Iterative Soft Thresholding Algorithm ( ) for

Lasso min f(x) + c(x)

o Let flx) =|/Ax — y|3, c(x) = x| and F(x) = f(x) + c(x)
@ Proximal Subgradient Descent Algorithm:
Initialization: Find starting point x(?)

» Let z(At1) be a next gradient descentiterate for f{x*)
» Compute prox|x|, (z“‘*”) =xD = argming||x — z*TV||2 4+ A||x||; as follows:
2t
@ 1f 25T > At then XY = _xt 4 <Y
@ If 2T < —at, then x* TV = At 4 Z*TY
© 0 otherwise.
» Set k= k+ 1, until stopping criterion is satisfied (such as no significant changes in x
(kfl))
X

Kw.rt

e T Ty



Tables for the Proximal Operator

1
prox.(z) = argmin —||x — z||? + ¢(x)
x 2t

For x e R, c(x) = ForzC R & f— 1, prox.(z) =

2mpied Lo A Lol Fyslonis) -7~ we have already derived this
0 x<0 2= A first entry in the table

A x>0 —1+/1+12X\[7]4

=0 1O Since x”3 is differentiable, the
= x<o0 | T — penalization of \lambda on z
Vo= mintmax(z— 2010} is much softer
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Tables for the Proximal Operator

1
prox.(z) = argmin —||x — z||* + c(x)
x 2t

— 1 T — — —
For x € R, c(x) = Forze R & t=1, prox.(z) = o GO Forze R i- T pocla]
= Constant: ¢ z

Simplified Lasso: A|x| | [[z] — A];sign(z) Afne a'x 15 pa—

Ax x>0 A Convex quadratic: 5x'Ax +b'x + ¢ (A+)~Hz—-b)

o x<0 (2= A+ (where A € 57, b € R")

A x>0 —1+/1+12X\[74

o0 x<0 6\

—Aogx x>0 z+VZ2 +4)\

00 x<0 2

Ax 0<x<a .

oo otherwise min{max{z =, 0}, a}




Tables for the Proximal Operator

1
prox.(z) = argmin —||x — z||* + c(x)
x 2t

For x e R, c(x) =

ForzC R & f— 1, prox.(z)

Simplified Lasso: A[x| | [|z] — A]-sign(z)
S

A x>0 —1++/1+12)\[7]4
oo x<0 6
—Alogx x>0 z4+ V22 + 4\

oo x<0 - 2

X 0<x<a
oo otherwise

min{max{z— \,0}, o}

Foxeh a0 =

For z€ R & t = L, prox(z) —

Constant: ¢ z
Affine: a’x + b z—a
Convex quadratic: 5x'Ax +b'x + ¢ (A+)~Hz—-b)

(where A€ S, b e R")

™

Sum over components: ¢(x) = Z ci(xi)

=1

77

c(Ax+a)

7

)

”

c(x) +a’x + =[x|* +

77

c(Ax +b)

7

c(lx]D

[

Can we recover the prox of
the composition of function
s a composition-of prox-op
ctober 26,

ﬁ

erations

2018
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Ca|CU|US fOr the PFOXImal Operator See https://archive.siam.org/books/mo25/mo25_ch6.pdf

1
prox.(z) = argmin —||x — z||* + c(x)
x 2t

c(x) =

For t =1, prox.(z) =

m
Sum over components: ¢(x) = Z ci(x;)
i=1

m
Product over components: prox.(z) = H proxc,(zj)
=1

where X\ # 0 and c_is proper

where x = [x1,X2,...,X,] where z = [z1,22,...,2,)
c(Ax+a) 1 |proxyz(Az + a) — a]
where X\ # 0 and c is proper

Ac (-}‘x) Aproxc/ (-}‘z)

ox) +aTx + 5lx|* +
where > 0, v € R, cis proper

where b e R", AAT =al, a>0

c(Ax + b) z+ = A" (proxac (Az +b) — Az —b)
where c is proper closed and convex, b € R", AAT =al, a>0

proxc(||z)) z#0
(i) gl .

{ulllul| = prox.(0)} z=0

October 26, 2018
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Generalized Gradient Descent and its Special Cases

Recall )
prox.(z) = argmin —||x — z||* + c(x)
x 2t

It's special cases are:
@ Gradient Descent = C(Xx) = constant
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Generalized Gradient Descent and its Special Cases

Recall
prox(z) = argmin lHx —z])? + o(x)
x 2t
It's special cases are:
© Gradient Descent = ¢(x) =0

@ Projected Gradient Descent == ¢(x) = Indicator function of the constraint
function g(x) <=0
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Generalized Gradient Descent and its Special Cases

Recall )
prox.(z) = argmin —||x — z||* + c(x)
x 2t

It's special cases are:
O Gradient Descent = ¢(x) =0
@ Projected Gradient Descent = ¢(x) = Io(x) (Example:
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Generalized Gradient Descent and its Special Cases

