Convex Optimization — Boyd & Vandenberghe

10. Unconstrained minimization

e terminology and assumptions
e gradient descent method

e steepest descent method

e Newton's method

e self-concordant functions

e implementation
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e [ convex, twice continuously differentiable (hence dom [ open)

an \S
e we assume optimal value p* = inf, f(x) is attained (and finite) a‘

(evenoco.
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Initial point and sublevel set

algorithms in this chapter require a starting point z(?) such that

e z(? ¢ dom f N\U 5T

e sublevel set S = {z | f(x) < f(x(®)} is closed

2nd condition is hard to verify, except when all sublevel sets are closed:

— e equivalent to condition that epi [ is closed
-

G e true if dom f = R" 6\&8\03&’
é_— e true if f(z) — oo as x — bddom f —k (p“a

examples of differentiable functions with closed sublevel sets:
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Strong convexity and implications
f is strongly convex on S if there exists an m > 0 such that

V2f(z)=mI  forallxze S

implications

e forx,y €S,

fly) = f(x) + V() (y —a) + —||5r—’y||z X,(,b),l an(%)ﬂ

hence, S is bounded

e p* > —0o0, and for x € S, °c

flx) -

- 2m

()13 : N
useful as stopping criterion (|f you know m)

We. also paved sy o e ll<J—\\Vf(°‘)“:_
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23: Fa.‘ @tﬂ http://www.cse.iitb.ac.in/~ CS709/notes/code/cvx/function_a.m

cvx_begin
variable x(2);
minimize(3 + square{x(1) - 1.5*x(2)) + square(x{(2)-2));
subject to
B <= }({1);
x({1) == §;
8 <= K{E};
k(2) <= 5;
cvX_end



>> function_a

Warning: A non-empty cvx problem already exists in this scope.
It is being overwritten.

> Incvxprob.cvxprob at 27
In cvx_begin at 41
In function_a at 1

Calling SDPT3 4.0: 10 variables, 6 equality constraints

/
4 num. of constraints = 6
| dim.of sdp var = 4, num.of sdp blk = 2
dim. of linear var = 4
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\ SDPTS3: Infeasible path-following algorithms
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Here., :;‘ :::; are symmetric matrices of dimension s; and I{:j is the cone of positive
semidefinite symimeétric matrices of the same dimension. Similarly, ¢}, x] are vectors
Cin IR and A Is the quadratic or second-order cone defined by K7 = {z = [z0:Z] €
IR% : 1y = vVITE}. Finally, ¢, 2' are vectors of dimension ny, K ;“ is the nonnegative
orthant IRY, and ¢*, x* are vectors of dimension n,. In the notation above, Aj is

the linear map from K’ to IR™ defined by



Aj(x3) = [f;-r},j_l. C o TR 1 Ij:']

where u;“ wohinty u;:m £ &% are constraint matrices associated with the jth semidefinite
block variable x3. The matrix A? is an m x ¢ dimensional constraint matrix corre-
sponding to the ith quadratic block variable z?, and A and A™ are the m x n; and
m ® m, dimensional constraint matrices corresponding to the linear block variable
! and the unrestricted block variable 2#. The notation {p. q) denotes the standard
inner product in the appropriate space. For a given vector u = [ug: @] in a second
order cone, we define y(u) = fn% — #l'i. In the problem (P), L3 v, and ui. are

given nonnegative parameters.
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d 4 9 & Descent methods
'77 O \ /)
O \

k@ 7 24D (k) ) 1Oz with f(a®HD)) < f(xk) (‘ )

e other notations: 1t = x + tAz, x ==z + tAx

e Ax is the step, or search direction; t is the step size, or step length

e from convexity, f(z ") < f(x) implies V f(z)T Az < 0 Cz>

(i.e., Az is a descent direction)

General descent method.

given a starting point x € dom f.

repeat

1. Determine a descent direction Az. ~N—. .

2. Line search. Choose a step sizé ¢t > 0. ‘\

3. Update. x := = + tAg? S ?“'OYC W C‘MS
until stopping criterion is satisfied. w\nj Ja.c\: ’W\a‘l

by wwexity rk’?‘“)?f@“‘)
Unconstrained minimization ¢ \tb}k) v*gij

{:;“SO Ca“¢4 g ’(\’ Sed‘fd?j Line search types Thaot, ic we occ 1 decrease

s\ince >0 w ¥ between 0/. k% 6) OX’
N exact line search: t = argmin,_, f(z 4 tAx) f"bd'\:j"(:’;o on Uneo¥
b Yo on
C‘\bo‘\‘- : backtracking line search (with parameters o € (0,1/2), 3 € (0, 1))
(o e starting at t = 1, repeat ¢ := 3t until %l‘\ s & exctvi el (0)
Ca(lcd \ "'“‘\3 @ f(z}tAz) < f(z)+ otV f(z )TA:c seoiln
CondibioN

EV\SUYC-S e graphical interpretation: backtrack until ¢ < ¢

thot 4 Aecveoses

g &ff\t,lcﬁb}j \ /{f,(x + tAz)
N {(:C)jtvf@TM“"*-\ta@) +atVf(z)" Az
t=20 t.0
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Example B.1 - Graphical Solution




asicsOfConvexOptimization.pdf 3
¢C

Find a starting point x'% £ D 7
301

('\ SRMMQ-fj t&om http://www.cse.iitb.ac.in/~cs709/notes/B Ya?gj

t k
rEIIJ:E;eLermine Ax!¥k), (’DLS eent 0-‘305'. Vf(or“)- Dx < D)

2. Choose a step size t¥) > ) using ray® search.

3. Obtain x*+1) = x(k) 4 ¢(k) Axlk), oo .
4. Set k =k + 1. S oa]hu g‘\'bﬂ?\f)ﬂ Cn‘f:Cqu

until stopping criterion (such as ||V f(x'*+1))|| < €) is satisfied

Ihlany textbooks refer to this as line search, but we prefer to call it ray search, since the
step must be positive.

