CS 435 : LINEAR OPTIMIZATION FaLL 2006

Lecture 26: An example illustrating the LP duality based Shortest Path
algorithm

Lecturer: Sundar Vishwanathan Scribe: Pratyush Chandra
COMPUTER SCIENCE & ENGINEERING INDIAN INSTITUTE OF TECHNOLOGY, BOMBAY

1 Formulations for an example graph

Let us see the formulation for an example graph in Figure 1.
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Figure 1: Given input graph

The integer LP is:

MinZgy + 3% Tgq + 0% Tgqg+ 2% Tog + 2% Tge + 6% Tpg + 4% Tes + 55T + 4% T + 2%z (1)
Tsq + Tsp + Tgg = 1 (2)

Tt +Tar =1 (3)

(4)

Yv € V—{s,t}ZmUw—wa =0
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Tuw > 0 (5)

Ty 18 an integer (6)

To obtain the linear program, we simple drop the constrant that x,, are integers.

And the corresponding dual is
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max Ys — Yt

Yu,v Yo — Yu < Wyp (8)
Ys = Ya <3 9)
Ys —yp < 1 (10)
Ys —Ya < 6 (11)
Yo — Yo < 2 (12)
Yo — Yd < 2 (13)
Yo — Ye < 6 (14)
Ye—Ys <4 (15)
Ye — Yt <O (16)
Yo — Yyt <4 (17)

Initially we set ys = yo = ¥» = ¥Ye = Y4 = y+ = 0. Now we keep incrementing y;’s till some
Yo — Yu < Wy becomes equality keeping y; = 0.

Tteration Number | ys | va | Yo | Ye | Ya | ¥+ | Remark

1 1|11 ]1]1]0

2 2121212210

3 31313131310

4 414141440 yq—y=wg =4 Hence yg =4

) 5155|5140 |ye—yt=we=25 Hencey.=5

6 6 | 6|6 |5 | 4]0 Y —Yq=weq =2 Hencey,=06

7 7167|5410

8 816|854 1]0

9 916|954 | 0| ys—ys=ws =3. Hence y; =9. Stop now.

Table 1: Trace of the primal-dual algorithm on the example graph

See Figure 2 for intermediate steps. Graph obtained after these iteration is 2(v). It contains
some extra edges. So we apply reverse delete algorithm. First we delete maximum weight
edge e.+ and check for a path from s to t. Clearly such a path s = a = d = t exist. Next
we try to remove eg. This makes t unreachable from s. Hence we stop here. Graph thus
obtained is shown in Figure 2(vi). Shortest path thus obtained is s = a = d = t.

We also see that value of shortest path thus obtained is ys — y: = 9.
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Figure 2: Intermediate Steps