Recall )
prox.(z) = argmin —||x — z||* + c(x)
x 2t

It's special cases are:
O Gradient Descent = ¢(x) =0
@ Projected Gradient Descent = c(x) = lp(x) (Example: =5, /;,(x))

@ Alternating Projection/Proximal Minimization: f{x) = 0 and c(x) = sum
@ Alternating Direction Method of Multipliers of indicators

© Special Cases for Specific Objectives
» LASSO: (Fast) Iterative Shrinkage Thresholding Algorithm (ISTA/FISTA)
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Case 2: Projection Methods

= ¥ ¥ E DA



Demystifying the Projection Step

x}

2
= proxi, (ngﬂ)) = argmin ||x{/* — XH2 + le(x)
x this term
- | (k1) 2 ,
= argmin||xy _XHQ = Proj_C(z) dominate
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Demystifying the Projection Step

2
Xék—f—l) — proxi, (kD) = argmin x (D) XH2 + le(x)
B (k1) H2 _ (k+1)
—a -x|| =P
rggég Xy X ) C(Xu )
o = ® = E DA



Projected Gradient Descent: lllustrated

15

1.0

-05 00 05

=15 =10

[= ] : ] E DA




Algorithm: Projected Gradient Descent (We use x* instead of z*)

Find a starting point Xg eC.

Set k=1

repeat
1. Choose a step size t% oc 1/v/k.
2. Set xk = xl’;_l — thVAxE).

k k|7
3. Set|x, = argrzneig X, — 2| -
4. Set k= k+1.

until stopping criterion (such as ||x% — xk~t[| < e or f{xf) > f(xk™1)) is satisfied?

“Better criteria can be found using Lagrange duality theory, etc.

Figure 12: The projected gradient descent algorithm.
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Table Of OrthOgOnal PI’O_]GCT.IOI’]S See https://archive.siam.org/books/mo25/mo25_ch6.pdf

1 1
Pc(z) = prox(z) = argm}in ZLHX —z|]? + Ie(x) = arg)r(nei22—t\|x — 1zl

2

Observation: All expressions are about dropping perpendicular from z to the constaint set

Set C= For t=1, Pc(z) = Assumptions

W R

Box[l, u] Pc(z); = min{max{z; I;}, u;} li < uj

Ball[c, 1] c+——— (z—c)ifmax =r, P(z) = z [|.]]2 ball, centre ¢ € R" & radius r > 0
max{||z — c||2, r}

{x|Ax = b} z — AT(AAT) Az — b) darived aon subseauent slided A € R™", b e R™, Als full row rank

{x|aTx < b} 7 - B O£acR"beR

A, [z — p*e]4 where u* € R satisfies e[z — p*e] =1

Ha pN BOX[]7 ll}

PBoxi1,u](Zz — p*a) where p* € R satisfies

0O#acR" beR

]
aT'DBoxH u](z _ M*a) =b
]

where \* >0, & [z — \'e|. O sign(z) = a

myperprarne Phox(Lu (z) aTPHox[l,u](Z) <b
Hap N Box[Lu] | Ppoypu(z— Aa) a’ Py (z) > b 0O£acRbeR
halfspace where \* € R satisfies aTPBOX[l_u](z —XNa)=b& X\ >0
z I < a
By, [0, ] [z — \e]y © sign(z) lzlly > o a>0
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Easy to Project Sets C (with closed form solutions)

e Solution set of a linear system C = {x € R": ATx = b}
o Affine images C = {Ax+b:x € R"}

e Nonnegative orthant C = {x € " : x = 0}. It may be hard to project on arbitrary
polyhedron.

e Norm balls C = {x € R" : ||x]|, < 1}, for p=1,2,00
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Projected Gradient Descent for Affine Constraint Set C

Solution set of a linear system C = {x € R": ATx = b}

2

Xf,kﬂ) = Pc(xf,kﬂ)): arg min

1‘ k+1)
% Sz
ATz=b 2

=

2

For z,x € R", A as an n X m matrix, b is a vector of size m, consider the slightly more general
problem (50) with B as an n x n matrix:

min ix—2)"B(x —z
min  Yx—2)7Bx—2) 50
subjectto A'x=b

For projected gradient descent, B = |
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Projected Gradient Descent for Affine Constraint Set C

Solution set of a linear system C = {x € R": ATx = b}

Xf:,k+1) = Pc(xf,kﬂ)): arg min =

5|
ATz=b 2

2

k+1

x|
2

For z,x € R", A as an n X m matrix, b is a vector of size m, consider the slightly more general
problem (50) with B as an n x n matrix:

. 1 _ TB _
min, 3(x —2) ' B(x —z)

50
subjectto ATx=b (50)

For projected gradient descent, B = I. Further, if n=2 and m = 1, the minimization problem
(50) amounts to finding a point x* on a line a;;x; + ajoxo = b that is closest to z.

e e, 22



Projected Gradient Descent for Affine Constraint Set C

@ Consider minimization of the modified objective function
L(z,A) = 3(x —2)TB(x —z) + AT(ATz — b).

