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1 The Primal-Dual method

P : max cT x D : min yT b

s.t. Ax ≤ b s.t. AT y = c

y ≥ 0

Now consider the following unweighted LP for the above primal,

max cT y
s.t. A′y ≤ 0

Let X satisfy the primal and Y satisfy the above LP. Let X ′ = X + εY . Then X ′ satisfies the primal
and the value of its objective function is greater than that for X. This gives us a method for solving the
primal. We keep on increasing Xi’s in the primal by y till the value of cT y becomes 0.

2 Matching in Bipartite Graphs

2.1 The Primal

Variables: One variable is used for each edge. An edge is either in or out in the bipartite matching.

Xuv represents edge {u, v}.
Cost: max

∑
uv Xuv

Constraints: For every vertex, there is at most one edge incident on it.

∀u ∈ U,
∑
w

Xuw ≤ 1 (1)

∀v ∈ V,
∑

p

Xpv ≤ 1 (2)

∀u, v, 0 ≤ Xuv ≤ 1, Xuv is integral (3)

2.2 The Dual

For the dual, the number of variables is equal to the number of vertices in the bipartite graph.

Cost: min
∑

u Yu +
∑

v Zv. The first term in the sum stands for vertices of set U , while the second
term stands for vertices in the set V .

Constraints: For edge {p, q},
Yp + Zq ≥ 1 (4)

Yp, Zq ≥ 0 (5)

1



2

Y Z

u v

Figure 1: Variables in the dual represent the vertices

This represents the fact that for each edge, one of the vertices must be picked. The dual of the maximum
matching problem in bipartite graphs is the minimum vertex cover problem.

Definition 1 A vertex cover is a set of vertices V in an undirected graph where every edge connects
at least one vertex in the set V .

3 Minimum vertex cover from the maximum matching in bi-
partite graphs

If V is a vertex cover and M is a maximum matching for a bipartite graph,

|V | ≥ |M | (6)

This is because, any vertex cover has to include at least one end-point of an edge of a maximum matching.

In any bipartite graph, the number of edges in a maximum matching is equal to the number of vertices
in a minimum vertex cover.

Finding a minimum vertex cover from a maximum matching:

Let G(V, E) be a graph and M be a maximum matching for the graph. Let V ′ be the set of those vertices
in M which are at odd distance from unmatched vertices in G. Then V ′ is a minimum vertex cover for
G (Refer Fig. 2).
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Add these vertices to the vertex cover

Unmatched vertex

Edges in bold are in the maximum matching

Figure 2: Minimum vertex cover from maximum matching