Figure 4.45: The general descent algorithm.

1. Exact ray search: The exact ray search seeks a scaling factor { that
satishies

t = argminf{x + tAx) (4.89)
1=

2. Backtracking ray search: The exact line search mayv not be feasible
or could be expensive to compuie for complex non-linear functions. A
relatively simpler ray search iterates over values of step size starting from
1 and scaling it down by a factor of 3 € (0, é—,} after every iteration till
the following condition, called the Armijo condition is satisfied for some

0<e < 1. Ao.atcou‘i&.. \4)
L auf&.fm‘éf:&z) ond aNa Si..J
Ar c, =\ .. OV ERSTEPPING § o
L < f(x+tAx) iLl'(x} +¢:!t?Tf{x]&x (4.90) %
Guaventeed deevesse W nihugde g =
of Slope ;na avord TOO SN\ STE PS5 S 5
|AXTV f(x + tAx)| <|es [ AXTV f(x)| (o)) = s
n o

where 1 > ¢y > ¢z > (. This condition ensures that the slope of the
function f{x+tAx) at t is less than e times that at ¢ = 0. The conditions
in (4.90) and (4.91) are together called the strong Wolfe conditions.



g gevciser] [ek §:R-2K and L1000 ==
Lek 70@)'-'-2— A?g'\qz-—'! N K (‘.k (= a\wo.:as a Jdescent

divection
(%) -k vectien) »
ond X = |tz A0 g€
0 . &K e
s 00 e e
.QZCQ (55;' c$e? ’
L

Nous: ) e N\& W\ & e el
) (2) < (w2)- e 1™y

560 FGY) ORI

find G\ for wich AooYe \n ol ho\ads
\n P-Iac-l,'\cz) c.e(o, yz) and sficlen C"-x{)‘-"\o"tk 3

Pms: One ?osg\b\a Ci \S 3/«_ (lﬂ{ac&’ a:\j QSé)
gCngigl (:im.n'r ()

° ,{v' "
It can be pioved Hhat DCEs S (4-9) and (4-)

ove bah saps§ed for any §.°

fosocs, B puben 1 ok Ko (1)

So.ﬁsgleaj
N\ 1 (¥
(0 e ?LK = |

k= Q
(Tl) Xoy} = O "
G even thoudn F s [convex & Walfe [comd G99 hatds |




. (4.?; ) s (mro tbant

[ HFutan) 'De,swea 6\0‘?2.
s sufffueny cutvatute
wadibon (aved uoder-

sk&?’?ﬂ)l Jlus tra "l__fj
u 7 (541)

7

A’
-

CLAW, If §:D R e conbinueusly
&\8}&1603092, on 'D aﬂa ’F.é bo\mr)ed \oe\ow

“\“‘j {%""Jf b | b7°3-'ﬂxen iy

0<K6 KKV, Yrete exist intewals of 51:@3:
\e S L(lq swsgb{@ e \oa\&, (_‘mdl\,\ons

(4-90) ond (4-av)
H[\D'- ?ﬂ\(e Ahs. PINT! Make use OS: Ahe

Nean Na\ue Aneoyerd

2
\aqc mjl

S5 ! \ 7 3 A
Ofher candiom® L co {1 7T AL S )

o (odstem 4
‘ ¢l (w) 8] (k)
S (e )*C“' VJ):C?KK) Dz SN 6\?{\39\'6‘1‘\' AcCsaase




Fwof bf claim on ‘wevious f‘a‘z,f’.
As  ealed dhe Suncion
¢(b§=§(x“+{: m“) 15 Younded lbelow
fov al 170,
Svce 04Cc LI , Ahe \Cne.aw b'.x‘tma’c'wﬂ

L) =fx*) + 1, Vo) D"
\S unbouﬂAe& belolo And YAWSY ﬁne.-re—g\w¢

‘ntevsect the ﬁqa?\«\ \g /5 a1leos¥ once.-
Lc.\: 4—})0 be Ahe svna\\es'\: {n},e'ssec\ﬁfﬂ Va\ac

L, nal is:

OC (o + t&‘)f §Gx)‘) e ’LIC‘ TF ) AL
Then ,S:m al| \SGEO, };’] ,

’S: (c* 4 'LA::\‘) < ,F(gc":) ¥ e vqjc(cc“)l&t“' (:)
C... v"{(x&.)Ax\LLO)
Tis shows Ihal dhese excise o “Oﬂ-eme ced 65,
L st Fuwst wblfe. endikion ‘s wet

@T he mean value /wmw.m,ﬂ '{',"Q (O!k‘) sk

Hoc* o ¥ 0ax®) - §6) = ¥ TS )c'bti)%(x:



Com‘s\nif\j Cu) and (T:)

{
V«f(x“ £} /_xx“) = ¢ ngc(cc") px
> Co 7S () A"
(a4l 4 quf(x")ﬂz“(o)
Same Yeason
> | v hE* « AL)brt | < cg[v‘gf(ac“)m“l ~ ()
= 3 V1= t* onidy sobishies Wolfe erditions (i) & (i)
(omé OY’\;.ona\\J , Jou con énow thoit f:j srootinnese of S‘,
3 an ntesval amwund L’ for which C;)J( (’\'{\) V\o\a)




Comn'lqenc& ana\ 6\6 gov 3“-(0‘ JCS ccn‘.

me¥hods Juthout fe&’f‘ng xo come:uk:ﬂ
g 1S L*L?)osa%l’l &% ”V&@Q— Vﬂj)ﬂ,bs Ll]’x_—“_j“,‘

http://www.math.jyu.fi/research/reports/rep100.pdf 39( x\je IR(\
let E be ¥he closs Of L L;Psdmkl- Lfunctions .