: v _ N\TR(w — T AT _

xemrnkne%m 5(x—2z)' Bx—2z)+ A (A'x—b) (51)
The function L(x, A) is called the lagrangian and involves the lagrange multiplier A € ™.

e A sufficient condition for optimality of L(x, A) at a point L(x*, \*) is that VL(x*,\*) =0
and V2L(x*,\*) = 0. For this specific problem:

Bx* — 3(B+ BT)z + A\

VL(x" X)) = [ ATs* — b

o o
| I |

and

AT 0
I 4 a4 October 26, 2018 225 / 427
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Projected Gradient Descent for Affine Constraint Set C

e The point (x*, \*) must therefore satisfy, Ax* = b and A\* = —Bx* + 3(B+ B')z.
@ Recap: If Bis taken to be the identity matrix, n = 2 and m = 1, the minimization problem
(50) amounts to finding a point x* on a line aj;1x; + ajaxy = b that is closest to z.

@ From geometry, the point on a line closest to z is the point of intersection p* of a
perpendicular (or least possible!® obtuse angle) from z to the line. However, the solution
for the minimum of (51), for these conditions coincide with p* and are given by:

an(annzitaipza—b = 7 aiz(anzit+aipze—b)
(a11)?+(a12)? 2 2 (a11)?+(a12)?

X =2z —

That is, for n =2 and m = 1, the solution to (51) is the same as the solution to (50)
(k+1)

@ For general n and m, with z = x;,

x* = xf,kﬂ) = Pc(xf,kﬂ)) = arg min ’
ATx=b

(k+1) H _ Xuk+1 A<ATA)—1(ATX£I<+1) b

19Gee following slides for some elaboration on geometry of the projection
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Projected Gradient Descent: lllustrated and Summarized

’ : @ lllustration of Projected Gradient Descent on
e Quadratic Objective with bounded affine
] (Polyhedral) constraint set

a ' ,,/"-_ ) @ The line joining point of projection Xé = Pc(xK) to

° 1\ |'/ ’ xX forms least possible obtuse angle? with line

o \ - . . - .

N N e joining x’,j = Pc(xX) to any point y € C.

- :' e ?See following slides for some elaboration on geometry of the projecti
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Table Of OrthOgOnal PI’O_]GCT.IOI’]S See https://archive.siam.org/books/mo25/mo25_ch6.pdf

1 1
Pc(z) = prox(z) = argm}in ZLHX —z|]? + Ie(x) = arg)rpei22—t\|x —z|?

Set C= For t=1, Pc(z) = Assumptions
W En
BOX[I7 u] Pc(z),' = min{max{z,-, /,‘}, Ll,'} /,‘ < uj
Ball[c, 1] c+———(z—c) [|.]]2 ball, centre ¢ € R" & radius r > 0
max{||z — c||2, r}
Tx[Ax = b] z—AT(AAT) Az — D) AC R b W, Als full row rank
{x|aTx < b} 7 - B O£acR"beR
A, [z — p*e]4 where u* € R satisfies e[z — p*e] =1
PBoxi1,u](Zz — p*a) where p* € R satisfies
Ha p N Box[l,u ’ ; 0O#acR" beR
° [ } aT'DBoxH u](z —u a) =b a
PBox[l,u] (z) aT‘DHox[l,u](z) <b
H™ap NBox[Lu] [ Ppeypiu(z —A*a) 3TPan[1,u](Z) >b 0#acR" beR
where \* € R satisfies aTPBOX[l_u](Z —ANa)=b& A\ >0
z 2] <«
By.j,10,q] [z — Xe]; © sign(z) llzlli > a>0

where \* >0, & [z — \'e|. O sign(z) = a
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Elaboration on the Geometry of the Projected

Gradient Descent
Right angle FOR Affine Set/Unbounded sets

Least possible obtuse angle FOR
Polyhedron /Bounded Sets
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e Claim: If P¢(z) is a projection of z, then
(y — Pe(z)) (z— Pe(z)) <0,Vy eC

e That is, the angle between (y — P(z)) and (z — P¢(z)) is obtuse (or right-angled for
the projected point), Yy € C

Proof of this claim is on following slides for your reading
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e Claim: If P¢(z) is a projection of z, then
(v = Pe(2)" (2 Pe(2)) <0,¥yeC

e That is, the angle between (y — P¢(z)) and (z — P¢(z)) is obtuse (or right-angled for
the projected point), Yy € C
For the more general proxc operator,

(y — proxc(z)) " (z — proxc(z)) <0, Vy  (52)
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e Claim: If P¢(z) is a projection of z, then
(v = Pe(2)" (2 Pe(2)) <0,¥yeC

e That is, the angle between (y — P¢(z)) and (z — P¢(z)) is obtuse (or right-angled for
the projected point), Yy € C
For the more general proxc operator,

