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Imax X

subject to M .s+z>aV(s,z)eZ
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max v
subject to L(x,A) > aVxeD
A>0

Since, L*(A) = migL(x, A), we can deal with the equivalent
XE

max o
subject to L*(A) > «
A=0

This problem can be restated as

max L*(A)
subject to A >0
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Separating hyperplane theorem

if C"and D are disjoint convex sets, then there exists a # 0, b such that

aT$§bf0r:E€C, afz>bforzeD

the hyperplane {z | a’2 = b} separates C' and D

strict separation requires additional assumptions (e.g., C is closed, D is a

singleton)
( Convex sets
zy <
C
(A
N
o.o\ Supporting hyperplane theorem

supporting hyperplane to set C' at boundary point z:
{z]aTz = aTx}

where a # 0 and a’z < aTzg forall z € C

5,
,
\
,
\
,
\
,
,
,
“-\-\.\_‘ ‘\
— N
SN ol
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o"‘ng_/i
\\'3“& A

supporting hyperplane theorem: if (' is convex, then there exists a
supporting hyperplane at every boundary point of '

Convex sets
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BEGIN: SUPPLEMENTARY
NOTES FOR CONVEX SETS




Operations that preserve convexity

practical methods for establishing convexity of a set C'
1. apply definition

331,%‘260, 0<6<1 — 9$1—|—(1—9)$2€C

2. show that C is obtained from simple convex sets (hyperplanes,
halfspaces, norm balls, . . . ) by operations that preserve convexity

e intersection

e affine functions

e perspective function

e linear-fractional functions

Convex sets 2-11

Intersection

the intersection of (any number of) convex sets is convex

example:
S={xeR™]||p(t) <1forl|t| <=x/3}

where p(t) = xj cost + xycos 2t + - - - + x,, cOsMEt

for m = 2:

p(t)

Convex sets 2-12



Operations that preserve convexity

practical methods for establishing convexity of a set C'
1. apply definition

Shw/“‘lo\' 'V:rlgﬂ?zEC,V(]SBgl — Or1+(1—-0)zy e C

2_snow that C' is obtained from simple convex sets (hyperplanes,

halfspaces, norm balls, . . . ) by operations that preserve convexity
® intersection waﬂ‘\
e affine functions 1.“ l.-nc:j e
e perspective function \e v & & 5’)
e linear-fractional functions ‘ kj /)40 5o.m'f V\i\.‘
. A cw
3 EMrN{co.\ l éx?eﬂm"\’“ [Howmeser o

e
rek Jor “m~¢t";“:ka5 dot) Lo:ﬂg‘ 14"36 "3

Convex sets 2-11

Intersection

the intersection of (any number of) convex sets is convex

s that. S 18 convee
S={reR™ (pll<tiori <njzp 48wy Hais propelly

where p(t) = 21 cost + 3 cos {\ e m \‘2 7(-'“5((*)\5{3

example:

for m = 2:

Convex sets 2-12



Polyhedra

solution set of finitely many linear inequalities and equalities
Azr < b, Cx=d

(A e R™ ™ C e RP*", < is componentwise inequality)

al as

as
as

ay

polyhedron is intersection of finite number of halfspaces and hyperplanes

Convex sets 2-9

Positive semidefinite cone

notation:

e S" is set of symmetric n X n matrices

o ST ={X €S"| X > 0}: positive semidefinite n x n matrices
XeSy < zz'Xz>O0forallz

S’_Il_ is a convex cone

e ST ={X e€S§"|X >0} positive definite n x n matrices

Convex sets 2-10



Polyhedra

solution set of finitely many linear inequalities and equalities

/“\( Ha‘\“
Az <b, Cr=d %anach 'ﬂ\iﬂ.’

(A e R™*" (e RP*" < is componentwise inequality) '“\ C\05Ca (ot X

Set l\f‘ ‘R: i\:
gqu'w ale®

A e e sethon °§'
S a|l 'l §5\°<§ ces

«\‘ha\' con‘\o In |

polyhedron is intersection of finite number of halfspaces and hyperplanes

Convex sets 2-9

Positive semidefinite cone

notation:
e S” is set of symmetric n X n matrices

e S" ={X € 8" | X > 0}: positive semidefinite n x n matrices
XeS, = 2TXz >0 for all 2

Si is a convex cone

e ST, ={X e€8§8"| X > 0}: positive definite n x n matrices

Convex sets 2-10
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Hz,“‘/ S Thcovem

Let C be a finite family of convex sets in R" such that, for k<n+ |, any k (set)
members of C have a nonempty intersection. Then the intersection of all (set)

members of C is nonempty.|



Affine function
suppose f : R — R™ is affine (f(z) = Az + b with A € R™*", b € R™)
e the image of a convex set under f is convex