L.S’rvo {D /_ﬁr/m of (u\.hlgoWn) &m&mw

unc

C\q\m (onadet te Jescent aao o X\%me 4 u<
»\h s ) _ 209 1 109 p 8 ) Qhere !S
6. Aescent c\w echion and L7 soksfies Ane \Qolf e
ConAl Yrons, Su,ﬂ,b;exg: \S Mea bz\ou) N ﬂl‘n ond

'“\0.\5 g\ % (,ov\-\,\nu\oUS\ c\ys—‘,_ge*e‘\},\a\a\c N an 0 N
set N Conl:mmﬁ@ rl%j |evel se\: w46 <§ &C&SE

wnave x \5 e slastin j ?a\{\\: sS« He itesokion .
P\\sa Qek ,fCF /hcq

z.(v A o e wdl
o AN




()
Snce Dr s & cTescen\: Areclion,

756 nrt®
ord Snce
\VS:( (@, 0 tc\ﬂ \<C2,W'K )bén\
& st be thaty (snce Co” 0) e <0

'7’(9(‘ Cs)+é'ﬂ&£€@>& szf& C@

Supbachea SN N0 frsm beth saes

EVTS' (’)Cc x EOOAIL(K)) V'f: Q‘C@)} A’)C = (G- )VC{@C(“’) s (K
Ao L> C‘)

[ﬂ(m cm) .v’ ’Lm’lbj"
< {\vyec m*r’cmb <) - vEB) |\ ox| i(scﬁit?w'}

< L C‘q \ %ﬁm L—*L‘)SC\\\;L ConAsUOn&
\/fq QI




L.omb'\mtﬁ (l) and. (sh , <O

<0
e R rabe
£9 >, Gt 75 AT (i)
L TG

Sul

951\\1' U\\\’:ﬁ Q\D Yo {h?_ /f\\qg]:' ND\& e conéi}'\on}

) <5 R (o

L “ D (|2
[ pr ||
iﬁ?v\,’ﬁ Lok 405 be C
\S n(.¢1.
<ecuvigivel 5\)

e (736 857 1y

/S\,Gx(:km) g S:GCCO}) ~C 2 “ AIC‘)“L

XA

GAQ d%\iﬂe& &)0}3 7C s bounded below —& '\’efj
gensonalie assu.m];};.on 2\§/en we wont o
NnfmzZe ’S:] ’

[ ]
- L]

f(mD wndo o (iv) (}97’\4%c>
e Ci(‘f’(@w) 8:) Llofe) -5 o)

Koo (0 (( A;GT “7/ k-s00



/ﬂ\ws:

ZVJ:( WBA ) 15 /gn‘t?;e, 1 L0
I —~ ()
Hence r\ﬂwe&

) ves et TIEN AL, 6 )
1o N

‘*F e Qdd"\!','\bm\\ casuse that the &escer\l’
Mechion 1= NOT BLTHOGO NxL T THIE GRApIENT

" i.e.: vfg( C\Q)B.‘Z,C‘O — > (, >0 (\m)
g Yo “T T 1| 956) y %
a‘\;sf whsA&j Wh o
ﬁeﬂ g{om V) and ( \ffl) *
We dl\e& aln
w ((TIE )| =0 ahis Sor !
.l ‘I\E‘f}\& ‘ndividuol
Slas anolie & peook 1A es of

frolds fov Godstein (ondions descent divécitons




Steepest descent method Y X A

normalized steepest descent direction (at x, for norm || -

Azpsq = argmin{V f(z) v | [[v]| = 1}

interpretation: for small v, f(z +v) ~ f(x) + Vf(z)Tv;
direction Ax,.q is unit-norm step with most negative directional derivative

(unnormalized) steepest descent direction Re,cu\\:

7T
\°Y iy = 1970 s § DS TO®e % Y

Ac"&:—; satisfies V f(2)" Asa = —||V ()| dual .nosm{ 92 ﬂ—p“é\
steepest descent method J, “o( fn
e general descent method with Az = Awyg k‘:ﬂ\&\

e convergence properties similar to gradient descent

o\ cor\A\\,\"“ &H) 3@‘7‘5?(_&‘
Yes:-V f(qr)A% =) >0

examples / "V&(f'zga \Aﬂl

. Wllg is
e Euclidean norm: Az = —V f(x) 2" ,‘aal el ACS Cm}‘
-—ao quadratic norm ||z||p = (2T Px)Y/2 (P € 8", ): Axgg = —P7Vf(x)
e (1-norm: Axgg = —(0f(x)/0x;)e; w'here i{}f ) Eh

IV () s oovdinat
«%g 0 1‘)% :sYceT t)

unit balis and normalized steepest descent directions for a quadratic norm

and the £;-norm:

@@ Wnet is s&ecgeﬁ descent Sov
A(\s. Axsd - 10-12
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choice of norm for steepest descent

e steepest descent with backtracking line search for two quadratic norms
e ellipses show {z | ||z — 2(F)| p = 1}

e equivalent interpretation of steepest descent with quadratic norm || - || p:
gradient descent after change of variables z = P/?x

shows choice of P has strong effect on speed of convergence
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Gradient descent method

general descent method with Az = -V f(x)

Mvvv

given a starting point € dom f.

repeat
1. Az

—Vf(x).