(y — proxc(z)) " (z — proxc(z)) <0, Vy  (52)

In fact, the conditions in (53), (54) and (55) can be

proved to be equivalent? (when c is assumed to be
convex)

(y—z*)T(z—z*) <0,Vy (53)

z" = prox.(z) (54)

z—z" € 0c(z") (55)

siam ara/hocke/ma25/ma25 chA nd

£
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Proof for (y — Pc(z),z — Pe(z)) <0

@ To be more general, let us consider an inner product (a,b) instead of a’b
o Let y* = (1 —a)Pc(z) + ayy, for some o € (0,1), and y € C
= y" = FPe(z) +aly — Pe(z)), y* €C

l Pc(z) = argmingec||z — y|2
=
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231 / 427



Proof for (y — Pc(z),z — Pe(z)) <0

@ To be more general, let us consider an inner product (a,b) instead of a’b
o Let y* = (1 —a)Pc(z) + ayy, for some o € (0,1), and y € C
= y" = Pe(z) +aly — Pe(z)), y* €C

o
\
|\
. 2
| PC(Z) = argmmzyecHZ - Y||2
= fla = Pes)|” <la =y
Z
Pn(z) 2"
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Proof for (y — Pc(z),z — Pe(z)) <0

Iz — y*||? ,

=Hz— Pe(z) + aly — Pe(z )))H

:||z— Pe(z H —|-042Hy Pe(z H — 2« <z— Pe(z),y — Pc(z)>
>~ Pe(@)]”

— (2 Pe(z),y = Pe()) < Sy = Pe@)|*, Va € (0, 1)

@ Thus, the LHS can either be 0 or a negative value. Any positive value of the LHS will
lead to a contradiction for some small o« — 0

o Hence, we proved that (y — Pc(z),z — Pc(z)) <0
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Proof for (y — Pc(z),z — Pe(z)) <0

@ We can also prove that if (z —z*,y —z*) <0, Vy € C s.t. y # z*, and z" € C, then
z* = Pp(z) = argminl||z — y||>
c(z) = argmin]z ~ 511

e Consider ||z — y||* —||z — z*|*
=Hz —z* + (z* —y)H2 —||z — z*
=z — 2| +ly — 2*|* = 2(z — 2",y — z") — |z — 2|
=lly —z"* - 2(z— 2",y —2)
>0

o = z—y|?>|z—z|% ¥y eCst. y #£2*

2
|
2

e This proves that z* = P¢(z)
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Case 1: Projected (Gradient) Descent

@ We can find Ax as the change in x along some steepest descent direction of f without
constraints

o Thus, let xkt! = zF1 = xk 1 Ax iterate reduces f(x) without constraints

e To find the proximal update when c(x) = Iz(x), we

e e, 2



Case 1: Projected (Gradient) Descent

@ We can find Ax as the change in x along some steepest descent direction of f without
constraints

o Thus, let xkt! = zF1 = xk 1 Ax iterate reduces f(x) without constraints

k+1

e To find the proximal update when c(x) = I¢(x), we project x5

projected point x5 by solving:

onto C to get the
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Case 1: Projected (Gradient) Descent

@ We can find Ax as the change in x along some steepest descent direction of f without
constraints

o Thus, let xkt! = zF1 = xk 1 Ax iterate reduces f(x) without constraints

k+1

e To find the proximal update when c(x) = I¢(x), we project x5

projected point x5 by solving:

onto C to get the

2 2
xE,kH) =FPc (zk+1> = argmin ||zFF1) — XH + Ip(x) = argmin||z“Y) — XH = prox|,(z)
x 2 2

xeC
@ Thus, the projected point xf,kH) is the point in C that is the closest to the unbounded
optimal point xf,kH) if C is a non-empty closed convex set

Recall a necessary condition for descent direction: Dot product of update step with
gradient <= 0

e e, 2



Recall: Descent direction for a convex function

@ For a descent in a convex function f, we must have
fix**1) > Value at x**! obtained by linear interpolation from x

J(i?.?i u

y [ D

k

3 - ‘F("k) /
@ je. f(xk—i-l) > f(xk) + VTf(Xk)(xk'H _ Xk) + Jﬂ’k) ('hﬂ’.9

@ Thus, for Ax* to be a descent direction, it is necessary that
VTAxK Axk <0
(where AxF = x*1 — xk)

October 26, 2018
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Question: Descent Direction and Projected Gradient Descent

k+1

@ We want that the point obtained after the projection of x

the function f

be a descent from x’; for

Vfxk) Ax, <0

(where Axf,kﬂ) = Pc(xﬁﬂ) — x,’§ = xf,kﬂ) — x’;)

@ Are we guaranteed this?
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Algorithm: Projected Gradient Descent

Find a starting point Xg eC.

