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A well-studied and general setting for prediction and decision making is re-
gret minimization in games. Recently the design of algorithms in this set-
ting has been influenced by tools from convexr optimization. In this chapter
we describe the recent framework of online convexr optimization which nat-
urally merges optimization and regret minimization. We describe the basic
algorithms and tools at the heart of this framework, which have led to the
resolution of fundamental questions of learning in games.

10.1 Introduction

In the online decision making scenario, a player has to choose from a pool
of available decisions and then incurs a loss corresponding to the quality of
the decision made. The regret minimization paradigm suggests the goal of
incurring an average loss which approaches that of the best fixed decision
in hindsight. Recently tools from convex optimization have given rise to
algorithms which are more general, unifying previous results and many times
giving new and improved regret bounds.

In this chapter we survey some of the recent developments in this excit-
ing merger of optimization and learning. We start by describing two general
templates for producing algorithms and proving regret bounds. The tem-
plates are very simple, and unify the analysis of many previous well-known
and frequently used algorithms (i.e., multiplicative weights and gradient de-
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scent). For the setting of online linear optimization, we also prove that the
two templates are equivalent.

After describing the framework and algorithmic templates, we describe
some successful applications: characterization of regret bounds in terms of
convexity of loss functions, bandit linear optimization, and variational regret
bounds.

10.1.1 The Online Convex Optimization Model

In online convex optimization, an online player iteratively chooses a point
from a set in Euclidean space denoted X C R"™. Following Zinkevich (2003),
we assume that the set X is non-empty, bounded, and closed. For algorithmic
efficiency reasons that will be apparent later, we also assume the set X to
be convex.

We denote the number of iterations by 7' (which is unknown by the online
player). At iteration ¢, the online player chooses x; € K . After committing
to this choice, a convex cost function f; : X +— R is revealed. The cost
incurred to the online player is the value of the cost function at the point
she committed to f;(x;). Henceforth we consider mostly linear cost functions,
and abuse notation to write f;(x) = f," x.

The feedback available to the player falls into two main categories. In the
full information model, all information about the function f; is observable
by the player (after incurring the loss). In the “bandit” model, the player
observes only the loss f;(x;) itself.

The regret of the online player using algorithm A at time 7' is defined to
be the total cost minus the cost of the best fixed single decision, where the
best is chosen with the benefit of hindsight. We are usually interested in an
upper bound on the worst-case guaranteed regret, denoted

Regrety (4) = sup {BIET fix] - min ST 60}
{f1,...£} xeX
Regret is the defacto standard in measuring the performance of learning
algorithms.!
Intuitively, an algorithm performs well if its regret is sublinear in 7', that
is, Regret(A) = o(T), since this implies that “on the average” the algorithm
performs as well as the best fixed strategy in hindsight.

1. For some problems it is more natural to talk of the “payoff” given to the online player
rather than the cost she incurs. If so, the payoff functions need to be concave and regret
is defined analogously.
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The running time of an algorithm for online game playing is defined to be
the worst-case expected time to produce x;, for an iteration ¢t € [T] 2 in a
T iteration repeated game. Typically, the running time will depend on n, T’
and the parameters of the cost functions and underlying convex set.

10.1.2 Examples

10.1.2.1 Prediction from Experts Advice

Perhaps the best-known problem in prediction theory is the “experts prob-
lem”. The decision maker has to choose from the advice of n given experts.
After choosing one, a loss between zero and one is incurred. This scenario
is repeated iteratively, and at each iteration the costs of the various experts
are arbitrary. The goal is to do as well as the best expert in hindsight.

The online convex optimization problem captures this problem as a special
case: the set of decisions is the set of all distributions over n elements
(experts), that is the n-dimensional simplex KX = A,, = {x € R",} . x; =
1,x; > 0}. Let the cost to the i’th expert at iteration ¢ be denoted by (7).
Then the cost functions are given by f;(x) = ft—r x. This is the expected cost
of choosing an expert according to distribution x, and happens to be linear.