2. Line search. Choose step size t via exact or backtracking line search.

-

3. Update. =z = x + tAx.

until stopping criterion is satisfied.

e stopping criterion usually of the form ||V f(x)|l2 < e

2>C

e convergence result: for strongly convex f,

{ F®) = p* < F(F D) = p)

-

K—‘ L2 S 7N | 1 0y = PR
(1' L c € (0,1) depends on m, '/, line search type

e very simple, but often very slow; rarely used in practice

“(@: M‘A‘Sj C'DA‘Q' af e6 la.m
Xo Ty amc\‘.an\: desceny 6a

the Rosenbeods Junclion®

[t )= (1 Dk ‘°°(”Cz’¢ﬂz

guadratic problem in R’

f(z) = (1/2)(af + ~ya3)

with exact line search, starting at (9 = (v,1):

k k
(k) _ (1= 1) k) _ (7= 1)
xy =1y e I o = e
\7+1/ v+l
a varvy clon f A 5 1 Ar A 2 1
L A ETLC UL I i = S C A B
e example for v = 10:
4- _ —_
gof (7
\'\...
—10 0 10

Unconstrained minimization

,i\ 0&

10-8

x5

http://www.cse.iitb.ac.in/~ CS709/notes/code/unconstrainedOpt/SteepestDescent_Exampl



nonquadratic example

f($1,$2) — e¥11322-0.1 + eT1—372-0.1 + e—11-0.1
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backtracking line search

Unconstrained minimization

a problem in R0

500

exact line search
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f@)=cTx - ZIOg(bT; —alx)
i=1

102§
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10 | \\\gfact l.s.

f(@) - p*
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backtrack|ng |.s.

~

4 s s
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150 200

‘linear’ convergence, i.e., a straight line on a semilog plot

Unconstrained minimization
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(6‘(\’(\{&5)6 “W«N"‘ﬂ o\al\er\’c Aesceny oith  vandom
wak on oloec‘hus O A @ menbioned ea et

FGY @ http://www.cse.iitb.ac.in/~ CS709/notes/code/unconstrainedOpt/Random Walk_Examp

RANDO M WA LK

2/ le6_la.m

- 180

- 160

- 140

- q120

100

20

R

40

20

1 0.50000 0.50000 5.31250
2 0.50000 0.50000 5.31250
3 0.54900 0.49244 5.30870

16 1.41137 1.08211  3.88738

17 1.41137 1.08211 3.88738

18 1.35789 1.13970 3.86378

19 1.34387 1.16389  3.86066

20 1.34387 1.163893.86066
Total cputime (s)= 1.2000



Steepest (Caadvert) desceny fsr example @)

http://www.cse.iitb.ac.in/~ CS709/notes/code/unconstrainedOpt/SteepestDescent_Example6_la.m

Lxampleb—13

.

- 200

.

- 1EC

- 140

120

106

=

B

40

20

iter x(1) x(2) f KT Cond alpha DesignChange
1 -1.00000 -1.00000 12.25000 5.720e+01 0.000e+00 0.000e+00
2 -1.13892| 0.04044 8.27888 5.852e+00 1.388e-01 1.050e+00
3 0.71031 |0.28496 6.02139 1.860e+01 7.711e-01 1.865e+00
4 0.63158 0.87888 4.72852 1.916e+00 1.389e-01 5.991e-01

26 2.973791.98913 3.00022 4.790e-04 3.109e-01 5.808e-03
27 2.97690| 1.98727 3.00018 1.530e-04 1.656e-01 3.624e-03
28 2.98083 | 1.99298 3.00012 4.944e-04 5.601e-01 6.929e-03
29 2.98298 | 1.99098 3.00009 5.434e-05 1.319e-01 2.932e-03
30 2.99501 | 1.99957 3.00002 2.972e-04 2.006e+00 1.479e-02

Total cpu time (s)= 2.1300



http://www.cse.iitb.ac.in/~ CS709/notes/code/unconst
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http://www.cse.iitb.ac.in/~ CS709/notes/code/unconstrainedOpt/SteepestDescent_Example6_1b.m

Exampleb—L1b
L]

iter x(1) x(2) f KT Cond alpha DesignChange
1 0.50000 0.50000 1.40405 3.171e-01 0.000e+00 0.000e+00
2 2.14931 -0.43793 -0.42913 9.572e-01 3.369e+00 1.897e+00
3 3.16083 1.34155 -2.99930 2.820e-03 2.092e+00 2.047e+00
4 3.14088 1.35182 -2.99987 5.403e-04 4.143e-01 2.200e-02
5 3.14474 1.36002 -2.99998 9.840e-05 3.897e-01 9.058e-03
6 3.14180 1.36087 -2.99999 1.269e-05 3.087e-01 3.062e-03
7-3-14154-1.36339-3.000003.100e-06—7-111e-01 2.533e-03
8 3.14154 1.36339 -3.00000 3.100e-06 0.000e+00 0.000e+00

Total cpu time (s)= 1.0000

‘%.‘ @ http:/iwww-.cse-iitb.ac.in/~CS709/notesfcodefunconstrainedOpt/SteepestDescent Exampl
e6_2.m
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Kn=ﬂ._1‘.|}=h.dn=rn._ k=1.
repeat

R 5 : ;
L. g = ?‘%. /Step length for next update. This corresponds to
- P 7 P

the entry Hy ;.

2. X =Xp_1 +opdp_;.

3. rrp = rp_y — o Adg—y. //New residual obtained using rp —rg_; =
== *flI:J\".,l; — .'r{,l, 1}

I' | o " .
G = -r% {/ /Improvement over previous step. This corresponds

to the entry Hy p41.
5. dp = rp + Gpdi_y. //The next search direction, which should be
orthogonal to the search direction just used.
k=k+1.
until 5, < @.

