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1. Reflexivity: a = a;

2. Anti-symmetry: if both a > b and b = a, then a = b;
3. Transitivity: if both a = b and b = ¢, then a = ¢

4. Compatibility with linear operations:

(a) Homogeneity: if a > b and A is a nonnegative real, then Aa > Ab
("One can multiply both sides of an inequality by a nonnegative real” )
(b) Additivity: if botha>=band e > d, thena+ec>= b+ d
("One can add two inequalities of the same sign” ).
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The Hasse diagram of the set of all subsets of J_-._l/
a three-element set {x, v, z}, ordered by inclusicn.
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Generalized inequalities
N i
a convex cone K C R" is a proper cone if 36 m 2.3 YQ,S}"Y; V4 ha{\?

m ik tfhet we
e K is solid (has nonempty interior)

You W hos e K is pointed (contains no line) w‘ll "f-a(“."/ e -"Vu):\k)HY?

r\os}..\-'n;;‘%é)l e -g a,-a € \< then G<0
xamples

?a.‘JID
o e nonnegative orthant K =R} = {z € R" |2, > 0,i=1,...,n}

L _~LNEAL  TROGAN 0}

e K is closed (contains its boundary)

e positive semidefinite cone K = S"

e nonnegative polynomials on [0, 1]:

K={zeR" |2 +aot +ast> 4 "t >0fort € 0,1]}

Q- Whal »9 M=o _ _ con tu 32\’ (vo;(w (OVRS
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Separating hyperplane theorem

if C"and D are disjoint convex sets, then there exists a # 0, b such that

aTscgbfor:EEC, afz>bforzeD

. ‘(‘\‘Q

the hyperplane {z | a’2 = b} separates C' and D /' ‘\_\
strict separation requires additional assumptions (e.g., C is closed, D is a
singleton)

( Convex sets 2-19

zy c%

02"
0-0\ Supporting hyperplane theorem

supporting hyperplane to set C' at boundary point z:
{z]aTz = aTx}

where a # 0 and a’z < aTzg forall z € C

5,
\,
N,
",
N,
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M,
— N
0 ; L
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supporting hyperplane theorem: if (' is convex, then there exists a
supporting hyperplane at every boundary point of '

Convex sets 2-20
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Dual cones and generalized inequalities
dual cone of a cone K:
K*={y|y"z>0forallz € K}

examples

K =R"}: K* =R}
K =S} K*=S"
K = {(e,0) ] |lz]l2 < t}: K* = {(z,0) | [l2ll2 < 1}
K = {(@,t) | llzll: < t}: K* = {(z,6) | [lz]low < 1}

first three examples are self-dual cones

dual cones of proper cones are proper, hence define generalized inequalities:

yrre0 <= ylx>0forallz >0

Convex sets

Minimum and minimal elements via dual inequalities

minimum element w.r.t. <g

z 1s minimum element of .S iff for all
A =i+ 0, x is the unique minimizer
of M’z over S

minimal element w.r.t. <g

e if x minimizes A7z over S for some \ =« 0, then x is minimal

A1 ﬂ
\_

e if 2 is a minimal element of a convex set S, then there exists a nonzero
A = i+ 0 such that = minimizes A7z over S

Convex sets 2-22
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' u+ tv > 0 whenever |jz]| <t = ||ulls < v. (2.20)

q_/ct us start by showing that the righthand condition on (u,v) implies the lefthand
condition. Suppose ||u|, < v, and ||z|| < ¢ for some t > 0. (If t = 0, x must be zero,
so obviously u’z 4+ vt = 0.) Applying the definition of the dual norm, and the fact
that |—z/t|| < 1, we have 3

u' (—z/t) < ||uls <o,
and therefore u’ = + vt = 0.

%\_c:{t- we show that the lefthand condition in (2.20) implies the righthand condition
in (2.20). Suppose ||u||+ > v, i.e., that the righthand condition does not hold. Then
by the definition of the dual norm, there exists an = with ||z < 1 and 2" u > wv.
Taking t = 1, we have

u' (—z) +v <0,

which contradicts the lefthand condition in (2.20).
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