10.1.2.2 Omnline Shortest Paths

In the online shortest path problem, the decision maker is given a directed
graph G = (V, E) and a source-sink pair s,t € V. At each iteration ¢ € [T,
the decision maker chooses a path p; € Psy, where Ps; C {E}'V‘ is the set
of all s,t-paths in the graph. The adversary independently chooses weights
on the edges of the graph, given by a function from the edges to the reals
f; : E — R, which can be represented as a vector in m-dimensional space:
f; € R™. The decision maker suffers and observes loss, which is the weighted
length of the chosen path .. fi(e).

The discrete description of this problem as an experts problem, where we
have an expert for every path, presents an efficiency challenge: there are
potentially exponentially many paths in terms of the graph representation
size. Much work has been devoted to resolving this efficiency issue, and
efficient algorithms have been found in this discrete formulation, such as
(Takimoto and Warmuth, 2003; Awerbuch and Kleinberg, 2008). However,
the optimal regret bound for the bandit version of this problem eluded
researchers for some time, and was finally resolved only within the online

2. Here and henceforth we denote the set of integers {1,...,n} by [n].
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convex optimization framework (Abernethy et al., 2008; Dani et al., 2008).

The online convex optimization framework suggests an inherently efficient
model to capture this problem. Recall the standard description of the set of
all distributions over paths (flows) in a graph as a convex set in R, with
O(m +|V|) constraints. Denote this flow polytope by K. The expected cost
of a given flow x € XK (distribution over paths) is then a linear function,
given by f," x, where f;(e) is the length of the edge e € E.

10.1.2.3 Portfolio Selection

The universal portfolio selection problem which we briefly describe is due
to Cover (1991). At each iteration ¢ = 1 to 7', the decision maker chooses
a distribution of her wealth over n assets x; € A,. The adversary inde-
pendently chooses market returns for the assets, that is a vector ry € R’}
such that each coordinate ry(i) is the price ratio for the i’th asset between
the iterations ¢ and ¢ + 1. The ratio between the wealth of the investor at
iterations t+ 1 and ¢ is r;r x¢, and hence the gain in this setting is defined to
be the logarithm of this change ratio in wealth log(r, x;). Notice that since
x; is the distribution of the investor’s wealth, even if x;11 = x;, the investor
may still need to trade in order to adjust for price changes.

The goal of regret minimization, which in this case corresponds to minimiz-
ing the difference maxyen, Y7, log(r, x) —Z?zl log(r,' x¢), has an intuitive
interpretation. The first term is the logarithm of the wealth accumulated by
the distribution x*. Since this distribution is fixed, it corresponds to a strat-
egy of rebalancing the position after every trading period, and hence is called
a constant rebalanced portfolio. The second expression is the logarithm of the
wealth accumulated by the online decision maker. Hence regret minimiza-
tion corresponds to maximizing the ratio of investor wealth against wealth
of the best benchmark from a pool of investing strategies.

A universal portfolio selection algorithm is defined to be one that attains
regret converging to zero in this setting. Such an algorithm, albeit requiring
exponential time, was first described in Cover (1991). The online convex
optimization framework has given rise to much more efficient algorithms
based on Newton’s method (Hazan et al., 2007).

10.1.3 Algorithms for Online Convex Optimization

Algorithms for online convex optimization can be derived from rich algo-
rithmic techniques developed for prediction in various statistical and ma-
chine learning settings. We describe two general algorithmic frameworks
from which many previous algorithms can be derived as special cases.
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Perhaps the most straightforward approach is for the online player to
use whatever decision (point in the convex set) would have been optimal.
Formally, let

t—1
X; = ar ming f;(x).
gxeﬂ(, ] l( )

1=

This type of strategy is known as “fictitious play” in economics, and was
named “follow the leader” (FTL) by Kalai and Vempala (2005). As Kalai
and Vempala point out, this strategy fails miserably in a worst-case sense.
That is, its regret can be linear in the number of iterations, as the following
example shows. Consider K to be the real line segment between -1 and +1,
and fy = %x, and let f; alternate between —x and x. The FTL strategy will
keep shifting between —1 and +1, always making the wrong choice.

Kalai and Vempala proceed to analyze a modification of FTL with added
noise to “stabilize” the decision (this modification was originally due to
Hannan (1957)). Similarly, much more general and varied twists on this
basic F'TL strategy can be conjured up, and, as we shall show, also analyzed
successfully. This is the essence of the meta-algorithm defined in this section.

