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Dual cones and generalized inequalities

dual cone of a cone K:

K*={y|y"z>0forallz € K}
examples
e K = R'ﬁ: K" = R'ﬁ
e K =S"7: K*=S"
o K ={(z,t) ||zl <t}: K*={(z,?) | [[z]l2 <t}
o K={(z,0)] oy <t} K* = {(@.1) | |lzl| <1}

first three examples are self-dual cones

dual cones of proper cones are proper, hence define generalized inequalities:

yrre0 <= ylx>0forallz >0

Convex sets 2-21
CC"') . e . e . . . e
N ) Minimum and minimal elements via dual inequalities
.‘L
z

minimum element w.r.t. <g

z_is minimum element of S}iff for all
A =i+ 0, x is the unique minimizer
of ATz over S

minimal element w.r.t. <g

e if x minimizes A7z over S for some \ =« 0, then x is minimal

\_

e if 2 is a minimal element of a convex set S, then there exists a nonzero
A > g+ 0 such that 2 minimizes Az over S

Convex sets 2-22
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o

' u+ tv > 0 whenever |jz]| <t = ||ulls < v. (2.20)

q_/ct us start by showing that the righthand condition on (u,v) implies the lefthand
condition. Suppose ||u|, < v, and ||z|| < ¢ for some t > 0. (If t = 0, x must be zero,
so obviously u’z 4+ vt = 0.) Applying the definition of the dual norm, and the fact
that |—z/t|| < 1, we have 3

u' (—z/t) < ||uls <o,
and therefore u’ = + vt = 0.

%\_c:{t- we show that the lefthand condition in (2.20) implies the righthand condition
in (2.20). Suppose ||u||+ > v, i.e., that the righthand condition does not hold. Then
by the definition of the dual norm, there exists an = with ||z < 1 and 2" u > wv.
Taking t = 1, we have

u' (—z) +v <0,

which contradicts the lefthand condition in (2.20).
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optimal production frontier

e different production methods use different amounts of resources z € R™

e production set P: resource vectors x for all possible production methods

o cfficient (Pareto optimal) methods correspond to resource vectors x

that are minimal w.r.t. Ri

example (n = 2)

x1, To, x3 are efficient; x4, x5 are not

Convex sets
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