Set k=1

repeat
1. Choose a step size t% oc 1/v/k.
2. Set xk = xl’;_l - thf(Xll;_l).

2
k
X, —Z

3. Set xX = argmin
p ngC

4. Set k= k+ 1.
until stopping criterion (such as ||x% — xk~t[| < e or f{xf) > f(xk™1)) is satisfied?

2.

“Better criteria can be found using Lagrange duality theory, etc.

Figure 13: The projected gradient descent algorithm.
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Option 1: Generalized Gradient Descent

@ Recall 1
prox.(z) = argmin —||x — z||*> + c(x)
x 2t

@ Gradient Descent =

1E|se we just treat this as another minimization problem and obtain an approximate solution. Practical
convergence rate can be very slow. Exceptions are partial proximation minimization:[Bertsekas-and Tseng:'94]
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Option 1: Generalized Gradient Descent
@ Recall

1
prox.(z) = argmin —||x — z||*> + c(x)
x 2t

© Gradient Descent = ¢(x) =0
@ Projected Gradient Descent =

1E|se we just treat this as another minimization problem and obtain an approximate solution. Practical
convergence rate can be very slow. Exceptions are partial proximation minimization:[Bertsekas-and Tseng:'94]
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Option 1: Generalized Gradient Descent

@ Recall 1
prox.(z) = argmin —||x — z||*> + c(x)
x 2t
© Gradient Descent = ¢(x) =0

@ Projected Gradient Descent = c(x) =), /¢, (x)
@ Proximal Minimization = f(x) =0

We will discuss these specific cases after a short discussion on convergence

1E|se we just treat this as another minimization problem and obtain an approximate solution. Practical
convergence rate can be very slow. Exceptions are partial proximation minimization:[Bertsekas-and Tseng:'94]
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Option 1: Generalized Gradient Descent

@ Recall 1
prox.(z) = argmin —||x — z||*> + c(x)
x 2t

© Gradient Descent = ¢(x) =0
@ Projected Gradient Descent = c(x) =), /¢, (x)
@ Proximal Minimization = f(x) =0
We will discuss these specific cases after a short discussion on convergence

e Convergence: If f{x) is convex, differentiable, and Vfis Lipschitz continuous with
constant L > 0 AND ¢(x) is convex and prox.(z) can be solved exactly!! then

1E|se we just treat this as another minimization problem and obtain an approximate solution. Practical
convergence rate can be very slow. Exceptions are partial proximation minimization:[Bertsekas-and Tseng:'94]
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Option 1: Generalized Gradient Descent

@ Recall 1
prox.(z) = argmin —||x — z||*> + c(x)
x 2t

© Gradient Descent = ¢(x) =0

@ Projected Gradient Descent = c(x) =), /¢, (x)

@ Proximal Minimization = f(x) =0

We will discuss these specific cases after a short discussion on convergence

e Convergence: If f{x) is convex, differentiable, and Vfis Lipschitz continuous with
constant L > 0 AND ¢(x) is convex and prox.(z) can be solved exactly!! then
convergence result (and proof) is similar to that for gradient descent

Recall sublinear

vergench X0 e[
rate of convergencg f(xk) ) < ll(zk: (f()a') ~ f(x*)) - H 2tk>(*H

i=1

1E|se we just treat this as another minimization problem and obtain an approximate solution. Practical
convergence rate can be very slow. Exceptions are partial proximation minimization:[Bertsekas-and Tseng:'94]
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Summary results for Generalized Gradient Descent:
(Details at https://archive.siam.org/books/mo25/mo25_ch10.pdf

For one of three backtracking procedures B1, B2 and B3
e With no convexity assumption: Convergence can be proved using B1 (Theorem 10.15)
e With convexity of £ O(1/k) rate of convergence using B2 (Theorem 10.21)
e With strong convexity of f. Linear rate of convergence using B2 (Theorem 10.29)

® Assuming upper bound on norm of gradient Vf (that is, Lipschitz continuitu of f), we get
weaker O(1/v/k) convergence rate (Extra optional slides at the end)

| Recommended optional reading
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Algorithms: Generalized Gradient Descent

Goal: x* = argming f(x) + c(x)

Find a starting point x(9) € D
repeat
1. Set Ax(W = —vAxk).
2. Choose a step size K > 0 using exact or backtracking ray search to obtain x(¥t1) =
x(K) 1 k) Ax (k)
3. Obtain xk1) = prox. <§(k+1)).
4. Set k= k+ 1.
until stopping criterion (such as ||x(At1) — x¥||, < €) is satisfied

The steepest descent method can be thought of as changing the coordinate system in a
particular way and then applying the gradient descent method in the changed coordinate

system.
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Convergence Rate: Generalized Gradient Descent vs. Subgradient Descent

@ Recap: For Subgraident Descent: The subgradient method has convergence rate
O(1/V'k); to get f(x(k) ) — fix*) < ¢, we need O(1/+/€2) iterations.