Another natural approach for online convex optimization is an iterative
approach. Start with some decision x € K, and iteratively modify it ac-
cording to the cost functions that are encountered. Some natural update
rules include the gradient update, updates based on a multiplicative rule,
on Newton’s method, and so forth. Indeed, all of these suggestions make for
useful algorithms. But as we shall show, they can all be seen as special cases
of the general methodology we analyze next.

10.2 The RFTL Algorithm and Its Analysis

Recall the caveat about straightforward use of follow-the-leader. As in the
bad example we have considered, the prediction of FTL may vary wildly
from one iteration to the next. This motivates the modification of the basic
FTL strategy in order to stabilize the prediction. By adding a regularization
term, we obtain the RFTL (regularized follow the leader) algorithm.

We proceed to formally describe the RFTL algorithmic template, and
analyze it. While the analysis given is optimal asymptotically, we do not
give the best constants possible, in order to simplify presentation.

In this section we consider only linear cost functions, f(x) = f7x. The
case of convex cost functions can be reduced to the linear case via the
inequality fi(x;) — fi(x*) < Vfi(x¢)(x; — x*), and considering the function
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f,(x) = Vf,(x;) %, which is now linear.
10.2.1 Algorithm Definition

The generic RFTL meta-algorithm is defined below. The regularization
function R is assumed to be strongly convex and smooth such that it has a
continuous second derivative.

Algorithm 10.1 RFTL

Input: n > 0, strongly convex regularizer function R, and a convex compact set K
Let x1 = arg mingex [R(x)]
fort=1toT do

Predict x;

Observe the payoff function f;

Update

(10.1)

¢
— 3 T
X411 = arg xmelgrg [77 SE::I fox + R(x)

D4 (x)

7: end for

10.2.2 Special Cases: Multiplicative Updates and Gradient Descent

Two famous algorithms which are captured by algorithm 10.1 are called
the multiplicative update algorithm and the gradient descent method. If
X =A,={x2>0, > ,x(i) = 1}, then taking R(x) = xlogx gives a
multiplicative update algorithm, in which

Xt(/l’) . enft(i)

REOREC)

xt+1(1) = 5

If K is the unit ball and R(x) = ||x||3, we get the gradient descent algorithm,
in which
Xpoq = x¢ — nf
+ T -
¢ — nf|2

It is possible to derive these special cases by the KKT optimality conditions
of equation 10.1. However, we give an easier proof of these facts in the next
section, in which we give an equivalent definition of RF'TL for the case of
linear cost functions.
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10.2.3 The Regret Bound

Henceforth we make use of general matrix norms. A PSD matrix A = 0
gives rise to the norm ||z||4 = V2T Az. The dual norm of this matrix norm
is [|z||a-+ = ||z]|%. The generalized Cauchy-Schwartz theorem asserts that
z-y < ||z||allyl|%. We usually take A to be the Hessian of the regularization
function R(x), denoted V2R(x). In this case, we shorthand the notation to
be ||z|[v2r(y) = [|2]ly, and similarly [|z||v-2x(,) = [|z[/;- Denote
A= f7[V?R(x)|"'f, , D= R(u) — R

max VRGO D = maxR(w) - Rxi)
Notice that both A and D depend on the regularization function, the convex
decision set, and the magnitude of the cost functions.

Theorem 10.1. Algorithm 10.1 achieves the following bound on the regret
for every u € X:

T
Regrety = > £ (x; —u) < 2vV2ADT .
t=1

Consider the expert problem, for example: the convex set is the sim-
plex, R is taken to be the negative entropy function (which corresponds
to the multiplicative update algorithm), and the costs are bounded by
1 in each coordinate. Then fT[V2R(x)]7'f = Y, f(i)*x(i) < Y, x(i) =

1, which implies A < 1. The parameter D in this case is bounded by

maxyea »; u(i) logﬁ < logn. This gives the regret bound O(y/T logn),
which is known to be tight.?

To prove theorem 10.1, we first relate the regret to the stability in
prediction. This is formally captured by the FTL-BTL lemma, which holds
in the general scenario.

