1. Prove that if P is positive definite, then log (det( ) is a convex function
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Solution to the non-inverse case is already there at
httdp /Iwww .cse.iitb.ac.in/~CS709/notes/eNotes/basicsOfUnivariateOpt
ItsGeneralisation-withHighlights.pdf. Only difference is that |
have introduced the inverse of the matrix. =
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2. Consider the following L4 norm approximation problem

Ax — h”l

I #e
.

where
L Ll
T 1
4x — blly = [ S (aTx — b)
i=1
The matrix A € R™*" (with rows al') and the vector b € R™ are given.
Express this minimization problem as a constrained convex optimisation
problem with:
(a) convex quadratic objective
(b) convex guadratic inequality constraints

(c) linear equality constraints

(4 Marks)
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3. In a quasi-Newton algorithm, BY*Y (approximation to the Hessian) is
obtained from a positive denite matrix B'* from the previous iteration on
k. by using the Davidon-Fletcher-Powell (DFP) updating formula, which
15 specified below:
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Show that the condition
) T I
(ﬂuxf J) Ag®) = 0

will ensure that B is positive denite.

You can assume that values of Ax'™, B'™ and Ag'®) are known from the
previous iteration (on k). As stated in the class (in the context of the
BFGS algorithm ),

(a) Ax'™ = —BWIT F(x™),

(b) xFHL = xR AxR) - where ¢ can be obtained using any
method such as line search, ete.

(c) Ag®) = V(xk+D) - vfx®).

(8 Marks)
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4. Consider the overdetermined system of nonlinear equations

Il —:r:% — I — drg =12
b T B
I — X, = =2

ﬂ:f +:r:g +2r) — 1 =—1.1

Suppose we decide to find a solution for the above equations by minimizig

where
fix) =2 — 2l —x) — 3wy — 2
fo(x) = 2} — a3 +2
fa(x) = 2% +od + 20y — a9+ 1.1

For such an objective as F'(x) (decomposable as a sum of squares of objec-
tives), the Gauss-Newton algorithin is applicable. Write down the steps of
the Gauss Newton algorithm with the specific expressions for the relevant
Jacobians and Hessian matrices, ete. for the specific objectives discussed
here. As hint, to begin with, vou can first identify what [ and m (refer
class notes) are.

(5 Marks)
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constrained-optimisation.pdf

OW}‘ ;j }0\@» vechor valued $n Such oS
ZBQ VO m(x) = I\W

outh o9 heae &(ﬂ



(R Q,Proc\uc Iﬂj 5}&?5 o?zt\:O)

V() = Jen () V21 (am).] xi+Z‘~' m @i, = YoV

-

=]

lr'ff.-"'F:l t hﬂlln.. _{u:

where J,, is the jacobian®® of the vector valued function m. It can be shown
that if V2I(m) = 0, then (GG¢g(x) = 0. The term G¢(x) is called the Gauss-
Newton approximation of the Hessian V- f(x). In many situtations, G¢(x) is
the dominant part of V*f(x) and the approximation is therefore reasonable.
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Ax = —(Gy(x)) 7'V f(x) = —(G(x)) ™" J4(x)VI(m)

. - Z ’ — P il dmg - .
where we use the fact that (Vf(x)); = Y i _, Iy D=, + since the gradient of a

composite function is a product of the jacobians.
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vk’ OU?-‘:
given a starting point @ € dom f, tolerance € = (),
repeat

1. Compute the Newton step-and decrement.
T i= —V f(2)T' W f(z)) A= Vi)' Vi)'V f(x).
5. Stopping criterion. quit if A°/2 < e. —3$+er
3. Line search. Choose step size t by backtracking line search,
4. Update. © := 2 + tAx,,.