best
This is actually the best we can do; e.g., we can't do better than O(1/V/k).
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Convergence Rate: Generalized Gradient Descent vs. Subgradient Descent

@ Recap: For Subgraident Descent: The subgradient method has convergence rate
O(1/V'k); to get f(x(k) ) — fix*) < ¢, we need O(1/+/€2) iterations.

best
This is actually the best we can do; e.g., we can't do better than O(1/V/k).
@ For generalized Gradient Descent: If f(x) is convex, differentiable, and Vs Lipschitz
continuous with constant L > 0 AND c¢(x) is convex and prox.(x) can be solved exactly
then convergence result (and proof) is similar to that for gradient descent

We appreciate that 9
we do better than k x(0) _
subgradient ¥k 1 i X

* - _ * 1 | N
descent by making Ax) — Ax) < k Z (f(%) fix )) = 2tk
use of differentiabilit i=1

ff t of the obj
° (X)Iggitgr cc?n?/ejfgcelr}/ge (O(1/k)) because of assuming (i) Differentiability of f{x) and

(ii) Lipschitz continuity of Vf(x).
Can we do even better without strong convexity (which is not possible for c(x))?
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(Nesterov) Accelerated Generalized Gradient Descent

g -
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i< ~—_
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= e Subgradient method
o~ —— Genergized gradient
8_ - —— Nestaerov acceleration
o
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(Nesterov) Accelerated Generalized Gradient Descent

The problem is:

;\g]iRrL fx) + c(x)

where f(x) is convex and differentiable, ¢(x) is convex and not necessarily differentiable.
@ Initialize xf,o) e R"
@ repeat for k=1,2,3,...
k—2
y = x4 m(X(k—l) — x(k=2)

xW = proxu(y — t“*Vfy))

Steps for implementing

Or Equivalently,

Nesterov Momenium — (1 —0,)xkD 1 g,xkD\ vyis update after adding
) ]? k( KX j: [Xu velocity
Velosty < x" = proxux(y — t*Vf(y))| compute prox on update after

adding velocity

actual step

xR — k=) 4 Hi(xm _ xlk-1))

Ay

where 6, = 2/(k+1).
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Algorithm: (Nesterov) Accelerated Generalized Gradient Descent

o~

6.
until stopping criterion (such as ||x¥ — x*71|| < € or f(x¥) > fixk~1)) is satisfied?

Initialize x\”, x(©) ¢ R"

Initialize k=1
repeat
1. 0k=2/(k+1)

y = (1 -6 )xk=1 4 fix .

Choose a step size tX > 0 using exact or backtracking ray search.
x* = proxu(y — t“Vf(y))

ng) — x(k=1) 4 eik(x(k) _ X(k—l))

Set k=k+ 1.

“Better criteria can be found using Lagrange duality theory, etc.

Figure 15: The gradient descent algorithm.
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(Nesterov) Accelerated Generalized Gradient Descent
@ First step k = 1 is just usual generalized gradient update: x(!) = prox, (x(©) — ! VAx())
@ Thereafter, the method carries some "momentum” from previous iterations
© c(x) = 0 gives accelerated gradient method
@ The method accelerates more towards the end of iterations

—

2

»

K-3

as

0 =0 <0 L) L 100
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(Nesterov) Accelerated Generalized Gradient Descent

Examples showing the performance of accelerated gradient descent compared with usual
gradient descent.

Example (with 1 = 30, p = 1)

2 13 b
Pav b | bt

=
1 4

N N

Figure 17: Example 1: Performance of accelerated gradient descent compared with usual gradient
descent
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(Nesterov) Accelerated Generalized Gradient Descent: Convergence

Minimize f(x) = f(x) + c(x) assuming that:

fis convex, differentiable, Vfis Lipschitz with constant L > 0, and
c is convex, the prox function can be evaluated.

Theorem

Accelerated generalized gradient method with fixed step size t < 1/L satisfies:

20X — x||?
Ky _ fix*) < 22—~ 11
™) = fix7) < t(k+1)?

Accelerated generalized gradient method can achieve the optimal O(1/k?) rate for first-order
method, or equivalently, if we want to get ix()) — f{x*) < ¢, we only need O(1//¢)
iterations. Now we prove this theorem.
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(Nesterov) Accelerated Generalized Gradient Descent: Proof

Proof:
First we bound both the convex functions f(x¥) and c(x*).
@ Since t < 1/L and Vfis Lipschitz with constant L > 0, we have

L 1
fix") < fly)+V Ay) (" —y) +5 I = ylI* < Ay)+ VAY) T (x“—y)+ 5 [Ix“~yI[* (56)
o In xk = prox,(y — tVf(y)), let h = x* and w = y — tVAy). Then
.1 2

h = prox,(w) = arg min 2—t||w — h||* + ¢(h)
@ For this, we must have

1 1 1

0€0(llw- h||? + c(h)) = —=(w—h)+0c(h) = ——(w—h)€dc(h)

