Euclidean balls and ellipsoids

(Euclidean) ball with center x, and radius 7:

B(xe,r) ={z| ||z — 2 < r} ={z. +ru| |ul2 <1}

ellipsoid: set of the form
{o|@—2)"P e —a) < 1)

with P € 8" | (i.e., P symmetric positive definite)

other representation: {z.+ Au | ||ull2 < 1} with A square and nonsingular

Convex sets 2-7

Norm balls and norm cones

norm: a function || - || that satisfies

e |lz|| > 0; ||x|| = 0 if and only if x =0
o |tz| = |t| ||z] for t € R

o [lz+yll < =] + [yl

notation: || - || is general (unspecified) norm; || - ||symb is particular norm

norm ball with center . and radius r: {z | ||z — z.|| < r} 12{ %0
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norm cone: {(z,t) | ||z| <t}

Euclidean norm cone is called second-
order cone 2.

norm balls and cones are convex

Convex sets 2-8
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The condition ¥ x #£ 0, E E a;;X;X; > 0 involves a quadratic expres-

i=1 j=1
sion. The expression is guaranteed to be greater than 0 ¥ x # 0 iff it can
T i=1
be expressed as E A E Bijri; + @y |, where A; > (. This is possible
i=1 =1

iff A can be expressed as LDL”, where, L is a lower traingular matrix with
l in each diagonal entry and D is a diagonal matrix of all positive diago-
nal entries. Or equivalently, it should be possible to factorize A as RRT,
where R = LDY? is a lower traingular matrix. Note that any symmetric
matrix A can be expressed as LDLT, where L is a lower traingular matrix
with 1 in each diagonal entry and D is a diagonal matrix; positive definite-
ness has only an additional requirement that the diagonal entries of D be
positive. This gives another equivalent condition for positive definiteness:
Matriz A is p.d. if and only if. A can be unigquely factored as A = RRT,
where R is a lower traingular matriz with positive diagonal entries. This
factorization of a p.d. matrix is reffered to as Cholesky factorization.

http://www.cse.iitb.ac.in/~ CS709/notes/LinearAlgebra.pdf
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