Lemma 10.2 (FTL-BTL lemma). For every u € X, the algorithm defined
by (10.1) enjoys the following regret guarantee

T T 1
D f(xi—u) < > f(x—xep1) + EUR(H) — R(x1)].
=1 =1

We defer the proof of this simple lemma to the appendix, and proceed
with the (short) proof of the main theorem.

3. In the case of multiplicative updates, as well as in other regularization functions of
interest, it is possible to obtain a tighter bound in theorem 10.1: the term A can be
redefined as A = max;, f{ [V2R(x;)]~f;. The derivation is not in the scope of this survey;
see Abernethy et al. (2008) for more details.
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Main Theorem. Recall that R(z) is a convex function and X is convex. Then,
by Taylor expansion (with its explicit remainder term via the mean value
theorem) at x;11, there exists a z; € [x;4+1, %] for which

1
Di(x) = Pp(xpq1) + (Xt — Xp41) ' VOi(x441) + §||Xt — xu41l7,

1
> Oy(xp1) + §||Xt - Xt+1||§t

Recall our notation |ly||2 = y'V2®,(z)y, and it follows that |y||2 =
y'V2R(z)y. The inequality above is true because x;y; is a minimum of
®; over K. Thus,

e = xe41ll;, < 2Py(xs) — 2@4(xp11)
= 2 (Pp1(x¢) — Pr1(x¢41)) + 20f] (x¢ — x¢41)
2nf] (x¢ — x¢41).

IN

By the generalized Cauchy-Schwartz inequality,
£ (xt — xe41) < [Ifellz, - [Ixe — xe41lz, general CS (10.2)
< \IEll5, - V208 (k¢ — Xe41).

Shifting sides and squaring, we get

£ (xe — xe41) < 20 ||B][;,% < 2n A

Using this, together with the FTL-BTL lemma, and summing over 7" periods,
we obtain the theorem. Choosing the optimal 7, we obtain

Ry < mnin{Qn)\T—l— ;[R(u) —fR(xl)]} <2VaDAT .

10.3 The “Primal-Dual” Approach

The other approach for proving regret bounds, which we call primal-dual,
originates from the link-function methodology, as introduced in Grove et al.
(2001); Kivinen and Warmuth (2001), and is related to the mirrored descent
paradigm in the optimization community. A central concept useful for this
method are Bregman divergences, formally defined below.

Definition 10.1. Denote by BX(x||y) the Bregman divergence with respect
to the function R, defined as

B*(x|ly) = R(x) = R(y) — (x —y)"VR(y) .
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The primal-dual algorithm is an iterative algorithm, which computes the
next prediction using a simple update rule and the previous prediction. The
generality of the method stems from the update being carried out in a dual
space, where the duality notion is defined by the choice of regularization.

Algorithm 10.2 Primal-dual

1:  Let X be a convex set
2: Input: parameter n > 0, regularizer function R(x)
3: fort=1toT do
4: If t = 1, choose y;1 such that VR(y1) =0
5: If t > 1, choose y; such that

Lazy version: VR(y:) = VR(yt-1) — nfi_1.

Active version: VR(y:) = VR(x¢—1) — nfi_1.
6: Project according to B*:

_ 3 R
Xy = argxmelgI%B (x||ye)

7: end for

10.3.1 Equivalence to RFTL in the Linear Setting

For the special case of linear cost functions, algorithm 10.2 (lazy version) and
RFTL are identical, as we show now. The primal-dual algorithm, however,
can be analyzed in a very different way, which is extremely useful in certain
online scenarios.

Lemma 10.3. For linear cost functions, the lazy primal-dual and RFTL
algorithms produce identical predictions, that is,

1 |
argiy (x-+ T R0) ) = argmip By

Proof. First, observe that the unconstrained minimum

t—1
1
X, = arg)?elIiRI}L { Zf;x + nR(x)}
s=1

satisfies
t—1 1
}:g+5vygn=o.

s=1

Since R(x) is strictly convex, there is only one solution for the above
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equation and thus y; = x;. Hence,

B*(x[lyt) = R(x) = R(ye) = (VR(ye)) (x — yt)
t—1

= Rx) = R(y) +n > _fl(x—yi) .
s=1

Since R(y:) and Zi;ll fly; are independent of x, it follows that B*(x||y;) is
minimized at the point x that minimizes R(x) +n S°'_} fIx over K, which
in turn implies that
t—1 1
in B* = i fix + -R :
arg i B (xly) = arganip { >t |
s=