: = - - - - o - g -
5. Consider the optimisation problem
minimize  f(x)= @ + 19 1)
subject to c1(x)= xf+a5—-2=0

What is the solution to this problem?
Now consider optimising this constrained objective by optimising the quadratic
penalty function

H ¢
Qx,p) =r) +x0 + E[ﬂ:f + .’l‘g —2)*

Suppose the problem (1) has a minimum at x* with Lagrange multiplier

A", Show that ()(x, p) does not have a local minimum at x* unless ¢ >
|| A"

Hint: Consider directional derivative of (} at x*.

[

Aside (no need to prove): This claim for p holds for any choice of non-
linear f, ¢; and with Q(x.u) = f(x) + Se1(x).
(6 Marks)
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f ‘
Q(x, p)=x + 20+ ?'”’f + :r.'g — 2|

Suppose the problem (1) has a minimum at x* with Lagrange multiplie
A", It ean be shown that that Q(x, i) does not have a local minimum at
x* unless p = || A" .

6. Solve the constrained minimisation problem

minimize  f{x) = 27+ x3 — ldx; — 6o

subject to ¢y(x)= 2—x1) —15 =10 (2)
calx)= 3—x1— 208 = 1)

by applying KK'T conditions.
(6 Marks)
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7. Let the feasible region D be given as

D: gilx)<0 fori=1...m
hilx)=0 forj=1...k

At some feasible point x, let Z(x) be the active index set for the inequality
constraints at x, and define the sets F(x) and F(x) as

F(x)= s gilx+s)<0 forieI(x)
N C hi(x+s)=0 forj=1.../wn

and

F(x)=1s: sTVgi(x) <0 for i_E T(x)
s'Vhix)=0 forj=1...0

(a) We claim that F(x) C F(x). Provide a sketch of the proof, stating
what keyv properties vou would use.

(3 Marks)

(b) Show that if the constraints that are active at x are all linear, then
Fi(x) = F(x).
(3 Marks)

(c) The condition that F(x) = F(x) is called the constraint qualificiation
of x. Suppose the only constraints are given by

o g (1, 13) =29 — 1%

o golry, ) = —Ia.

Then. does the constraint gualification assumption hold at x = 07
Prove your statement.

(3 Marks)
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®. Consider the problem

minimize $x7Ax — bTx (3)
where A is a symmetric positive definite matrix. Let {d”.d'.....d" 1V}

be a set of nonzero vectors that are mutually conjugate with respect to A.

The algorithm is iterative (like the conjugate gradient method outlined in
notes). The k'™ iteration consists of the following step:

o x'FHL — xF ot d¥ where ap is the one dimensional minimizer of

i — & & 0 143 1UFs oy g f— ?Tirl: }lf.h_:'d.‘l‘
o) = f(x" + ad”) and is given as o, = — @) TAdr

Let x" € R" be the initial point. We will prove that the sequence
{x""} generated by the repeated application of the conjugate gradient
step above, for increasing values of k, converges to the solution x* of
the problem (3) in at most n steps (for step (b} onwards, provide brief
justification):

(a) Prove that the directions {d".d',....d"" 1} are linearly indepen-
dent.

(2 Marks)
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(b) Since the directions {d".d*,....d"" Y} are linearly independent, we
can write the following for some choice of scalars ~q. . .. .. %1
N~ L
x‘——xﬁzz..::z;..Y}:Ck
=0

(1 Marks)



(c) By premultiplving both sides of this inequality by {d*] A and using
properties determined so far, we obtain the following expression for

s Q\“) A (X - )
(1 Marks) Ko\k\ A CA“*)

(d) x* can be expressed in terms of x".d".d!.. d“‘ b ete.

JC{-Z.O(A(

(1 Marks)

(e) By premultiplving the expression by {d“'] * A and using the proper-
ties determined so far, we have:

(d)" A —x=...0...

(1 Mark)

(f) And therefore @ A x Q\K) A ( = 2
(1 Mark) 0\\:.) (b A’I =
e wh

Q)N ax
(g) Thus v, = . of...... which establishes the result.
(1 Mark) 0<K = Ay

Nore  TAG" )= Ax"- b = of, 2 (4% (bt x?
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