Figure 4.52: The conjugate gradient algorithm for solving Ax = b or equiva-
lently. for minimizine E(x) = i{x7T Ax — x7b.



Figure 4.53: Illustration of the steepest descent technique on level curves of the
function E(x) = 3x7Ax —x"b.

Ciribergorall wort A
Y

—  Figure 4.54: Hlustration of the conjugate gradient technique on level curves of
the function E(x) = ix7 Ax — x"b.
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Select x(9), Let fo = f(x9), go = Vf(x{?), d!¥ = —Vgo, k= 1.

- repeat
1. Compute oy by line search.

- 2. Set x*) = xk-1 4 o, 41,
3. Evaluate g*) = ¥ f(x(*)). ‘ Vo‘.,'(aﬂrs N ﬂ\ol\,"s>
- +E (') }Tlr.k} ) szve'.ta \nete (_5‘ S
ol o e {:{E—l]]rgtk—l}' —g \)059\\0 2
. 5. dy = —g I 3, dlk1),
k=k+ 1.

- until H%:-;—H < & OR k > maxIter.

Figure 4.55: The conjugate gradient algorithif fors
function f.
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VARIVANTS

Variants of the Fletcher-Reeves method use different choices of the parameter
3. An important variant, proposed by Polak and Ribiere, defines 3 as

KW T forlk k-1
a7 (8™)" (g®) — glk-1))
(gt) " gtk
The Fletcher-Reeves method converges if the starting point is sufficiently close

to the desired minimum. However, convergence of the Polak-Ribiere method
can be guaranteed by choosing

% = maxr {_.'"ﬁfﬁ.ﬂ}

Using this value is equivalent to restarting® conjugate gradient if a‘if Re O
In practice, the Polak-Ribiere method converges much more quickly than the
Fletcher-Reeves method. It is generally required to restart the conjugate gradi-
ent method after every n iterations, in order to get back conjugacy, ele.

Con u%or\e, ca«adiensf [oelongs ;N f’he \awge't
C‘a S og terative W%o&s) I au\*cu\a'l)
KRYLOV 'N\Cf\‘noae (Sze Tua—u By ondards 0§
httpi//WWW.Cse.iitb.ac.in/~CS7O9/noteS/BasiCsOfConvexOptimization.pdf).Mbn &“ ?OSS\U\Q,
~nethods , Whose fut k S{efs ane ve.sé,ickeo\ o
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o\loQ.Q )((mz &:e.s\: Jolo tg Wy ZiN e &’\skcmce
Ao o‘alima\ soln o” affes K S'ker ..



Le.{ Ws ~Yun Coryuaa\':. ﬂ—-(ac"\ent of) fﬂlm?\e @

http://www.cse.iitb.ac.in/~ CS709/notes/code/unconstrainedOpt/ConjugateGradient_ Example6_la.m

Conjugate Gradient:Exampleb-1a

- The design vector,function value, KT condition etc.
during the iterations

iter x(1) x(2) f KT Cond alpha DesignChange
1 0.50000 0.50000 5.31250 2.490e-01 0.000e+00 0.000e+00
2 0.59958 0.94835 4.78321 2.842e+00 1.996e-01 4.593e-01
3 2.99956 1.99807 3.00001 9.810e-05 1.255e+00 2.620e+00
4 299865 1.99931 3.00000 7.959e-06 1.549e-01 1.533e-03
5 2.99865 1.99931 3.00000 7.959e-06 0.000e+00 0.000e+00

Total cpu time (s)=|0.8900 —)Coﬁ{‘fdsf ‘/)'H\ 2.! S {eqa U\S\(:j

Tad'w.n Y Aescent (?o\ﬁ.g, L3 ‘)
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http://www.cse.iitb.ac.in/~ CS709/notes/code/unconstrainedOpt/ConjugateGradient_Example6_1b.m

Lonjugate Lradientibxampleb-1b

- The design vector,function value, KT condition etc.
during the iterations

iter x(1) x(2) f KT Cond alpha DesignChange
1 0.50000 0.50000 1.40405 2.396e-01 0.000e+00 0.000e+00
2 2.14931 -0.43793 -0.42913 9.572e-01 3.369e+00 1.897e+00
3 2.68002 -0.43511 -0.55592 3.100e+00 2.707e-01 5.307e-01
4 578797 3.06439 -2.57496 1.601e+00 1.978e+00 4.680e+00
5 6.14284 2.97857 -2.77816 2.773e+00 2.548e-01 3.651e-01
6 6.35664 2.68067 -2.98852 1.537e-01 1.437e-01 3.667e-01
7-6.326582.65096—~-2.99661 1.662e-02 1.064e-014.226€e-02
8 6.28185 2.67247 -2.99964 5.790e-03 3.628e-01 4.963e-02
9 6.28122 2.68248 -2.99999 2.615e-05 1.149e-01 1.003e-02
10 6.28269 2.68133 -3.00000 1.510e-06 3.801e-01 1.866e-03
11 6.28337 2.68150 -3.00000 1.386e-05 5.031e-01 7.022e-04
12 6.28337 2.68150 -3.00000 1.386e-05 0.000e+00 0.000e+00

