Optimization Algorithms | Subgradient Methods

Subgradient Descent

Really, the simplest algorithm in the world. Goal:
minimize f(x)
T

Just iterate
T+l = T — Gt

where 1 is a stepsize, gy € Of(z4).
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Optimization Algorithms | Subgradient Methods

Why subgradient descent?

> Lots of non-differentiable convex functions used in machine learning:

k
fl@)=[1-a"z] . f@@)=zl;, f(X)=) or(X)
r=1
where o, is the rth singular value of X.
» Easy to analyze

» Do not even need true sub-gradient: just have Eg; € 0 f(x¢).
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Optimization Algorithms | Subgradient Methods

Proof of convergence for subgradient descent

Idea: bound ||x¢4+1 — x*|| using subgradient inequality. Assume that
lgell < G.

|zt — 1“-*||2 = ||zt —nge — -T*||2
2 T : 2
= ||z — ™" — 27?9‘5{ (wg —2") + 7 [l gell

Recall that

F@*) = fla) + g (2" —x) = —gl (e —a*) < f(a*) — flzy)

S0
loess = @I < llze = 27 + 20 [f(2%) = f(@0)] +n*G*.
Then 2 2
lze — 2" — [lzesr — 27 1
_ ) < —G*-.
f(It) f(I ) — 2?? T 2
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Optimization Algorithms | Subgradient Methods

Almost done...

Sum fromt=11to T

d 1 — Tn
L2 |2 v2
Do ) = £ < 530 [llee = 21 = wea = 2*IP] + 6
t=1 t=1
1 a2 _ L 2, I
= —|z1 —2"||° — = ||lzr41 — 27||° + =G
3z =2 = o e = =1 +
Now let D = |lx; — 2*||, and keep track of min along run,

f (@pest) — f(27) < ﬁoz el

Set n = GL and

f(if:bcsh) - f(.'l’*) S —
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Optimization Algorithms | Subgradient Methods

Extension: projected subgradient descent

Now have a convex constraint set X.

Goal:
minimize f(z
zeX f( )
Idea: do subgradient steps, project //-
x; back into X at every iteration. ya
s
e
Ty = My (xy — nge) /
A
Y
Proof: \_\
Y
\
ITx (2) = 2° < ||z — 2|

if ot e X
fxo) cched subgadiet Auscert has been applicd Yo

o http://pages.cs.wisc.edu/~ swright/talks/sjw-com plearning.pdf
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Optimization Algorithms | Subgradient Methods

Projected subgradient example

1
minimize 3 |Ax = b st |[zf]; €1
o
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Optimization Algorithms | Subgradient Methods

Convergence results for (projected) subgradient methods
[Pas¥ of Autoval

» Any decreasing, non-summable stepsize n; — 0, >_.;°, 1 = oc gives
f (xa.vg[t}) - f(T*) — 0.

» Slightly less brain-dead analysis than earlier shows with n; o 1/1/t

f (xavg(t)) - f(I*) < \/_/E

» Same convergence when g, is random, i.e. Eg; € Of(x;). Example:

T

. 1
flw) = 3 ||w||2 + CZ [1 — y-;_:r?w] L

=1

Just pick random training example.

tion for Mae ing Fall 2009 57 / 53



Quadratic Optimization:
Primal Active-Set
Algorithm

Consider the quadratic optimization problem

minimize %XTQX Felx+ 3 (1)

subject to Ax>b

where @ = 0. [QSNMQ AG \ﬂmﬂn’ -fank(-k)z. Mm & w <1\]
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Step 1

Input a feasible point, x”, identify the active set 7", form matrix Ase, and
set k= 0.

Step 2

Compute g = Qx* + c.

Check the rank condition r(mk.[Agk gh = ra.n.k[A;‘.]. If it does not hold,
go to Step 4.

Step 3 R N

Solve the system A;\)\ = gh. If A > 0, output x* as the solution and
stop; otherwise, remove the index that is associated with the most negative
Lagrange multiplier (some \;) from I*.

Step 4

Compute the value of d*:

d¥ =  argmin 1dTQd + (gh)"d

4 ()
subject to  ald =0 for i € 7%
Step 5
Compute ay:
. 1 i a:;‘x*’ - bj; (3)
ap =min¢ 1, min ———=
* gz —aldk
al'dk<o !

Set xFt1 = xF + a,d*.

Step 6

If ap < 1, construct 7% by adding the index that yields the minimum
value of ay in (?7). Otherwise, let Z7+1 = 7%,

Step 7

Set k= k + 1 and repeat from Step 2.