@ According to the definition of subgradient, we have for all z,

e S, 2B



(Nesterov) Accelerated Generalized Gradient Descent: Proof

Proof:
First we bound both the convex functions f(x¥) and c(x*).
@ Since t < 1/L and Vfis Lipschitz with constant L > 0, we have

L 1
fix") < fly)+V T Ay) (" —y)+5 I = ylI* < Ay)+ VAY) T (x“—y)+ 5 [Ix“~yI[* (56)
o In x¥ = prox,(y — tVAy)), let h = x¥ and w = y — tVf(y). Then
1
h = prox,(w) = argmin —||w — h||* + c(h)
h 2t
@ For this, we must have
1 1 1
0 € d(5lIw - h||? + c(h)) = —z(w—h)+0c(h) = ——(w—h)edc(h
@ According to the definition of subgradient, we have for all z,
1 1
c(z) > c(h) — ;(h —~w)T(z—h) = c(h) <cz)+ ;(h —w)(z—h)

for all z, w and h = prox,(w).
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(Nesterov) Accelerated Generalized Gradient Descent: Proof (contd.)
Substituting back for both h and w in the above inequality we get for all z,
1 1
c(x) < clz)+ < (" —y +tVAy)) T (2—x") = c(z) + < (x"~y) "(2=x")+ VAy) "(z—x") (57)
Adding inequalities (56) and (57) we get for all z,

) < fly) + clz) + 0k — 3) (s — %) + 2 lx* — |2+ Vy) (s~ y)

Since fis convex,

e e, 2



(Nesterov) Accelerated Generalized Gradient Descent: Proof (contd.)
Substituting back for both h and w in the above inequality we get for all z,

() < efa) 4 [y + 1V Ay)) T = efa) 4 (5 —y) (o x4 4 Vy) (o xH) (57)

Adding inequalities (56) and (57) we get for all z,
) < fly) + clz) + 0k — 3) (s — %) + 2 lx* — |2+ Vy) (s~ y)
Since fis convex, using f(z) > f(y) + Vfly)"(z —y), we further get
k) < )+ (2t = 3) (e = x4) + ol —
Now take z = x(*=1 multiply both sides by (1 — 6) and for z = x* multiply both sides by 6,

(1= 0)x) < (1= O)ftx ) + 8k = y) Tk oy 1 =Dy 2

OfixK) < 0x") + 2k = y) T — ) + o=k —
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(Nesterov) Accelerated Generalized Gradient Descent: Proof (contd.)
Adding these two inequalities together, we get

o))~ (1=0) (x k)= Ax)) < 26— 3) (1 = x4 05" — >l P

(58)
o Using xk = x(k=1) ¢ 2(xk— x(Dyand y = (1 — 0)xk1 + ox ", we have
(1 —0)x 1D 4 x* — x¥ = f(x* — x¥) and using this again in the second equation,

xk —y = 0(xk - XEJ/GD)

@ Substituting these equations into the RHS of inequality (58) we have
0 1. T .
flxk) = fix*) = (1= O)(Axk) = flx*)) < e ™) (200 = xb) + 00— )

u
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(Nesterov) Accelerated Generalized Gradient Descent: Proof (contd.)
Adding these two inequalities together, we get

fx*) = fx*) —(1-0) (Ax"D)~fx")) < %(Xk )@= o) 4 ox” — Xk)+%llxk ~vlI?
(58)

o Using xk = x(k=1) ¢ 2(xk— x(Dyand y = (1 — 0)xk1 + ox ", we have
(1 —0)x D 4 ox* — xk = f(x* — x¥) and using this again in the second equation,
xk -y =0(xk - x5 l>)

@ Substituting these equations into the RHS of inequality (58) we have
o) — fx) — (1= O)(xD) — ) < ok ) T0oer — ) 00— <)

u

0> T
= 0 =) e ) e — k) 4 (ot = xY)

= dfract?2¢(||x Y — x*[|2 — ||xk — x*[|2)

u
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(Nesterov) Accelerated Generalized Gradient Descent: Proof (contd.)

e—i(f(x(k))—f(x*))+%fo,k)—x*H2 < “10;%90(( X))+ L e

Since § = 2/(k+ 1), using £=7% < 51—, we have
k k—1

2 (x) = ) 5 [l = | < o= () = i) + ) =

k k—1
Iterating this inequality and using 61 = 1 we get

L (x)— x| P < B0 (700 ey L)@ o2 < 2@ et
62 2 03 2 2
Hence we conclude

2 (0) _ *2
2
k||x X*||2_ HX X H

—2t t(k+1)2

fixM) — fix") <
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Generalized Gradient Descent and its Special Cases

Recall )
prox.(z) = argmin —||x — z||* + c(x)
x 2t

It's special cases are:
O Gradient Descent: ¢(x) =0
@ Projected Gradient Descent: ¢(x) = l¢(x) (Example:
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Generalized Gradient Descent and its Special Cases