SCR"convex = f(S)={f(x)|x €S} convex

e the inverse image f~1(C) of a convex set under f is convex

C CR™convex = [ }C)={re€R"| f(x) € C} convex

examples

e scaling, translation, projection

e solution set of linear matrix inequality {z | z14; + -+ - + ., Ay X B}
(Wlth Az,B S Sp)

e hyperbolic cone {z | 27 Pz < (¢"x)?, ¢’z > 0} (with P € S%)

Convex sets 2-13

Perspective and linear-fractional function

perspective function P : R"™! — R™:
P(x,t) = x/t, dom P = {(z,t) | t > 0}

images and inverse images of convex sets under perspective are convex

linear-fractional function f : R" — R™:

B Az +b

= Trrd dom f = {z | 'z +d > 0}

f(z)

images and inverse images of convex sets under linear-fractional functions
are convex

Convex sets 2-14
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Affine function 3 b\ ,){‘41 %
suppose f : R" — R™ is affine (f(z) = Ax + b with ~llle R™ ™ (b e le-b’fydﬂﬁ\a{‘w
. e the image of a convex set under f is convex ?‘mrts ¢ \Hal'm‘- s s((at
& G\\N‘“ Vo ot *SCR"convex = [f(S)={f(x)]|x E*gﬁ:gr:\fsex S(a\wﬁ
oot wi\ e
e the inverse image f~!(C) of a convex set under f is convex

o araV et
J wnge \° Lo W CCRMconex — (1) ={z R | f(@ )ec“}

Jovare WA\ ¥E .,-A <.\: Ao dM;M se\

examples
_ . o (Q,qc %J\‘-
e scaling, translation, projection

¥ o)
( \ e solution set of linear matrix inequality {x ‘wlAl + -+ xmAn 2 B} 5{\'
Kiv (with A;, B € S”)

e hyperbolic cone {z | 27 Pz < (¢Tx)?, ¢Tx > 0} (with P € ST!)

Convex sets

714 e I

ocder lonver Cone IO
l Perspective and linear-fractional function t’md%l-

erspective function P : R"™' — R™:
P(x,t) = x/t, dom P = {(z,t) | t > 0}

images and inverse images of convex sets under perspective are convex

linear-fractional function f : R" — R™:

Ax <+

. d ={z |z
T g omf={x|cz+d>0}

fa) =

images and inverse images of convex sets under linear-fractional functions
are convex

Convex sets 2-14



example of a linear-fractional function

1
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~

JN Pl

¢ b‘i 50 C 0
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Convex Optimization — Boyd & Vandenberghe

3. Convex functions

basic properties and examples

operations that preserve convexity

the conjugate function
e quasiconvex functions

e log-concave and log-convex functions

convexity with respect to generalized inequalities

Definition 6% 1 4 A€

f:R"™ — R is convex if and
st
S;c\ X Yo S0z 4+ (1 =0)y) <Of(z)+(1—6)f(y)
\/\/—\
o ey o <9< hoo og g’\"’ ok

Y

DA
A3y, £ ()

) \\
e fis concave if —f is convex(“ 157(67{ 'YC\ k.})

e f is strictly convex if dom f is convex and

N

(z, f(z))

fOx+(1=0)y) <0f(x)+(1-0)f(y)

forz,yedomf, x4y 0<0<1

Convex functions 3-2
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Convexity with respect to generalized inequalities

f:R"™ — R™is K-convex if dom f is convex and
flOz + (1= 0)y) 2k 0f(z) + (1—0)f(y)
forz,yedomf,0<6<1
example f:S™ — §™, f(X) = X?is S'"-convex
proof: for fixed z € R™, 27 X%z = || X z||3 is convex in X, i.e.,
ZTOX +(1-0)Y)2<027X%2+(1-0)2"Y?2
for X, Y €eS™ 0<60<1

therefore (0X + (1 - 0)Y)2 < 0X2+ (1 —-0)Y?

Convex functions



Examples on R

convex:

e affine: ax + b on R, for any a,b € R

exponential: e%*, for any a € R

e powers: z%on Ry, fora>1ora <0

powers of absolute value: |z|P on R, for p > 1

negative entropy: zlogx on R,

concave:
e affine: ax + b on R, for any a,b € R
e powers: z%on Ry, for0 <a <1

e logarithm: logx on R, 4+

Convex functions 3-3

Examples on R" and R™*"

affine functions are convex and concave; all norms are convex

examples on R"

e affine function f(x) = a’z +b

o norms: [z, = (1, [a4f?) /7 for p > 1; 2] = maxg |

examples on R™*" (m x n matrices)

e affine function

i=1 j=1

e spectral (maximum singular value) norm

F(X) =X ]l2 = Omax(X) = Dmax(XTX))1/2

Convex functions 3-4



Epigraph and sublevel set

a-sublevel set of f: R" — R:
Co={z edomf| f(z) < a}

sublevel sets of convex functions are convex (converse is false)

epigraph of / : R" — R:

epif = {(z,t) e R""' |z e dom f, f(x) <t}

9

f is convex if and only if epi f is a convex set

Convex functions 3-11
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