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1 Row Rank of a matrix

The space {x : Ax = 0} is called the null space of the matrix A. Having already seen that
the dimension of the null space of A is equal to the n - number of linearly independent columns
in the matrix A, we now examine how this relates to the number of linearly independent rows
of A. We will first prove that Gaussian Elimination does not change the number of linearly
independent rows. Note that we have already proved that Gaussian Elimination does not change
the set {x : Ax = 0}. Later we will relate the row rank to the dimension of {x : Ax = 0}.
We first prove the following lemma:

Lemma 1 Gaussian elimination does not change the number of linearly independent rows in a
matrix.

Proof: Gaussian elimination consists of two elementary operations. Exchanging two rows and
multiplying a row with a scalar and adding it to another row. It is clear that exchanging two
rows does not change the row rank of a matrix Below we will show that multiplying a row with
a scalar and adding it to another row does not change the row rank of a matrix.

Consider an n×m matrix A of rank r. Without loss of generality, let the basis of the row space
be A1, . . . , Ar, where Ai denotes the ith row of A.

Now look at the space spanned by the rows A1, A2, . . . , Ar. Suppose Ai is replaced by Ai +cAj .
Clearly Ai belongs to this new space and hence all the vectors in the old space are also in the
new space. Also Ai + cAj is in the old space. So the vectors in the new space are also in the
old space. Since the space has not changed, the dimension remains unchanged. �

Now, consider the following lemma.

Lemma 2 dim({x : Ax = 0}) ≥ n− k

Proof: By the previous lemma, we can assume that we can use Gaussian Elimination to
solve the equation without changing either the null space or the row rank. After the Gaussian
elimination, our matrix A looks like:

0 . . . 1 0 . . . 0 ak+1 . . . am

0 . . . . . . 1 0 . . . 0 ak+1 . . . am
...

0 . . . . . . . . . 1 . . . ak+1 . . . am

0 . . . 0
...


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Here At contains a 1 in the position it for i ≤ t ≤ r and 1 ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ k. For
simplicity, we assume that it = t.

Now x be any solution to the equation. Then it can be easily seen that we can assign any
arbitrary values to xk+1 . . . xn, and then solve for x1 . . . xk to find a solution to the equation.In
particular then, we look at the vectors of the form ui−k = (x1, x2, . . . , xn) i = k + 1, . . . , n,
where ui−k

i = 1 and ui−k
j = 0 for j > k, j 6= i. Then the ui’s are of the form:

u1
1
...

u1
k

1
0
...
0





u2
1
...

u2
k

0
1
...
0


· · ·



un−k
1
...

un−k
k

0
0
...
1


where ui

j are obtained as outlined above for 1 ≤ j ≤ k. Clearly these n−k vectors u1, . . . , un−k

are linearly independent, as there last (n − k) rows are linearly independent. Also each ui is
a solution to Ax = 0 by construction. Thus we have (n− k) linearly independent solutions to
Ax = 0. This proves the lemma. �

Now, as before we will prove that the dim({x : Ax = 0}) = n− k

Theorem 3 dim({x : Ax = 0}) = n− k

Proof:

Consider any x′ such that Ax′ = 0. Now we construct the new vectors:

x̃ = x
′
k+1u

1 + · · ·+ x
′
nun−k

x
′′

= x′ − x̃

Note that by construction,
x

′′
i = 0, i = k + 1, . . . , n. (1)

Then we have

Ax
′′

= A(x′ − x̃)

= Ax′ −
n−k∑
i=1

x
′
k+iAui

= 0−
n−k∑
i=1

x
′
k+i0 becauseAui = 0

= 0 (2)
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Now the matrix Ax
′′

looks like

x
′′
1 0 . . .

0 x
′′
2 0 . . .

...
0 . . . . . . x

′′
k 0 . . .

0 . . . 0
...


(3)

because of the structure of A and Equation 1. Thus by Equations 2 and 3, we get that

x
′′
i = 0 for i = 1, 2, . . . , k

⇒ x′i =
n−k∑
j=1

x′iu
j
i for i = 1, 2, . . . , k (4)

Also, we have

x′i =
n−k∑
j=1

x′k+iu
j
i for i = k + 1, . . . , n (5)

by definition of ui’s. Hence, by Equations 4 and 5, we get that

x′ =
n−k∑
i=1

x′k+iu
i

Thus any other solution to Ax = 0 lies in the span of u1, . . . , un−k. Thus we get

dim({x : Ax = 0}) = n− k

Hence proved �

By Theorem 3, we get that the dimension of the null space of the matrix A obtained after
applying Gaussian elimination to the original matrix A′ is equal to the row rank of A. Having
already proved that the Gaussian Elimination does not change the row rank of a matrix, this
is also equal to the row rank of the origial matrix A′.

This concludes the proof for the fact that the row rank of a matrix is equal to n - the dimension
of its null space. As we have already proved that this is also equal to the column rank of a
matrix, we get as a corollary that the row rank and column rank of a matrix are equal.

Corollary 4 The row rank of a matrix is equal to its column rank.

2 Solutions to Ax = b

Having studied the properties of {x : Ax = 0}, we looked at the solutions of Ax = b for any
arbitrary column vector b. In this part, the following result was discussed.
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Theorem 5 Let x0 be a vector in Rn such that Ax0 = b. Then every solution to Ax = b can
be written in the form x0 + x′, where Ax′ = 0.

Proof: Consider any x̃ such that Ax̃ = b. Then, we have

Ax0 = b and Ax̃ = b

⇒ A(x̃− x0) = 0

Also x̃ = x0 + (x̃− x0). Hence proved �

The solution set to Ax = b looks like a subspace shifted by a vector x0.

3 Convex Sets

We look at some of the geometric properties of sets of points in this section. Consider any two
points v1and v2. Then the vector v1 + k(v2 − v1) lies on the line segment joining v1 and v2 for
k ∈ [0, 1].Rearranging, we can write this as (1−k)v1 +kv2, or as λ1v1 +λ2v2 where λ1 +λ2 = 1
and 0 ≤ λ1, λ2 ≤ 1. What is interesting, however, is that this generalizes to larger sets as well.
If we consider a set of n points S = {v1, . . . , vn}, then any point lying in the polygon with
v1, . . . , vn as its vertices can be written as

∑n
i=1 λivi, where

∑n
i=1 λi = 1 and 0 ≤ λi ≤ 1.

We now define the term convex combination.

Definition 1 Given n vectors v1, . . . , vn, vector v of the form

v =
n∑

i=1

λivi, 0 ≤ λi ≤ 1,
n∑

i=1

λi = 1

is called a convex combination of v1, . . . , vn.

A convex set is defined as:

Definition 2 A set of points S is called convex if for any subset S′ of S and for any point p
which we get by convex combination of points in S′, p ∈ S.

As an example the set {x : Ax ≤ b} is convex. This is because for any x1, . . . , xn satisfying
Axi ≤ b, A(

∑
i λixi) =

∑
i λiAxi ≤

∑
i λib = b as

∑
i λi = 1.


