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Convex Optimization — Boyd & Vandenberghe

2. Convex sets

e affine and convex sets

e some important examples

e operations that preserve convexity

e generalized inequalities

e separating and supporting hyperplanes

e dual cones and generalized inequalities
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Affine set
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affine set: contains the line through any two distinct points in the set
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example: solution set of linear equations {z | Az = b} hA w%* &l e&*ﬁ M\\(
(conversely, every affine set can be expressed as solution set of system of ome “3

linear equations) @,\'3.
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Figure 3.3: Summary of the properties of the solutions to the system of equations
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Thws:

The system of equations Ax = b is solvable when b is in the column space

C'(A).
Another way of describing solvability 1s:
The system of equations Ax = b is solvable if a combination of the rows of

A produces a zero row, the requirement on b is that the same combination of
the components of b has to yield zero.
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. Xparticular—: Set all free variables (corresponding to columns with no piv-
ots) to (. In the example above, we should set 2 =0 and x4 = 0.

2. Solve Ax = b for pivot variables.

In this anmPk !

1+ EI;E — bl g E:E:; = bg — Eb[

[ b, +3b, |
0

-> Xparticular = o — 2hy
2

0
i i S
'Xn*‘)spatt \S S -
A m“S“)‘JaCe O

Now: Xeomplete = Xparticular +xﬁﬂ“3pﬂ-¢ﬂ S\nCC

Axc-rnnpie’:i: — A{xpar!-i:uiar + xnuffsprzce} =b+0=hb

)

© e T _ 0
23 if we choose b =[5 1 6] , we get Xparticutar = | - 4}

3
7
0




. B (] 1 (] 1 R
Leomplete = 3 + 0 9 ISSEJI

o] o 1| S
v 2

e
* ‘&4\ reulay % g™

Show thal 'Xcm?\o‘ﬁ =0%, % (\-\Xa wa So £
*, A €RY & BeR

ﬂg {'X\A«-‘bj \s an m&;‘ﬁz set

ot

e Whe .’[ s & Mmove mc'ra\%sc.a\
definiiion of a&{'an? Sels/



Move aypoyiate memne wneh X, & 1z ave Xy W veal,
Simte o\nﬂ“‘ e\ Eu,ledion VCC‘\'W 5'YM¢ LI Rﬂ\)ﬂ\

Convex set
A\

line segment between xz; and z5: all points
r=0x+ (1 —0)xs
with 0 <60 <1
convex set: contains line segment between any two points in the set
r,x0€C, 0<0<1 = 0Oxr1+(1—-0)zeC

examples (one convex, two nonconvex sets)

\//”f—_“ L
N > V" __..>

(:mvﬂ’i.' wt 1% (OY\MM https://en.wikipedia.org/wiki/Connected space

i4¢:
— Conver SeY con,, bt ol Neceseotily (on¥dins D ..

WES >0 of i) | <

Convex combination and convex hull*’

convex combination of z,. .., xx: any point x of the form

$:91$1+62$2+--'+9k$k = CG‘{\'\J ({X,!XZ ..ka}B

with 6+ +6,=1,0,>0
\/\/\/\/\’\_’_

convex hull conv S: set of all convex combinations of points in S
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Convex \cone

conic (nonnegative) combination of x; and xs: any point of the form
xr =012, + O
with 61 > 0, 62 > 0 ¥ @‘50&81;_0

Mhen =0 E(ne

convex cone: set that contains all conic combinations of points in the set

Convex sets 2-5

Hyperplanes and halfspaces

hyperplane: set of the form {z | a’x = b} (a # 0)

Q\ e A
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halfspace: set of the form {x | a”z < b} (a # 0) - ?%\Xqu ?(;O.
o 2 bj
N/
11')0{ alz >b
aTz <b

e a is the normal vector

e hyperplanes are affine and convex; halfspaces are convex

N~
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Euclidean balls and ellipsoids HXHQ . 5 W

(Euclidean) ball with center x. and radius r:

-

B(xe,r) ={z| ||z — 2 < r} ={z. +ru| |ul2 <1}
AN

ellipsoid:\set of the form

(@) P a=z)<) py o o f all

with P € 8", (i.e., P symmetric positive definite) its C‘(o] cnvabues
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other representation: {z.+ Au | ||ullz < 1} with A square and nonsingular
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Norm balls and norm cones

Convex sets

;%

norm: a function || - || that satisfies

e |lz|| > 0; ||x|| = 0 if and only if x =0

o |[tx|| = [t||z] for t € R

o [lz+yll <l + [yl

notation: || - || is general (unspecified) norm; || - ||symb is particular norm

norm ball with center z. and radius r: {z | ||z — z.|| < r}

norm cone: {(z,t) | ||z| <t}

Euclidean norm cone is called second-
order cone oL

norm balls and cones are convex
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