Revisiting gradient descent ‘\Ne il Show Fwo
notons Cenvexgence

™~
We have Vx, ¢,y € dom f, Oﬂ‘y LAF(’J}\,"Z ks L(;]z\/\"}l
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@ Thus we get
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o Considering xX* = x, and xX*'! = y, and a fixed step size t, we get
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o Using convexity, we have f(x*) > f(x*) + V" f{x*)(x* — x¥)
= Ax) < fix*) + VTAXK) (¥ — x)

o Thus, &subs%m
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@ Qver all iterations, we have

E69-fe)S 2 < (1~

e Since AXt) < AX) Vk=0,1,..., we get
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Question: Could we analyze Gradient descent more generally?
@ Assume backtracking line search
e Continue assuming Lipschitz continuity
» Curvature is upper bounded: V2f(x) < MI (where M = L)
@ Assume strong convexity

» Curvature is lower bounded: V2f(x) = ml
» For instance, we wouldn't want to use gradient descent for a
linear function (no curvature)
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@ Lipschitz continuity
V*f(x) < LI

[VAix) = VAY)|| < Lllx—yl

) < 9+ 9 Ay = x) + 5 lly =«

e Convexity
» Curvature should not be negative

V2f(x) = 0
fly) > fix) + V' fx)(y— x)

@ (Strong convexity
2

) & (\)\u‘(\j v—r f(X) t mi m ,

e Fwfly) > )+ V) (y = %)+ Sy -«

N o‘\@a(\ %0- \‘l{\"gzoﬂm

\,996( » For example, augmented Lagrangian is used to introduce strong
—_— e e

convexity
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Using strong convexity

fly) > fix) + V' x)(y — %) + Zlly = x|I”
> minimum value the RHS can take as a function of y
@ Minimum value of RHS
VAx)+my—mx=0
— y=x—=Vflx)
@ Thus,
fly) > fix) + V' f{x) (- L VA )) + 2| -L1vAx) |’
— fly) > fix) — £||VAX)|]
» Here, LHS is independent of x, and RHS is independent of y
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° IfHVI‘(x)H is small, the point is nearly optimal

> IfHVf(x)H < v/2me, then:
1) — ) < ¢

» As the gradient || Vf(x)|| approaches 0, we get closer to the
optimal solution x*
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Analysis for Backtracking Line Search

e Backtracking line search exits when

2

F(X — 691 ) < Aixt) - % V)

» where t = ()" torg
* torg Was the initial step size before the invocation of
backtracking line search
* ris the number of iterations before the loop terminated

o The margin of backtracking line search, ||V f(x")| ? is inspired

by strong convexity
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@ Since fis strongly convex, and also Lipschitz continuous, we
have for some M= L :

1) < ) + (- — )|V

@ We also consider
1 t Mmt?
O<t<y = t<q = 1<
— Mot
e Thus, we get the exit condition of backtracking line search

t
2

1) < ) — 5 [ |

= (X = 1V ) < X - ‘Vf H

e Convergence of gradient descent, given this condition, has been
proved below
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o Let p* = f(x")
o f(x— tVfix)) < fix) — tHVI‘(X)H2 + !V'%QHVI"(X)H2
» RHS here will be maximum for t = !Tfl

— F{x—VA0) < ) — 4] VA9

= f(x—t"‘Vr‘(x))—p <1‘(x | [V A(x) H —p*
@ From strong convemty we had

fly) > flx) - \Vf I’

— p> f VA

— ||V H > 2m () - p)

L Apil 7, 2015

11/ 13



@ Thus,
f(x—t'VAx) — p' < flx) HVIC(XJ‘ —p'
= f(x—t'Vfx) - p* <f(X) b "(X)—p*)—p*
— f(x—t'VAx)) —p* < (1 - ) (fix) — p*)
e Which is,
) 2o < (1 - ) (2B
<(1-5) (X2 - p)

:§ (1—m)" ("(X“')) - p"‘)
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@ We get linear convergence

> Here, 7 € (0,1)
» This is, loosely speaking, faster than what we got using only
Lipschitz continuity, which was:

. :0) _yex |2
fx) — p* < 2tk

(sublinear convergence)
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