0))

would give 10° nodes l

((qz,x—y=0/\x2106)]




Observation 2

If some edge iIs disabled in the zone graph, it is
enough to consider only the guards that were
responsible for the edge to be disabled.

x>0 m y>5 my>100m w < 2 Q
—| 40 N 1 > 42 > 43 > 4
O \_/ \_/ \_/

L(x)=95,
U(W)=2 ((qo,w=y=w20))
& x > 5 is responsible
No bound for y! GRS @1: )
((qQ,wzysz 5))
|
((Q3,$ =y=w> 100))

leQ



Lazy propagation algorithm

g1

((Cﬂ, Zl))

Mn—1 ((n-1,Zu-1) ] if Z,_1 C!,,don’t take g,

dan

Y
My (G z0) 1, = Closurey, (Z,)
l gn+1 1S disabled from ! ,,
dn+1




Lazy propagation algorithm

¢1 := Closurep, (2o) if Zop! ¢1, don't take gy

¢1 := Closurep, (Z1) if Z1! o7, don't take g

¢n—1 := Closurepy _,(Zn—2) if Z,_>! &,_1, don't take g,—1

¢n—1 := Closurep;  (Zp—1) if Z,—1! ¢n, don't take g

¢n 1= Closurep (Zn) gnr1 is disabled from ¢,




Exponential gain




Exponential gain

1= >(2) *2 =0 (@) ;”n::O’BI::”ﬁe

Lazy: constraints only for one pair on each path

On-the-fly: Gives constraints on k clocks depending on the order

of exploration.
N




Experiments

clocks [[UPPAAL (-C) static lazy
nodes sec. nodes sec. nodes sec.
CSMA/CD 10 11 120.845 1,12 78.604 1,89 78.604 2,10
CSMA/CD 11 12 311.310 3,23 198.669 5,07 198.669 5,64
CSMA/CD 12 13 786.447 8,87 493.582 13,58 493.582 14,71
C-CSMA/CD 6 6 8.153 0,19 1.876 0,09
C-CSMA/CD 7 time out 180,00 18.414 0,97
C-CSMA/CD 8 time out 180,00 172.040 10,36
FDDI 50 151|| Timeout after 60min 10.299 13,61 401 0,40
FDDI 70 211 20.019 65,86 561 1,36
FDDI 140 421 Timeout 1.121 18,25
Fischer 9 9 135.485 1,17 135.485 3,23 135.485 4,38
Fischer 10 10 447.598 5,04 447.598 12,73 447.598 17,27
Fischer 11 11 1.464.971 | 20,50 1.464.971 46,97 1.464.971 67,61
Critical region 3 3 3.925 0,03 3.872 0,06 3.900 0,08
Critical region 4 4 78.049 0,50 75.858 1,80 80.291 2,81
Critical region 5 5 1.768.806 | 27,25 1.721.686 72,82 2.027.734 140,55
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Abstractions based on
simulation

Coarsest |
abstractions The coarsest LU-abstraction

\ Efficient use of the abstraction

Abstractions Static bounds
one per state

Better On-the-fly-bounds,
LU-bounds one per (state,zone)

TA
Reachability

Lazy bounds,
from disabled edges

Subsumption makes the algorithm
sensitive to exploration order

- Better search
. Subsumtion _ order Z



Reachability algorithm with subsumption

function reachability_check(A)
W = {(s0,a(%))}; P = W

while (W # () do
take and remove a node (s,Z) from W
if (s is accepting in A)
return Yes
else
for each (s,Z2)=4(s",2Z2") // Z' = a(post(Z))
if (s’,Z’) is not subsumed by any node in P
add (s’,Z’) to W and to P
remove all nodes subsumed by (s',Z’) from P and W
return No

© 0 N O 61 b W N =
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Node subsumption is frequent due to abstractions.



Algorithm with subsumption is sensitive to
the search order

mistakes D Vo Gl

A situation when a node is created and then removed is called mistake.



A bad exploration order

(g1, true)
&« pt
(g3,y > 1) (g2, true)
\I« C\ T~ \I/
(qa,y > 1) (g3, true)
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TA
Reachability

one per state

Lazy bounds,

Better On-the-fly-bounds,
LU-bounds one per (state,zone)
\ from disabled edges

Subsumption makes the algorithm
sensitive to exploration order

Better search

Subsumtion

. order Idea: Give priority to big nodes

to minimise the effect of a mistake

Goal: reduce mistakes
nodes that later will be deleted



Priorities to big nodes

(g1, true) |0

/ \
0| (g3,y>1) (g2, true) |0
0| (qa,y>1) ~ (g3, true) |1

When a node covers another then it gets a higher priority than all the
nodes it covers.



Priorities to big nodes

(g1, true) |0
— ™~
0| (g3,y>1) (g2, true) |0
0| (qa,y>1) ~ (g3, true) |1
X ~Ef""‘~ |
(q47 true) 0

When a node covers another then it gets a higher priority than all the
nodes it covers.



Priorities to big nodes

(gq, true) ||
/ ~.
0| (g3,y > 1) (g2, true) | !
X el |
(g3, true) |!
(qa, true) |
No mistake oo 4

When a node covers another then it gets a higher priority than all the
nodes it covers.

