Convex Optimization — Boyd & Vandenberghe

2. Convex sets

e affine and convex sets

e some important examples

e operations that preserve convexity

e generalized inequalities

e separating and supporting hyperplanes

e dual cones and generalized inequalities
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Affine set

line through x4, xo: all points

r =0z +(1—0)x (0 € R)

affine set: contains the line through any two distinct points in the set

N h\ g«o\m
example: solution set of linear equations {z | Az = b} f{}’:a* o) ebvp 30

(conversely, every affine set can be expressed as solution set of system of ome

linear equations) &Ya.
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Figure 3.3: Summary of the properties of the solutions to the system of equations
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Thws:

The system of equations Ax = b is solvable when b is in the column space

C'(A).
Another way of describing solvability 1s:
The system of equations Ax = b is solvable if a combination of the rows of

A produces a zero row, the requirement on b is that the same combination of
the components of b has to yield zero.

Sfe\?s to S‘na '7‘fayhcu\a-('.

. Xparticular—: Set all free variables (corresponding to columns with no piv-
ots) to (. In the example above, we should set 2 =0 and x4 = 0.

2. Solve Ax = b for pivot variables.
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(] 1 (] C .
Leomplete = 3 * 0 -2 |: | ] (3.36)
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onvex set
A\

line segment between x1 and xo: all points

x=0x1+ (1—0)x
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convex set: contains line segment between any two points in the set se,\’ \S
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Aside:

Convex combination and convex hull

convex combination of x1,. .., xx: any point x of the form

33:91$1+92332+"'+9k$k:

with0; +---+0,=1,0;,>0

convex hull conv S: set of all convex combinations of points in S
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Convex cone

conic (nonnegative) combination of x; and x5: any point of the form
Tr = (911'1 + 92132

with 8; > 0, 65 >0

Z1

T2

convex cone: set that contains all conic combinations of points in the get *’(7
sey .
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Hyperplanes and halfspaces

hyperplane: set of the form {z | a2 = b} (a # 0)

e ¢ is the normal vector

e hyperplanes are affine and convex; halfspaces are convex

Convex sets 2-6
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Euclidean balls and ellipsoids

(Euclidean) ball with center z. and radius r:

B(xze,r) ={z | ||z —zcllo <7} ={zec +ru | [Julls < 1}

ellipsoid: set of the form \ @&C\QA\uﬁ o LL

ol (@ —2) P e — ) < 1) U is & veckol

with P € S| (i.e., P symmetric positive definite) “
Null |
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other representation: {z.+ Au | ||u||2 < 1} with A square and nonsingular
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Norm balls and norm cones

norm: a function || - || that satisfies

e |z|| >0; ||lz|| =0 if and only if z =0

o ||tx] = [t| ||z] for t € R

o llz+yll <=l +llyl

notation: || - || is general (unspecified) norm; || - ||symb is particular norm

norm ball with center x. and radius r: {z | ||lx — z.|| <7}

norm cone: {(z,t) | ||z|| <t}

Euclidean norm cone is called second-
order cone

norm balls and cones are convex

Convex sets 2-8
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