Overview

e We can find Ax as the change in x along some steepest descent
direction of fwithout constraints

® Thus, let X! = xk 4 Ax be the working set that reduces f{x)
without constraints (unbounded)

o To find the constrained working set, we project x*! onto ) to

get x<+1 n v
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@ To project x, onto the non- emptg? closed convex set €) to get the
projected point x,, we solve:

:P — i _ 2
x, = Po(x,) argg"éngu z|[;

e That is, the projected point x, is the point in €2 that is the
closest to the unbounded optimal point x, if 2 is a non-empty
closed convex set
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Descent direction for a convex function

@ For a descent in a convex function f, we must have
f(x**1) > Value at x**! obtained by linear interpolation from x*

o ie. f(xXT1) > fA(xXK) + VI AX) (XK — %)
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@ Thus, for Ax* to be a descent direction, it is necessary that
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We want that the point obtained after the projection of x*! to be a
descent from x* for the function f
s

VAX) - Ax, <0 necess® Hox
(where Ax, = Pqo(xkt1) — xK) (mﬂl@ev CWC ‘fj (L
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e Claim: If P, is a projection of x, the -
o(x) is a projection of x, then A

(z— PQ(X))T (x— Pa(x) <0, V\’/{E/&

o That is, the angle between (z— Pq(x)) and (x — Pqo(x)) is
obtuse (or right-angled for the projected point), Vz €
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Proof for (z— Pq(x), x — Pqo(x)) <0

@ To be more general, let us consider an inner product (a, b)
instead of a' b

o Let z* = (1 — a)Pa(x) + az for some o € (0,1), and z€
= 7' = Pa(x) + a(z— Pa(x)), z €

!
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@ Since Pq(x) = argmincq||x — z||§
2
|x = Pa(®)]|” < lIx— 2|
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Ix— 2]
—Hx— Pa(x) + a(z — Pa(x H

=[x = Pa +a2nz—Pn I = 20 (= Palx).2= Po(x))
> [|x— Psz(x)lf

70

— (x= Pa(x).2= Pa(x)) < Fl|z— Pal9)]”,
N5

@ Thus, the LHS can either be 0 or a negative value. Any positive

value of the LHS will lead to a contradiction for some small
a— 0

o Hence, we proved that (z— Py(x), x — Py(x)) <0

Vo € (0,1)
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We can also prove that if (x — x*,z — x*) <0, Vze€ Q s.t.
z# x*, and x* € (), then

. _ TR
X" = Pa(x) = arggg{r;”x Z||;
Consider || x — z||* —[|x — x*||?

* * 2 *|| 2
=|lx—=x"+(x* = 2)||” = |Ix — x|
=||X—)("||§+||Z—)("||2—2<X—X"az—)(">—||X—)("||2
=|lz—x*|"—2{x— x*,z— x*)
>0
= |x—2” >|x—x*|*, Vze Qst. z#x*
This proves that x* = Pg(x)
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