Definition 41 [Subgradient]: Let f: D — R be a conver function defined

on a conver set D. A vector h € R™ is said to be a subgradient of [ at the
point x € D if

f(y) = f(x) + h' (y = x)
for all y € D. The set of all such vectors is called the subdifferential of f
at x.

Theorem 76 Let f: D — R be a conver function defined on a convex set D.
A point x € D corresponds to a mintmum if and only if

Vi) =x) =0
for all y € D.

If ¥V f(x) is nonzero, it defines a supporting hyperplane to D at the point x.
Theorem 77 implies that for a differentiable convex function defined on an open
set, every critical point must be a point of (global) minimum.

Theorem 77 Let f: D — R be differentiable and conver on an open convez

domain D C R". Then x is a eritical point of [ if and only if it is a (global)
AT,

Theorem T8 Let f: D — R with D C R™ be differentiable on the conver set
D. Then,

1. f is conver on D if and only if is its gradient V f is monotone. That is,
forallx,y € R

(Vix)=Viy) (x=y)=0 (4.53)

2. [ is strictly conver on D if and only if is its gradient V [ is strictly mono-
tone. That is, for all x,y € R with x # y,

(Vf(x)=Viy) (x—y)>0 (4.54)

3. f is uniformly or strongly conver on D if and only if is its gradient V f is
uniformly monotone. That s, for all x,y € R,

(VI(x)=Viy)' (x=y) =[x =y (4.55)

for some constant ¢ > (.



I":Iecessit}r: Suppose f is uniformly convex on D. Then from theorem 75,
we know that for any x,. ¥y € D,

1) 2 £6) + V6 (y =) = selly +xIP
1) 2 1) + V7 f(y) o~ y) — zellx+ 1P

Adding the two inequalities, we get (4.55). If f is convex, the inequalities hold
with ¢ = (0, yielding (4.54). If f is strictly convex, the inequalities will be strict,
vielding (4.54).

Sufficiency: Suppose V f is monotone. For any fixed x, y € D, consider the
function @#(t) = f (x +t{y — x)). By the mean value theorem applied to ¢(t),
we should have for some t € (0,1).

#(1) — a(0) = ¢'(t) (4.56)

Letting z = x + t(y — x), (4.56) translates to

f(y) - f(x) =V f(z)(y —x) (4.57)
Also, by definition of monotonicity of V f, (from (4.53)).

(Vf(2) = V1) (v =%) = 7 (V/(2) = VF() (2=2) 20 (458)

Combining (4.57) with (4.58), we get.

f(y) = f(x) = (Vf(z) = f(x)" (v —%) + V' f(x)(y — x)
>V f(x)(y — x) (4.59)

By theorem 75, this inequality proves that f is convex. Strict convexity can
be similarly proved by using the strict inequality in (4.58) inherited from strict
monotonicity, and letting the strict inequality follow through to (4.59). For the
case of strong convexity, from (4.55), we have

@'(t) = #'(0) = (Vf(=z) — F(x))" (¥ —x)
(Vf(z) = f(x)" (2—x) 2 %f—‘ll55 —x||* = etlly — x||* (4.60)

] =

8(1) = 6(0) - 60) = [ [#0) = SOt 2 gelly <l (461)
which translates to

Fly) > f(x) + VT F )y — %) + elly — x||2
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Subgradient method

O subgradient method is simple algorithm to minimize nondifferentiable
N\f convex function f e
, ¢
& 2D — () gi ) &
«
\
- o z(F) is the kth iterate \ oA < (S(d ) A\ i('
- S
< g%) is any subgradient of f at z(%) Gj& G(ik K
g \\N \z
g e o > 0 is the kth step size
\not a descent method, so we keep track of best point so far '

Za ‘\Q ‘&\’: v \f\\} V/ﬁrx\‘->
thee, D ’f(“) n%- éigt_ I?lnkf( ())

We  knaw- /S(’(x Yw qC(a“) ’\’3@ (%k»fl K)