Total cpu time (s)=| 1.6100 ,_,6\0\*_.‘ ,“.\an %,‘adjen‘r AQSCa\t { secy ON
Pade. 25 C )
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1/2

e Ax,: is steepest descent direction at x in local Hessian norm } 2@ Cd‘ | (S

fullgss ) = (W79 F @)
esl

- tee
BN Jecant

\ ;/ / % \\\ it P V ’f(;)(' )

dashed lines are contour lines of f; ellipse is {x + v | vI'V2f(x)v = 1}

arrow shows —V f(z)
- q{/g( “/2. Newton decrement ’Zg_‘_m\‘ -‘Hﬂq“'
Al)= € ’DD%) A(z) = (V(2)"Vf(2) 'V f(2)) "/ V ﬁ'l JAESge
a measure of the proximity of = to z* (5 ne CQSS qj &f
properties Aes(_cn'{ LN caot Af

e gives an estimate of f(x) — p*, using quadratic approximation j onwvex

: — 1 5
fl@) — inf fly) = 5\(@)
y
e equal to the norm of the Newton step in the quadratic Hessian norm
A(z) = (Az V2 f () Azy)

e directional derivative in the Newton direction: Vf(x)T Az, = —\(x)?

e affine invariant (unlike ||V f(x)]2)

Unconstrained minimization 10-16



Newton’s method

given a starting point x € dom f, tolerance € > 0.

repeat
Compute the Newton step and decrement
Azy i= =V f(2) 'V (), A= Vf(2)'Vf(z) V().
2. Stopping criterion. quit if A\*/2 < e.
’n fnC”OA 3. Line search. Choose step size t by backtracking line search.
7 4. Update. z := = + tAxy.

4s<.¢n4

v us<d SN E

affine invariant, ¢.e., independent of linear changes of coordinates:

Newton iterates for f(y) = f(T'y) with starting point y(9) = T—12() are

y*) =71

\Al“ ﬂMOhS al co'cwgqag (Recafl Stora “aﬁcs
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Newton’s method

given a starting point x € dom f, tolerance € > 0.

repeat
N N p—,

L I RO T N IR | ¥ PO AT
L. LOIMIPULE LIS TVEWLUTT SLEf) diid UcCrcincriL.

Azy i= =V f(2) 'V (), A= Vf(2)'Vf(z) V().
2. Stopping criterion. quit if A\*/2 < e.
3. Line search. Choose step size t by backtracking line search.
4. Update. z := = + tAxy.

affine invariant, ¢.e., independent of linear changes of coordinates:

Newton iterates for f(y) = f(T'y) with starting point y(9) = T—12() are

=
—
X
I
~
L
=
—
o
—

Unconstrained minimization 10-17

Classical convergence analysis

assumptions
e f strongly convex on S with constant m

e V?f is Lipschitz continuous on S, with constant L > 0:
NNV -

IV27(@) = V21 @)ll2 < Ll = ylla

measures how well f can be approximated by a quadratic function)

o if [Vf(2)ll2>n. then f(z**V)) — fa®™) < — 5
o if [Vf(x)|l2 <mn, then

L L 2
||Vf(;,g(k-+1))||2 < (2??12||Vf($(k))||2) —

Drag 2
ZTTE

Unconstrained minimization 10-18
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—

damped Newton phase (|Vf(z)|2 > 7)

e most iterations require backtracking steps
e function value decreases by at least ~

e if p* > —o0, this phase ends after at most (f(2(?)) — p*)/ iterations

quadratically convergent phase (||Vf(z)|2 < n)

e all iterations use step size t = 1

Y 1IN £{) o converges to zero auadratically: if |V f(q"(kh“,\ < n thean
(Y |2 Senveighs o aoi Quatiiatitan D | A A L
L V4 L , 2!'_;\ /l\ 2‘;_;\
l k
—[|Vf(@')|2 < [ =V f(z")||2 <|=z , >k
3l VI < ( 55197 S
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conclusion: number of iterations until f(x) — p* < € is bounded above by

f('?) — p*

S + log, logy(€o/€)

® 7, ¢g are constants that depend on m, L, z(©)

e second term is small (of the order of 6) and almost constant for
practical purposes

e in practice, constants m, L (hence v, ¢p) are usually unknown

L
LT

Hlw: we koo Anet f
rF('a:) \s alwxéma*‘C, Newlon

dhould drke | dewadon. (A
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example in R” (page 10-9)

e backtracking parameters a = 0.1, § =

e converges in only 5 steps

e quadratic local convergence

Unconstrained minimization

example in R'" (page 10-10)
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e backtracking parameters o = 0.01, 3 =0.5

10

step size ¢ ()
e

o

Examples

10°
—_
—
S~
Y
5,
Y
N,
™,
A
\\
2 3 4 5
k
10-21
2
.exact line search
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LS

e backtracking line search almost as fast as exact |.s. (and much simpler)

e clearly shows two phases in algorithm

Unconstrained minimization
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example in R (with sparse a;)
10000 100000

flx)=— Z log(1 — z2) — Z log(b; — al'x)

10
-

15

e backtracking parameters o« = 0.01, 3 = 0.5.
EXaimpies
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Ruasi Newton methods
(D Gauss Newton Approxiraation Slsd;? @a&%na}

(Se C'H o\ 4 06 ‘L\ 05 http://www:cse.iitb.ac.in/~ CS709/notes/BasicsOf ConvexOptim iz)

ation.pdf

The Gauss Newton method decomposes the objective function (typically for a
regression problem) as a composition of two functions®™ f = lom: (i) the vector
valued model or regression function m : ®B® — RP and (ii) the scalar-valued
loss (such as the sum squared difference between predicted outputs and target
outputs) function . For example, if m; is y; — r(t;,x), for parameter vector
x € B™ and input instances (y;.t;) for i = 1,2,..., p, the function f can be
written as

169 = 33 (= r(t:.))



An example of the function r is the linear regression function rit;. x) = x' t,.
Logistic regression poses an example objective function, which involves a cross-
entropy loss.

flx)=- E (wilog ((x"t:)) + (1 — ) log (o (—x"t:)))

1 . . . . .
where #(k) = {7=¢ is the logistic function.