Figure 1: Optimization for the quadratic problem in (?7) using Primal Active-
set Method.
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Consider the general convex optimization problem!:

minimize cT'x

subject to  ¢i(x) <0 fori=1.2,....m
where g;(x) are convex functions.

Eﬂ'-‘-““ Aot any Convex o Yoo n deo\uﬂ

con be cosk 'un'wahn-H b Yo ear o\ojeo\«:u

ond an additonal Fgnvex ‘mequm\’ub con.s\':au.\ﬂ
@(_Q\( Sb '1:‘) be & ,Su\:oSsadic./\t ,§(,, 2} at e ?o\r\ v
1By Aefrriion d sbgadient

> -Abc'%r 57@5‘)}“-%9 O

J
J T N -t
o) > G0 £ VGO E =)
. .(. o \Q W
\(1: ?o\(\\, P AN ’S\?—‘ls\\o ’, )
@ %.J(& <o N . = = - @
/“-\Q,f\ b\, @ o.(\d . @
0 I et shas 5 41 4
Note  Fhak @ , Waen equmevated (gm &qumh Jalues 03 ¢ J .,
Se»le.-la\ \\(\LO:V CO\’\S\GQN\TS ['?o'mVS /Q'UY‘(\ a“ ’Yve\!':ous Yetaions {nc\uam

v=D.. -k Guerent one)
g=i- o
[ Ap ] [ Apx" + g ]
‘_11 1_11::{1 +g]
Ak = b =

i .—1_;- i | .—1_;-.‘.'{". - Ei J



where, .
Subwaé\e{\\fg al Commesn ’Y>c DC

R .
31{?{5} H'.lf.xi]
Sa(x') ga(x?)
4; = Bi =
%
- _ dues @t omn ¢
| sm(x) | @) | - Qu{\cko«\ yAues

x
Al 15 Nx 7 b

@So\vﬂ- Xne L? r‘w\é\m

9(}4 - ar‘sm)ﬂ C 1‘
* &
@recs X 38 %) <O P %3
%“\( 1\036 vice vesdSo-

Qo\u\'\()“ /\_U K m\ts\\\ wo\a)fo, N 5} .

aU.(\A g(ﬂ ﬂl\\{ \\ (
L ‘g 0 Golahoh ¢ g\s odescho 0& hov

dheh convetgente

(’I)‘VS (oc) (- I’)
g )<o 4°"’ gt 3

e beef\ °‘°‘"'QWA'



[Cuﬂ"rj ?\M\e a\abm o.ﬂ:\xec\ Yo SvmM ana\ at

2]
http://pages.cs.wisc.edu/~ swright/talks/sjw-com plearning.pdf IS\\ats # 2G

NS CA
\ e alge Summa
Kelley's Cuthiny ?‘i" 7
Step 1
Input an initial feasible point, x° and set k = 0.
Step 2
Evaluate
Ay Apx” + gy
A Aix! + gy
Ak = | bf =] . (2)
Ay Akxk + gk
where,
s1(x") g1(x")
s2(x') g2(x")
A= &= - (3)
Sm(xi) .Ev‘m(xi)

where s;(x’) is a subgradient of ¢; at the point x'. Remember?® every gra-
dient is a subgradient.

Step 3

Solve the LP problem

= argmin cr'x

x

subject to  AFx > b*

Step 4

If max{g;(x¥), 1 <j < m} < e output x, = x* as the point of optimality
and stop. Otherwise, set k = k + 1, x**! = x*, update A* and b* from (2)
using (3) and repeat from Step 3.

“Recall that we are only dealing with convex functions.

Figure 1: Optimization for the convex problem in (1) using Kelly's cutting plane
algorithm.



What is Optimization

Zxcamples Fovn ML

http /lIwww .cs®.iith.ac.in/~ CS709/notes/constrainedOpt/ConvexOptimisationForMachi
neLearningSlides.pdf

» Maximum likelihood estimation:
max:'gmizc Zlogpg(:r;.é)
=1
» Collaborative filtering:

minimize E log (1 + exp(w’z; — w’z;))
w
i<j

» k-means:

k
2
mmlmlze J T — [
i () =33 i =

IIIII j=liel;

» And more (graphical models, feature selection, active learning,
control)




Convex Functions | Examples

Important examples in Machine Learning

> SVM loss:

flw) = [l - ';,r-,;;1r:.:‘;r-n,-']_F

» Binary logistic loss:

1- x|,

flw) =log (1 + exl)(—'y.;a:gw)) log(1 + )
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