Definition 41 [Subgradient]: Let f: D — R be a conver function defined

on a conver set D. A vector h € R™ is said to be a subgradient of [ at the
point x € D if

f(y) = f(x) + h' (y = x)
for all y € D. The set of all such vectors is called the subdifferential of f
at x.

Theorem 76 Let f: D — R be a conver function defined on a convex set D.
A point x € D corresponds to a mintmum if and only if

Vi) =x) =0
for all y € D.

If ¥V f(x) is nonzero, it defines a supporting hyperplane to D at the point x.
Theorem 77 implies that for a differentiable convex function defined on an open
set, every critical point must be a point of (global) minimum.

Theorem 77 Let f: D — R be differentiable and conver on an open convez

domain D C R". Then x is a eritical point of [ if and only if it is a (global)
AT,

Theorem T8 Let f: D — R with D C R™ be differentiable on the conver set
D. Then,

1. f is conver on D if and only if is its gradient V f is monotone. That is,
forallx,y € R

(Vix)=Viy) (x=y)=0 (4.53)

2. [ is strictly conver on D if and only if is its gradient V [ is strictly mono-
tone. That is, for all x,y € R with x # y,

(Vf(x)=Viy) (x—y)>0 (4.54)

3. f is uniformly or strongly conver on D if and only if is its gradient V f is
uniformly monotone. That s, for all x,y € R,

(VI(x)=Viy)' (x=y) =[x =y (4.55)

for some constant ¢ > (.



Definition 41 [Subgradient]: Let f: D — R be a conver function defined
on a convex set D. A vector h € R™ is said to be a subgradient of f at the
point x € D if

fly)= f(x) +h' (y — x)

for all y € D. The set of all such vectors is called the subdifferential of f
af x.

Theorem 76 Lel f: D — R be a conver function defined on a convex set D.
A point x € D corresponds to a minimum if and only if

VI fix)(y—x) =0 (<)
for all y € D. )
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I":Iecessit}r: Suppose f is uniformly convex on D. Then from theorem 75,
we know that for any x,. ¥y € D,

1) 2 £6) + V6 (y =) = selly +xIP
1) 2 1) + V7 f(y) o~ y) — zellx+ 1P

Adding the two inequalities, we get (4.55). If f is convex, the inequalities hold
with ¢ = (0, yielding (4.54). If f is strictly convex, the inequalities will be strict,
vielding (4.54).

Sufficiency: Suppose V f is monotone. For any fixed x, y € D, consider the
function @#(t) = f (x +t{y — x)). By the mean value theorem applied to ¢(t),
we should have for some t € (0,1).

#(1) — a(0) = ¢'(t) (4.56)

Letting z = x + t(y — x), (4.56) translates to

f(y) - f(x) =V f(z)(y —x) (4.57)
Also, by definition of monotonicity of V f, (from (4.53)).

(Vf(2) = V1) (v =%) = 7 (V/(2) = VF() (2=2) 20 (458)

Combining (4.57) with (4.58), we get.

f(y) = f(x) = (Vf(z) = f(x)" (v —%) + V' f(x)(y — x)
>V f(x)(y — x) (4.59)

By theorem 75, this inequality proves that f is convex. Strict convexity can
be similarly proved by using the strict inequality in (4.58) inherited from strict
monotonicity, and letting the strict inequality follow through to (4.59). For the
case of strong convexity, from (4.55), we have

@'(t) = #'(0) = (Vf(=z) — F(x))" (¥ —x)
(Vf(z) = f(x)" (2—x) 2 %f—‘ll55 —x||* = etlly — x||* (4.60)

] =

8(1) = 6(0) - 60) = [ [#0) = SOt 2 gelly <l (461)
which translates to

Fly) > f(x) + VT F )y — %) + elly — x||2
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Figure 4.39: At any non-optimal and non-saddle point of the equality con-

strained problem, the gradient of the constraint will not be parallel to that of
the function.
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Figure 4.40: At the equality constrained optimum, the gradient of the constraint
must be parallel to that of the function.
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\ g is concave, can be —oo for some A, v
lower bound property: if A\ = 0, then g(\,v) < p* ?\ O

proof: if x is feasible and A > 0, then mzar\S >\ & Q+)

fo(Z) > L(Z,\,v) > inf L(z,\,v) =g(\,v)

xzeD
minimizing over all feasible Z gives p* > g(\,v)

Duality 5-3

Least-norm solution of linear equations

minimize 2’z 0‘6
: o2
subject to Ax =1b

dual function

e Lagrangian is L(z,v) = aTx + vT(Ax — b) \Y" 5 B-\\G(\

e to minimize L over z, set gradient equal to zero: / (,G&\
Vol(z,v) =20 +ATv =0 = z=—(1/2)A%v
e plug in in L to obtain g:
g(v) = L((-1/2)ATv,v) = —%VTAATV — by

\/\/\
a concave function of v @U\adryar\'\r, Y
lower bound property: p* > —(1/4)vT AATY — b for all v

Duality 5-4
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e a nonconvex problem; feasible set contains 2™ discrete points

e interpretation: partition {1,...,n} in two sets; W;; is cost of assigning
i, j to the same set; —W;; is cost of assigning to different sets

dual function
g(v) = inf(zTWa + Z vi(z? — 1)) = infa? (W + diag(v))z — 17v

B { —1Ty + diag(v) = 0

X
—00 otherwise 0~‘0
QN
QS X

lower bound property: p* > —17v if W + diag(v) = 0
example: v = )\mm(W)l gives bound p* > nApi (W)

