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Observed variable

o #ODbservation = N
X i( Xy, Xy, Xgoee X))
Each x. Is a categorical distribution of k outcomes

X, :<xi1, Xioy Xigyeeey X ...xiK>

A ij1

x. {01}, x. =1



Hidden variable

 Each observation from M ‘sources’, giving
rise to M values form a ‘categorised

distribution’ for unobserved variables.
Z. =<Zjy,Zipy Zigy -1 Ly o Ly >

M
z; €101}, z; =1

1]
j=1



Variables: The complete picture

e Observed
XX X, Xay ooy Xoy o, Xy

e Unobserved

Z2:2,,2,,Z,, 2 2

 Complete data:
_ (X1Z)



Parameters

» 7. = prob. of choosing the ith “source’
M
Zﬂ'i =1
1=1

*Piss Piz» Pigr - -1 Pyj» - - -» Py are probabilities of the
“outcomes’ from the ‘ jth’ source

K
Z Pi =1
=1



Example

Sources are 10 dice

Each dice has 6 outcomes
M=10

K=6

Suppose #observations = 20
—then N =20



Likelihood formulation

 Maximum likelihood of complete data
1(0)=P(X,Z:6)

for the it item, - . 2,
P(X.,Z,:0)=T] nj(Hijx'kj

j=1 k=1

Pits P2 Pigs--os Pjp e Pix

X :<Xil’XiZ’Xi31“°’Xij’“°’XiK>

Z, :<Zi1’Ziz’zi3"”’zij"”’ziK>



Bernoull like trial

M
P(x,2,:0)= [ 7Py P -
j=1

MLE

1(6) =P(X,Z:0) = HH”J[H

=1 j=1

Xi i
pjk')



Variable definition

e | goes over observation
e | goes over source/observation
* k goes over outcome/source/observation



Log likelihood of MLE

N M

1(0)=> > logr. +Z|JZX|k logp,
=1 j=1
Already proved:-

We have to maximize expectation wrt z of LL(0)
[Consequence marginalization of P(X: ) wrt z]



Expectation of log likelihood

E,(LL(9))
Now
E,(f(z))= f(E(2))if fislinearin z

E(f(2)=Y P@)f(2) = f| 3 P(2)z




Optimization of expectation wrt
constraints

N

E,(LL())=> i E(zij)(log 7T+ i X, log ijj

i=1 |

Maximize E,(LL(6))subject to the constraints

iﬂ'j =1 (1)
Y logh, =1 (2)

M

Z z; =1 (3)

=1



Introduction of Lagrange
multiplier

(M A
A Zﬂ'j -1 (A)

R
N (M A
Z/lzi Zzij -1 (B)
i=1 \_j=1 )

Z;LBi Z p. —1| (C)



Maximization and expectation

M -step Step
Maximize
E,(LL(6))+(A)+ (B)+(C) with respectto 7, p,,
j=12---- M
K=12:--- K
E -step
K i

ﬂJ(H ijXikj

E(Zij) — =




Two coin example

P(z=2z |x=x)
Px P (1-R)"™
PxP"(1-P)* +(@-P)xP*(1-P,)"™

E(Zi):