10.3.2 Regret Bounds for the Primal-Dual Algorithm

Theorem 10.4. Suppose that R is such that Bx(x,y) > ||x —y||? for some
norm || - ||. Let |VE(x)||* < Gy for all t, and ¥Vx € K Bx(x,x;1) < D?,
Applying the primal-dual algorithm (active version) with n = 2GD\/T’ we
have ’

Regrety < DGVT
Proof. Since the functions f; are convex, for any x* € K,
ft(Xt) — ft(X*) < Vft(Xt)T(Xt — X*).

The following property of Bregman divergences follows easily from the
definition: for any vectors x,y, z,

(x —y) " (VR(z) — VR(y)) = Bx(x,y) — Bx(x,2) + Bx(y,z).
Combining both observations,
2(ft(Xt) - ft(X*)) < QVft(Xt)T(Xt - X*)
— LOR(yi41) - VR T~ x1)

n
1 * *

= H[BR(X ,Xt) — BR(X", yi41) + Br(X¢, ye41)]
1 * *

< H[BR(X ,Xt) — BR(x", x¢11) + Br(Xt, yi41)]

where the last inequality follows from the generalized Pythagorean inequality
(see Cesa-Bianchi and Lugosi (2006), lemma 11.3), as x4+ is the projection
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w.r.t the Bregman divergence of y;1; and x* € K is in the convex set.
Summing over all iterations,

T
1 1
2Regret S ;[BR(X*7 Xl) B:R X XT —+ Z EB(R Xt, yt+]_)
t=1
1 oy
< EDZ +) EBiR(Xta Yit1)- (10.3)
=1

We proceed to bound Bxg(x¢,y¢+1). By definition of the Bregman diver-
gence, and the dual norm inequality stated before,

Bx(xt,¥t11) + Br(yi1, %) = (VR(x¢) — VR(yes1)) | (x¢ — yi41)
= 2VE(x;) " (x¢ — yi41)
<G %+ ||x — yes |-

Thus, by our assumption Bx(x,y) > ||x — y||?, we have
By (xt,y141) < 1°G2 + |Ixi =yl = Br(yer1, %) <0G

Plugging back into equation (10.3), and by non-negativity of the Bregman
divergence, we get

Regret < — [ D2+nTG* »] < DGNT

by taking n = 2\/1%6,*
O

10.3.3 Deriving the Multiplicative Update and Gradient Descent
Algorithms

We stated in section 10.3.2 that by taking R to be the negative entropy
function over the simplex, the RFTL template specializes to become a mul-
tiplicative update algorithm. Since we have proved that RFTL is equivalent
to the primal-dual algorithm, the same is true for the latter, and the same
regret bound applies.

If R(x) = xlog x is the negative entropy function, then VR(x) = 1+log x,
and hence the update rule for the primal-dual algorithm 10.2 (the lazy and
adaptive versions are identical in this case) becomes

logy: = logx¢—1 — nfi—1

or yi(i) = x;_1(i) - e 1) Since the entropy prOJ(e)cti(f)I(l) corresponds to
Xy (2)-emtl?

scaling by the ¢;-norm, it follows that x;41(i) = RGO
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As for the regret bound, it is well-known that the entropy function satisfies
that Br(x,y) > I|x — y||? (which is essentially Pinsker’s inequality (see
(Cover and Thomas, 1991)). Thus, to apply theorem 10.4, we need to bound
the the /,-norm of the gradients, which corresponds to the maximal cost
incurred by the experts. Assume this is bounded by 1, that is, G4 < 1. The
Bregman divergence with respect to R is the relative entropy, and starting
from x; being the uniform distribution, it holds that Bx(x,x1) < logn for
any x in the simplex. Thus, by theorem 10.4 the regret of the multiplicative
weights algorithm for the experts problem is bounded by O(y/T logn).