Moreover: true zone gets the biggest priority.



Algorithm with priorities

1 function reachability_check(A)

2 W = {(s0,a(Z£))}; P = W

3

+  while (WE") do

5 take and remove a node (s,Z) with highest priority from W
6 if (s is accepting in A)

7 return Yes

8 else

9 for each (s,2)# a(s',Z') // Z' = a(post(Z))

10 if (s',Z') is not subsumed by any node in P

11 add (s',Z') to W and to P

12 update priority of (s',Z') w.r.t. subsumed nodes
13 remove all nodes subsumed by (s',Z') from P and W
14 return No

Updating priorities requires to maintain P as a reachability tree.



Efficiency depends on early detection of
mistakes

(91, Z1)
K ~
(03, Z3) (a2, Z2)
| . |
(CI4., Z4) ) I\ <
~ N R \L
Vv (g3, Z3)
|
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one per state

Lazy bounds,

Better On-the-fly-bounds,
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Subsumption makes the algorithm
sensitive to exploration order

Better search

Subsumtion

. order Idea: Give priority to big nodes

to minimise the effect of a mistake

Idea2: use topological order

Goal: reduce mistakes
nodes that later will be deleted
\ to avoid mistakes




The origin of mistakes

- Different paths merging in the same

@ state: but with different zones
- Solution: wait for all paths to arrive

before exploring from a state.



How to wait for all paths to arrive?

For acyclic automata use a

topological order

No mistake

Topological order guarantees absences of mistakes during exploration.

(g1, true)




Automata with cycles:
how to find an ordering that works?




Use topological ordering on the unfolding

Static analysis:

- Compute a topological order on a
spanning tree of A (DFS on A)
Y53 - Transitions going against this order
@ Increase the level counter

- level O

level 1




Algorithm with topological order

function reachability_check(A)
level(sp, a(Zg)) = O
W = {(s0,a(Zo))}; P = W

while (W £ ") do
take and remove a node (s,Z) with lowest level ,
then highest topological ordering from W
If (s Is accepting in A)
return Yes
else
for each (5,Z2)# a(s',Z') Il Z' = a(post(Z))
if (s',Z') is not subsumed by any node inP
if (s',Z') has higher topological ordering than (s,Z)
level(s',Z') := level(s,Z)+1
else
level(s',Z') := level(s,Z)
add (s',Z') to W and to P
remove all nodes subsumed by ¢,Z') from P and W
return No

© 00 N O O A W N B
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Algorithm terminates and is correct
Topological ordering on A can be computed in linear time



Algorithm with topological order

Topological ordering on A can be computed in linear time

CJ do So\ to
9!31 « 0 [

Compute a topological order for each of the components
Then use the point-wise order:

(CIO """ qn) ) topo (qé) ’’’’’ CIE) ! O " iopo qi! for everyi

the level of a tuple is the maximal level over its components.



Levels allow us to implement priorities

Subsumption-based priority is too expensive

It requires to maintain P as a reachability tree
Updating priority requires to explore the tree

Idea: approximate subsumption-based priority using node levels

level O
small A When the big node comes late,
> : move it to the same level as
C\‘ Now big has priority over
bi.g level 2 subsumed nodes.



The algorithm with levels and priorities

1 function reachability_check(A)

2 level(sp,a(Zp)) (= 0

3 W = {(So,a(Z()))}; P = W

4

5 while (W E") do

6 take and remove a node (s,Z) with true zone, or

7 lowest level then highest topological ordering from W
8 If (s is accepting in A)

9 return Yes

10 else

11 for each (s,2)# a(s',Z') // Z' = a(post(Z))

12 if (s',Z') is not subsumed by any node in P

13 if (s',Z') subsumes some node in P and/or W

14 level(s', Z') := min level of subsumed nodes

15 else if (s',Z') has higher topo. ordering than (s, 2)
16 level(s', Z') := level(s, Z) + 1

17 else

18 level(s', Z') := level(s, Z)

19 add (s',Z') to W and to P

20 remove all nodes subsumed by (s',Z') from P and W

return No

N
=



Experimental results

B: blow-up, F:FDDI, C: CSMA-CD, Fi: Fisher, L:Lynch,
CR: Critical region, FL-PL.: Flexray




Abstractions based on
simulation

Coarsest _
abstractions The coarsest LU-abstraction

Efficient use of the abstraction

Abstractions Static bounds,
s one per state
Better On-the-fly-bounds,
LU-bounds one per (state,zone)
Lazy bounds,
TA > \from disabled edges
Reachability _ _
Subsumption makes the algorithm
sensitive to exploration order
Goal: reduce mistakes
nodes that later will be deleted
Subsumtion  Cettersearch | deal: Give priority to big nodes
N ~_ order to minimise the effect of a mistake

Idea2: use topological order
to avoid mistakes

Algorithm with levels and priorities

Better abstractions make it more likely to subsume.

Better search order improves memory and running time.



Conclusions

Good search order improves both memory and running time.

The order we propose is easy to implement. It can serve as a
replacement of BFS.

The results on standard benchmarks show that the order can give

substantial gains.