The Hessian §° f(x) can be expressed using a matrix version of the chain
rule, as

V2 f(x) =‘.Im[x]l"'?zi[m}.fm[xl+z Vim(x)(VI(m)); —> FYM
Grtx) - ¢t ham vult

where J., is the jacobian®® of the vector valued function m. It can be shown
that if V¥I{m) = 0, then G¢(x) = 0. The term Gy(x) is called the Gauss-
Newton approximation of the Hessian V2 f(x). In many situtations, Gy(x) is
the dominant part of V?f(x) and the appmxlnmtlml is therefore reasonable.

Q ‘; C s rro\n]; g mnmuun V ’F(’Z)" S' (1_/)

/ﬂ\c @PF"&"I”M*C) NQUJ\OY\ M?(’a\'e du\e u)'cu be °

Ax = —(G(x)) T VF(x) = —(Gf(x)) 7" I (x)VI(m)

where we use the fact that (Vf(x)); = 31_, -j% %"ﬂ since the gradient of a

composite function is a product of the jacobians.

[uc,(\ hHes meﬁuma i’

— Avre, To covivdl Abe \axge s}e dze taken
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° ° http://www.cse.iitb.ac.in/~ CS709/notes/BasicsOf ConvexOpti
SQC{‘O“ 4.55 0& mization.pdf

Ax = — (G y(x) + Adiag(G 7)) ™" JI(x)Vi(m)

where 7y is the Gaunss-Newton approximation to V2 f(x) and is assumed to
be positive semi-definite. This method is one of the work-horses of modern
optimization. The parameter A = [ adaptively controlled, limits steps to an
elliptical model-trust region®. This is achieved by adding A to the smallest
eigenvalues of (7 ¢, thus restricting all eigenvalues of the matrix to be above A so
that the elliptical region has diagonals of shorter length that inversely vary as
the eigenvalues (ec.f. page 3.11.3). While this method fixes the stability issues in
Newtons method, it still requires the ((n?) time required for matrix inversion.

Self-concordance

Alaccionl mmevismor e e lasoic
Lida3iudl Lulnven 5!‘..'[ (L9 = dlldly 21>

p—

e bound is not affinely invariant, although Newton's method is

convergence analysis via self-concordance (Nesterov and Nemirovski)

e does not depend on any unknown constants
e gives affine-invariant bound
e applies to special class of convex functions (‘self-concordant’ functions)

e developed to analyze polynomial-time interior-point methods for convex
optimization

Unconstrained minimization 10-24



example in R (with sparse a;)
10000 100000
flx) = — E log(1 — 22 E log(b; — al'x)
i=1 =1
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Self-concordance
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e bound is not affinely invariant, although Newton's method is

convergence analysis via self-concordance (Nesterov and Nemirovski)

e does not depend on any unknown constants

e gives affine-invariant bound

e applies to special class of convex functions (‘self-concordant’ functions)

e developed to analyze polynomial-time interior-point methods for convex
optimization

Unconstrained minimization 10-24



Self-concordant functions

definition

e f:R — Riis self-concordant if | f"(z)| < 2f"(x)3/? for all x € dom f

e f:R" — Ris self-concordant if g(t) = f(x + tv) is self-concordant for
all x € dom f, v € R"

examples on R
e negative logarithm f(x) = —logx

e negative entropy plus negative logarithm: f(z) = xlogx — log x

affine invariance: if f : R — Ris s.c., then f(y) = f(ay + b) is s.c.:

ffn(y) _ (IB_ff”((Ly + b), f"-'u(y)

a’f"(ay + b)

Unconstrained minimization

10-25

Self-concordant calculus

properties

e preserved under positive scaling & > 1, and sum
e preserved under composition with affine function

' L LI . I mn SR S Y . A S W R N el
e | g is convex with dom g = R4 and |g (x)] < o¢ (x)/x then

e mamm il mm s e n e | IR
CAAIITpPICS. }JlU}JC[tICD cdall pwe u

o f(x)=—> " log(bi—alx)on{x|alx <b, i=1,...
e f(X)= —logdet X on S’
o f(@) = —log(y? — «Tx) on {(z.y) | [all2 < }

Unconstrained minimization

10-26



Convergence analysis for self-concordant functions

summary: there exist constants 1 € (0,1/4], v > 0 such that

.f(:c“‘“))f(x(“)<'}f} 'Pumfe& ﬂr\as‘

o if A\(xz) > 7, then

o if A(z) <, then

2/\(3:(k+1)) < (2)\(1,(@)) &u“d < aah C
( and « only depend on backtracking parameters «, [3) COY“,-C {gencﬂ.
compiexity bound: number of Newton iterations bounded by

f) =p*
: + log, logs(1/€)
~

fora = 0.1, =108, ¢ = 1071° bound evaluates to 375(f(z(?)) — p*) + 6
Unconstrained minimization 10-27

numerical example: 150 randomly generated instances of

minimize f(z) = —Y1" log(b; — al'z)
25+ 04000 044 o o o
o g ’
& o o oo
20_ oo o w o o .
o A
" {x&)' e 3' o6
O: m = 100, n = 50 5 15 o ¢ o
[ m = 1000, n = 500 © @@W P o
@ o .A(\.\ . oo . oo
O: m = 1000, n = 50 = 10 pg w0 0ty
noi "mf,::m o
Sooes 0 0
5F

0

0
on
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Implementation

main effort in each iteration: evaluate derivatives and solve Newton system
HAx =g

where H = V2f(x), g = =V f(x)

©_

via Cholesky factorization

- EN Y 1 7_1 1
L g, Alz) =L "gli2

Unconstrained minimization 10-29

example of dense Newton system with structure

e assume A € RP*"™ dense, with p < n

e D diagonal with diagonal elements ! (x;); Hy = V2o (Ax + b)

method 1: form H, solve via dense Cholesky factorization: (cost (1/3)n?)

method 2 (page 9-15): factor Hy = LoLl’; write Newton system as
DAz + ATLyw = —-q, LgAA:n —w =20
eliminate Ax from first equation; compute w and Az from
(I + LIAD '"ATLy)w = —LYAD g, DAz = —g— ATLow
cost: 2p?n (dominated by computation of LEAD~'AT L)

Unconstrained minimization 10-30
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Hou) H’D ensuie @?