To derive the online gradient descent algorithm, take R = 1|x[3. In
this case, VR(x) = x, and hence the update rule for the primal-dual
algorithm 10.2 becomes

yt =yi-1 —nfi-1,
and thus when X is the unit ball,

X1 —1n Zizz £ x¢ — nf

Ixi =S flla lIxe —nfill2”

Xt+1 =

10.4 Convexity of Loss Functions

In this section we review one of the first consequences of the convex op-
timization approach to decision making: the characterization of attainable
regret bounds in terms of convexity of loss functions. It has long been known
that special kinds of loss functions permit tighter regret bounds than other
loss functions. For example, in the portfolio selection problem, Cover’s al-
gorithm attained regret which depends on the number of iterations 7' as
O(logT). This is in contrast to online linear optimization or the experts
problem, in which ©(v/T) is known to be tight.

In this section we give a simple gradient descent-based algorithm which
attains logarithmic regret if the loss functions are strongly convez. Inter-
estingly, the naive fictitious play (FTL) algorithm attains essentially the
same regret bounds in this special case. Similar bounds are attainable under
weaker conditions on the loss functions, which capture the portfolio selection
problem, and have led to the efficient algorithm for Cover’s problem (Hazan
et al., 2007).

We say that a function is a-strongly convex if its second derivative is
strictly bounded away from zero. In higher dimensions this corresponds to
the matrix inequality V2f(x) = « - I, where V2f(x) is the Hessian of the
function and A > B denotes that the matrix A — B is positive semi-definite.
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For example, the squared loss, that is, f(x) = ||x —al|3, is 1-strongly convex.

Algorithm 10.3 Online gradient descent

1:  Input: convex set K, initial point xo € XK, learning rates n1,...,m¢
2: fort=1toT do

3: Let yt = x¢—1 — -1 VE_1(x¢-1)

4 Project onto X:

X; = arg ngjré Ix — yell2
X

5: end for

The following theorem, proved in Hazan et al. (2007), establishes logarith-
mic bounds on the regret if the cost functions are strongly convex. Denote
by G an upper bound on the Euclidean norm of the gradients.

Theorem 10.5. The online gradient descent algorithm with stepsizes 1 =
é achieves the following guarantee for all T > 1:

2

Regretp(OGD) < (1+1logT).

a

Proof. Let x* € arg mingcp Zthl ft(x). Recall the definition of regret:

T T
Regret;(OGD) = Z fi(x¢) — Z £ (x*).
t=1 t=1

Denote V; £ Vfi(x;). By a-strong convexity, we have
* *k « *
fox) > filxe) + V(X" — %) + 5 lIx — x|
2fulx) — Hx)) < 29] (xe— x) — allx" — xi] (10.4)

Following Zinkevich’s analysis, we upper-bound V, (x; — x*). Using the
update rule for x;4; and the generalized Pythagorian inequality (Cesa-
Bianchi and Lugosi (2006), lemma 11.3), we get

et = %12 = (% = 9e1Ve) = X|° < [lxe = me1 Ve — x5,
Hence,

eesr = x| < flxe = x|+ 0 [ Vel = 200009 (3 — 7).
Then, shifting sides,
II* |

[xe1 — x|

Nt+1

|x¢ — x

2V (x; — x¥) +ne1G2 (10.5)
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Summing (10.5) from ¢t = 1 to 7. Set 1 = 1/(at) and, using (10.4), we
have

T
2> fi(xi) — fi(x")
t=1

IN

ant <2 (——a) e Zmﬂ

Mt

T 2
= Zf (I+1logT). O
P at

10.5 Recent Applications

In this section we describe two recent applications of the convex optimization
view to regret minimization which have resolved open questions in the field.

10.5.1 Bandit Linear Optimization

The first application is to the bandit linear optimization problem. Online
linear optimization is a special case of online convex optimization in which
the loss functions are linear (such as analyzed for the RFTL algorithm).
In the bandit version, called bandit linear optimization, the only feedback
available to the decision maker is the loss (rather than the entire loss
function). This general framework naturally captures important problems
such as online routing and online ad-placement for search engine results.

This generalization was put forth by Awerbuch and Kleinberg (2008) in the
context of the online shortest path problem. Awerbuch and Kleinberg (2008)
gave an efficient algorithm for the problem with a suboptimal regret bound,
and conjectured the existence of an efficient and optimal regret algorithm.