W+ Q"Bwbo “ N cubehiute T

5-7

Lagrange dual and conjugate function

minimize  fo(x)
subject to Ax <Xb, Cx=d

dual function

ghv) = i ; (folz) + (ATA+CTv) e —b" A —d"v)
redom fo

= —f3(=ATXN=CTv) —bT"A —d"v

e recall definition of conjugate f*(y) = sup,edom f(¥" = — f(x))
—TN ~———— T

e simplifies derivation of dual if conjugate of fj is kown

example: entropy maximization

= zn::cz log x;, fily) = Zn:eyi—l

\/\/221\' \/\;——
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The dual problem
Lagrange dual problem

maximize  g(\,v)
subjectto A >0

finds best lower bound on p*, obtained from Lagrange dual function

e a convex optimization problem; optimal value denoted d*

A, v are dual feasible if A = 0, (\,v) € domg

often simplified by making implicit constraint (A, ) € dom g explicit

example: standard form LP and its dual (page 5-5) Q\SD Seen g(’{ (e

C">
minimize ¢z — maximize —bTv
subject to Ax =1b = subject to ATv +c¢>=0

x>0

. d] 2&“& e &muﬂ e
QQL? %q;» Bﬂj(()ﬁ )\fij\ﬂc’nj feasile ) om0 A?MO%

(4o g W)

Duality

Weak and strong duality
weak duality: d* < p*

e always holds (for convex and nonconvex problems)
e can be used to find nontrivial lower bounds for difficult problems

for example, solving the SDP

maximize —1Tv
subject to W + diag(v) = 0

gives a lower bound for the two-way partitioning problem on page 5-7

strong duality: d* = p*
e does not hold in general
e (usually) holds for convex problems

e conditions that guarantee strong duality in convex problems are called
constraint qualifications

Duality 5-10



Slater’s constraint qualification

strong duality holds for a convex problem

minimize  fo(x)
subject to fl( )<0, i=1,....,m
Az =b

\If/LL’I§ strictly feasible, i.e

dr € int D : filx) <0, i=1,...,m, Arz =b

e also guarantees that the dual optimum is attained (if p* > —o0)

e can be sharpened: e.g., can replace int D with relint D (interior

relative to affine hull); linear inequalities do not need to hold with strict

inequality, . . .

e there exist many other types of constraint qualifications

Duality

Inequality form LP

primal problem
minimize ¢’z

subject to Ax <b

dual function

g(\) = inf ((c+ AT\ Tz

x —00 otherwise

BT :{ —bTA ATX+c=0

dual problem
maximize —bT\
subjectto ATA4+c=0, A>=0

e from Slater’'s condition: p* = d* if Az < b for some &

e in fact, p* = d* except when primal and dual are infeasible

Duality



Complementary slackness

assume strong duality holds, x* is primal optimal, (A\*,v*) is dual optimal
P
foa*) = gO\v7) = inf ( )+ Z/\*fz + Zu;hxx))
i=1
< Jfo(z®) + Z Aifi(@") + Z vy hi(z”)
i=1 i=1

fo(z7)

IA

hence, the two inequalities hold with equality
e z* minimizes L(xz, \*,v*)

o \fi(x*)=0fori=1,...,m (known as complementary slackness):

AN>0= fi(z*) =0, filz*)<0= N\ =0

Duality 5-17

Karush-Kuhn-Tucker (KKT) conditions

the following four conditions are called KKT conditions (for a problem with
differentiable f;, h;):

1. primal constraints: f;(z) <0,i=1,...,m, hi(x) =0,i=1,...,p
dual constraints: A > 0

complementary slackness: \;f;(z) =0,i=1,...,m

= W

gradient of Lagrangian with respect to = vanishes:

V fol +Z/\ Vfi(x +Zyzw

from page 5-17: if strong duality holds and x, A, v are optimal, then they
must satisfy the KKT conditions

Duality 5-18



KKT conditions for convex problem

if &, A, & satisfy KKT for a convex problem, then they are optimal:

e from complementary slackness: fy(Z) = L(&, A, D)
e from 4th condition (and convexity): g(\,7) = L(&, \, D)

hence, fo(%) = g(j\, v)

if Slater’s condition is satisfied:

x is optimal if and only if there exist A\, v that satisfy KKT conditions

e recall that Slater implies strong duality, and dual optimum is attained

e generalizes optimality condition V fo(x) = 0 for unconstrained problem

Duality 5-19

example: water-filling (assume a; > 0)

minimize  — Y7  log(x; + a;)
subjectto >0, 1Tz =1
x is optimal iff z > 0, 17z = 1, and there exist A € R”, v € R such that

1
in—l—()éi

+>\i:V

o ifv<1/a;: \j=0and x; =1/v —
o ifv>1/a;: \ij=v—1/a; and z; =0
e determine v from 17z ="  max{0,1/v —a;} =1
interpretation

e n patches; level of patch i is at height «;

e flood area with unit amount of water

e resulting level is 1/v*

Duality 5-20