The gradient of the function Q*+1) = f{xtk+1}}+"??f(xrtk+”}p+%]JT (BU+1)) - p

at p =0 and p = —t"™ Ax'¥) agrees with gradient of f at x{h"'lLﬂml x (k)

respectively. While the former condition is naturally satisfied. the latter

need to be imposed. This quasi-Newton condition yields Lotest 2
tevates

(Bllk+1,'l)-1 (xtk+1j — x[kj) _ ?f{x[.i:-l-l}} _ ?f[x':“]. %)

This equation is called the secant eguation.
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Finally, among all symmetric matrices satisfying the secant equation,
B¥+1) s closest to the current matrix B in some norm. Different
matrix norms give rise to different quasi-Newton methods. In particular,
when the norm chosen is the Frobenius norm, we get the following BGFS
update rule

B+ — glk) 4 plk) 4 glk)

where,
iy _ Ax® (Ax®)T  BEAgE (Ag®)T (BE)T
C (Ax)T Ag® (Ag®) " B® AgH)
and .
S — (&x”"]’) B¥) AxFlyT
with

Ax(®) Bk Ag®
(Ax() T Agk)  (Ag®)T BB AgH)

We have made use of the Sherman Morrison formula that determines how
updates to a matrix relate to the updates to the inverse of the matrix.

1 =




(hat about (D)

Find a starting point x'% € D and an approximate B(®) (which could be
).
Select an appropriate tolerance € > (.
repeat
1. Set AxF) = —BFIY f(x(k)
2. Let A2 = V7T f(x “‘JJH““J?JF[ (k)).
3. If &~ < ¢, quit.
4. Set step size t'F) = 1.
5. Obtain x'*+1) = x(¥) 4 p(k) Axclk)
6. Compute Agl®) = ¥ f(x¥+1)) — ¥ f(x*)),
7. Compute R¥) and S5
8. Compute Bt = pi& 4 gk 4 glk)
6. Set k=& + 1.
until

Figure 4.50: The BFGS method.

o Wow aboul Lmﬁ)ced mmaﬁ EFas?
(LBF&S)

LBFGS employs a limited-memory quasi-Newton approximation that
does not require much storage or computation. It limites the rank of the inverse
of the hessian to some number v € R so that only ny numbers have to be stored
instead of n® numbers. For general non-convex problems, LBFGS may fail when
the initial geometry (in the form of B'") has been placed very close to a saddle
point. Also, LBFGS is very sensitive to line search.

Recently, L-BFGS has been observed to be the most effective parameter
estimation me thml for Maximum Entropy model, much better than improved
iterative scaling  (IIS) and generalized iterative scaling (GIS). {/

o DFP (Davidon Fletches Youcll) s 6 vasiation
AEGS and Drecceded ik



Suas Hewkon method DFP on example @

http://lwww,.cse.iith.ac.in/~ CS709/notes/code/unconstrainedOpt/DFP_Example6_la.m

UFFiExampleb—1a

- 200

- 1180

- 1E0

- 140

120

100

=

=

40

20

iter x(1) X(2) f KT Cond alpha DesignChange
1 0.50000 0.50000 5.31250 5.297e+00 0.000e+00 0.000e+00
2 0.59958 0.94835 4.78321 2.842e+00 1.996e-01 4.593e-01
3 2.99971 199873 3.00000 3.538e-05 1.929e+00 2.620e+00
4 2.99836 1.99833 3.00000 1.462e-05 3.571e-01 1.404e-03
5-2.998361.99833 3.000001.462e-050.000e+00—0.000e+00
The Final Metric
1.6250 0.7500
0.7500 0.5000

Total cpu time (s)= 0.8100



Ruas Ne wkon me%hOX DFP on exam\ﬂ( @

http://www.cse.iith.ac.in/~ CS709/notes/code/unconstrainedOpt/ConjugateGradient_Example6_1b.m

UFF:Exampleb—1b

-

>

iter x(1) X(2) f KT Cond alpha DesignChange

1 0.50000 | 0.50000 1.40405 3.171e-01 0.000e+00 0.000e+00
2 2.14931 -0.43793 -0.42913 9.572e-01 3.369e+00 1.897e+00
3 2.68488 -0.43426 -0.55737 3.126e+00 1.100e+00 5.356e-01
4377169 -0.15432 -1.458254.310e+004.703e+001.236e+00
5 3.81436  1.08319 -2.34462 3.412e+00 9.157e+00 9.299e-01
6 3.14263 | 1.40890 -2.99804 9.248e-03 7.358e+00 7.465e-01
7 3.13808 | 1.36548 -2.99998 7.435e-05 9.945e-01 4.366e-02
8 3.14146 | 1.36282 -3.00000 6.576e-07 1.037e+00 4.292e-03
9 3.14145| 1.36284 -3.00000 6.000e-07 4.481e-02 1.692e-05

10 3.14145 1.36284 -3.00000 6.000e-07 0.000e+00 0.000e+00
The Final-Metric

0.3332 -0.1451

01451 06015 “Iw:fr.‘g g?&ﬁ on WSC

Total cpu time (s)= 1.5000

http://lwww.cse.iitb.ac.in/~ CS709/notes/code/unconstrainedOpt/BFGS.m