The problem attracted much attention in the machine learning community
(Flaxman et al., 2005; Dani and Hayes, 2006; Dani et al., 2008; Bartlett et al.,
2008). This question was finally resolved in (Abernethy et al., 2008) where
an efficient and optimal expected regret algorithm was described. Later
Abernethy and Rakhlin (2009) gave an efficient algorithm which also attains
this optimal regret bound with high probability. The paper introduced the
use of self-concordant barrier functions as a regularization in the RFTL
framework. Self-concordant barriers are a powerful tool from optimization
which has enabled researchers in operations research to develop efficient
polynomial-time algorithms for (offline) convex optimization. The scope of
this deep technical issue is beyond this survey, but the resolution of this open
question is an excellent example of how the convex optimization approach
to regret minimization led to the discovery of powerful tools which in turn
resolved fundamental questions in machine learning.
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10.5.2 Variational Regret Bounds

A cornerstone of modern machine learning are algorithms for prediction
from expert advice, the first example of regret minimization we described.
It is already well-established that there exist algorithms that, under fully
adversarial cost sequences, attain average cost approaching that of the best
expert in hindsight. More precisely, there exist efficient algorithms which
attain regret of O(y/T'logn) in the setting of prediction from expert advice
with n experts.

However, a priori it is not clear why online learning algorithms should
have high regret (growing with the number of iterations) in an unchanging
environment. As an extreme example, consider a setting in which there are
only two experts. Suppose that the first expert always incurs cost 1, whereas
the second expert always incurs cost % One would expect to figure out this
pattern quickly, and focus on the second expert, thus incurring a total cost
that is at most % plus at most a constant extra cost (irrespective of the
number of rounds 7T'), thus having only constant regret. However, for a long
time all analyses of expert learning algorithms gave only a regret bound of
O(V/T) in this simple case (or very simple variations of it).

More generally, the natural bound on the regret of a “good” learning
algorithm should depend on wvariation in the sequence of costs, rather than
purely on the number of iterations. If the cost sequence has low variation,
we expect our algorithm to be able to perform better.

This intuition has a direct analog in the stochastic setting: here, the
sequence of experts’ costs is independently sampled from a distribution.
In this situation, a natural bound on the rate of convergence to the optimal
expert is controlled by the variance of the distribution (low variance should
imply faster convergence). This conjecture was formalized by Cesa-Bianchi,
Mansour and Stoltz (henceforth the “CMS conjecture”) in (Cesa-Bianchi
et al., 2007), who assert that “proving such a rate in the fully adversarial
setting would be a fundamental result”.

The CMS conjecture was proved in the more general case of online linear
optimization in Hazan and Kale (2008). Again, the convex optimization view
was instrumental in the solution, and taking the general linear optimization
view, it was found that a simple geometric argument implies the result.
Further work on variational bounds included an extension to the bandit
linear optimization setting (Hazan and Kale, 2009a) and to exp-concave
loss functions including the problem of portfolio selection (Hazan and Kale,
2009b).
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Appendix: The FTL-BTL Lemma

The following proof is essentially due to Kalai and Vempala (2005).

Proof of Lemma 10.2. For convenience, denote by f = %IR, and assume we
start the algorithm from ¢ = 0 with an arbitrary xg. The lemma is now
proved by induction on 7.

Induction base: Note that by definition, we have that x; = arg miny,{R(x)},
and thus fo(Xl) < fo(ll) for all u, and fo(Xo) — fo(u) < fo(Xo) — fo(Xl).
Induction step: Assume that that for 7', we have

ZtTZO fi(xi) —fi(u) < ZtT:o £,(x;) — £ (xe1),

and let us prove for 7'+ 1. Since x749 = arg minx{E;‘F:JBl fi(x)}, we have

T+1 T+1
_ ft Xt) —Z B ft(U)

> "
SRS TCOED DA 100
- ijo(ft(xt) — fi(xr12)) + fri1 (x741) — frin (x742)
< ZtT o B (xt) = £ (xe41) + oy (x741) — Fr (e 42)
- ZtT:Ol fi(xi) — i (xe11),

where in the fourth line we used the induction hypothesis for u = x712. We

conclude that
T

thl fi(x¢) — fi(u)
< Zthl fi(xt) — £i(xe41) + [—fo(x0) + fo(u) + fo(x0) — fo(x1)]

= Y0 i) i)+ [R() - Rex)]






