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Hilbert space

€——— (Dot product and
completeness)
N T

l

Inner product space

Banach space
(Norm and completeness)

Normed vector space

{Nﬂr"‘l} (Dot prnduct}
Metrlc space Locally convex spaces
(Distance) (Seminorm)
v /
Topological space Vector space
(open set) (Linear combination)

Overview of types of abstract spaces. An arrow from space A to space Bfimplies that 3Qace A is also a
kind of space B. That means, for instance, that a normed vector space if also a metric s\ace.
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Show that the following are vector spaces (assuming scalars come from a set 5), and
then answer questions that follow for each of them: Set of all matrices on S, set of all
polynomials on S, set of all sequences of elements of S. (HINT: You can refer to this

book for answers to most questions in this homework.) How would you understand the
concepts of independence, span, basis, dimension and(ull spac%l chapter 2 of this
book), eigenvalues and eigenvectors (chapter 5), inner product and orthogonality

(chapter 6)? EXTRA: Now how about set of all random variables and set of all
functions. Deadline: January 23 2015.
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. Show that the following are vector spaces (assuming scalars
come from a set §), and then answer questions that follow for each of them:
Setof all matrices on S, set of all polynomials on S, set of all sequences of
clements of S. (HINT: You can refer to this book for answers to most
questions in this homework.) How would you understand the concepts of
independence, span, basis, dimension and null space (chapter 2 of this book),
eigenvalues and eigenvectors (chapter 5), inner product and orthogonality
(chapter 6)? EXTRA: Now how about set of all random variables and set of
‘Lall functions.
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Euclidean balls and ellipsoids

(Euclidean) ball with center x, and radius 7:

B(xe,r) ={z| ||z — 2 < r} ={z. +ru| |ul2 <1}

ellipsoid: set of the form
{o|@—2)"P e —a) < 1)

with P € 8" | (i.e., P symmetric positive definite)

other representation: {z.+ Au | ||ull2 < 1} with A square and nonsingular

Convex sets 2-7

Norm balls and norm cones

norm: a function || - || that satisfies

e |lz|| > 0; ||x|| = 0 if and only if x =0
o |tz| = |t| ||z] for t € R

o [lz+yll < =] + [yl

notation: || - || is general (unspecified) norm; || - ||symb is particular norm

norm ball with center . and radius r: {z | ||z — z.|| < r} 12{ %0
Mo osnia S Yt e T T
Due ledoaral > | lo “ligs 7 "f \\ [ Qb

norm cone: {(z,t) | ||z| <t}

Euclidean norm cone is called second-
order cone 2.

norm balls and cones are convex

Convex sets 2-8