Prof. S. Boyd, EE364b, Stanford University



Step size rules
step sizes are fixed ahead of time

e constant step size: oy = a (constant)
e constant step length: ag, = v/| g™ ||2 (so ||zt — 2R, = +)

e square summable but not summable: step sizes satisfy

0. oo
E ozi<oo, g Q= OO
k=1

k=1

e nonsummable diminishing: step sizes satisfy

o
lim ap =0, g Q. = OO
k— o0 1

Prof. S. Boyd, EE364b, Stanford University



Assumptions

o f*=inf, f(x) > —o0, with f(a*) = f*
e |gll2 < G forall g € Of (equivalent to Lipschitz condition on f)

o |2V —2*2 <R

these assumptions are stronger than needed, just to simplify proofs

Prof. S. Boyd, EE364b, Stanford University



Stopping criterion

R* + G*# Zle o

e terminating when - L < e is really, really, slow

e optimal choice of «; to achieve - _ < ¢ for smallest k:

number of steps required: k = (RG /¢)?

e the truth: there really isn't a good stopping criterion for the subgradient
method . . .

Prof. S. Boyd, EE364b, Stanford University 9



Example: Piecewise linear minimization

minimize f(z) = max;—1, . m(a; v+ ;)
to find a subgradient of f: find index j for which

T _ T
a; x+b; = i:I{laXm(CLZ- xr+0b;)

and take g = a;

subgradient method: z(*+1) = 2(*) — qyq;

Prof. S. Boyd, EE364b, Stanford University

10



Speeding up subgradient methods

e subgradient methods are very slow

e often convergence can be improved by keeping memory of past steps

(heavy ball method)

other ideas: localization methods, conjugate directions, . . .

Prof. S. Boyd, EE364b, Stanford University 25
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Equivalent convex problems

two problems are (informally) equivalent if the solution of one is readily
obtained from the solution of the other, and vice-versa

some common transformations that preserve convexity:

e eliminating equality constraints

o SOVE OnO\\j\i@‘\b minimize  fo(x)

R
el

0 "
Mo 0 desan
X is equivalent to

subject to  fi(z 0, 2=1,....m
x

A

SRPAN

subject to filFz4+x9) <0, i=1,....,m

V'S:O(l‘) -’Fq’gb(f") i minimize (over z) fo(Fz + x0)

(2 - £ I5i®)

S \&\ﬂ\ \g W& where F and z are such that

wact o e
AM\}' LW

Yh o as OF 3—“:‘"’?

ke 5&‘“{‘51

Ar=b <= x = Fz+ xg for some z
[l

Convex optimization problems 4-11

e introducing equality constraints

minimize  fo(Aoz + bo)
subject to  fi(Ajz+0b;) <0, i=1,...,m

is equivalent to
minimize (over z, v;)  fo(yo)

subject to fily;)) <0, i=1,...,m
yi=Axz+0b, i=01,....,m

e introducing slack variables for linear inequalities

minimize  fo(x)
subject to alx <b;, i=1,...,m

is equivalent to
minimize (over z, s) fo(x)

subject to alz+s;=0b;, i=1,...,m
SZ'ZO, z:l,m

Convex optimization problems
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NecessAR Y CONDITIOWNS FOR ConNSTRAINED
OF ORLATY  (f2ges Qn-23% ¢f . -
ttp://www.cse.iitb.ac.in/~cs709/notes/BasicsOfConvexO
ptimization.pdf)

vf

P

gi(x)=0

=105
J=lod

Figure 4.39: At any non-optimal and non-saddle point of the equality con-
strained problem, the gradient of the constraint will not be parallel to that of
the function.
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g1(x)=0

v F=lls
- F=104
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Figure 4.40: At the equality constrained optimum, the gradient of the constraint
must be parallel to that of the function.



Figure 4.41: At the inequality constrained optimum, the gradient of the con-
straint must be parallel to that of the function.