Recall )
prox.(z) = argmin —||x — z||* + c(x)
x 2t

It's special cases are:
O Gradient Descent: ¢(x) =0
@ Projected Gradient Descent: ¢(x) = lo(x) (Example: = )", Ig,(x))
@ Alternating Projection/Proximal Minimization: f{x) =0 o
@ Alternating Direction Method of Multipliers

© Special Cases for Specific Objectives
» LASSO: (Fast) Iterative Shrinkage Thresholding Algorithm (ISTA/FISTA)

I 4 a4 October 26, 2018
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Convergence of Projected Gradient Descent (even
under weaker assumptions)

o (= J ® ® E DAl



Convergence of Projected Gradient Descent: Weaker assumptions

@ Recall: Assuming Lipschitz continuity on gradient Vf and convexity of f and assuming
bounded iterates and assuming convexity of C (and therefore of I¢) we obtained O(1/k)
convergence rate for (Generalized and hence for) Projected Gradient Descent

@ Assuming upper bound on norm of gradient Vf (that is, Lipschitz continuitu of f), we get
weaker O(1/v/k) convergence rate for Projected Gradient Descent

e T YT



Convergence of Projected Gradient Descent: Weaker assumptions

@ Recall: Assuming Lipschitz continuity on gradient Vf and convexity of f and assuming
bounded iterates and assuming convexity of C (and therefore of I¢) we obtained O(1/k)
convergence rate for (Generalized and hence for) Projected Gradient Descent

@ Assuming upper bound on norm of gradient Vf (that is, Lipschitz continuitu of f), we get
weaker O 1/ﬂ ) convergence rate for Projected Gradient Descent

e Proof: To project xkT! = xk — tVf(x¥) onto the non-empty closed convex set C to get
2
the projected point xk+1, we solve: x’“rl Pe(xkt1) = argmin,cc||xkt! — 2
2
* —xi P = = xM[? = 26V Ax5) (x = x) + 2V AXE)? (59)

e If: (i) d is diameter of C, i.e., Vx,y € C, ||x —y| < d (ii) /is upper bound on norm of
gradients, i.e., ||Vf(x)|| < /and (iv) step size t = ﬁ}-(, then substituting for /into (59)

™ — 7 <l = x4 - 20V A (xF - x7) + 2P (60)
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Convergence of Proj. Grad. Descent: Weaker assumptions (contd.)

e Further, based on (60)
20V Ax") (x" = x7) < [|x" = 1N — |Ix" = xg T+ £ (61)

@ As per definition of convexity:

1<, o1
fT(ZX _f(X)SI'—(
k=1

o Substituting for VAx¥)(xk — x*) from (61) into (62), we get (63):

K K
1 1 X ¥
f(szk> — ) < e > (I =2 =[x w2+ 2R) (63)
k=1

k=1

M=

(15 - )<—Zw (xk—x*)  (62)

x
Il

1
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Convergence of Proj. Grad. Descent: Weaker assumptions (contd.)

(64)

o Expanding the summation over ||x* — x*||2, all terms get canceled except for the first and
last:
K
1 ! 012 keip2) , tF
Fl e 2o | = fx) < g (I =07 = o = xl12) +
k=1

o Since d is diameter of C, i.e., ||x* — x°||? < d? and since —||x* — xK*1||2 <0,

K
@ Therefore, ift:ﬁ- f %Zxk gmig flx )-|—§}L<

I 4 a4 October 26, 2018
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Convergence of Proj. Grad. Descent: Weaker assumptions (contd.)

@ To get solution that is ¢ approximate with € = %;i(, you need number of gradient

. . . de) 2 1\2
iterations that is K = <§) =0 (-)

€
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Extra and Optional: Alternative Projection

Method






Example: Subgradients and Alternating Projections

Problem: Given m closed convex sets G, Cy, ..., Cp, we want to find x* € ﬂf" Ci.
First, we define
fx) = max dist(x, G;)

i=1,....m

where
dist(x, C) = min ||x — u]|
ueC

is the closest we can get to x if we have to stay in the set C.
Also,
m
fix) =0 < x"€[)G
i

Therefore, the optimization problem is to minimize

min f(x)

xeR"

which, when equal to 0 is the point we are looking for.
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Example: Subgradients and Alternating Projections (contd.)

Since C is closed and convex, there is a unique point u* = P¢(x). This unique point is the
projection of x onto C, and it minimizes ||x — u|| over u € C. We can thus write

dist(x, C) = ||x — Pc(x)||

Finding subgradient of f;

We want to calculate the subgradient of f because if we can do so, we can apply subgradient
methods and obtain an algorithm to solve our problem.

First, we consider fj(x) of C;. It turns out that fi(x) is differentiable. For each i, if we take a
point not in G, i.e x¢ C; and || x — Pc(x)|| # 0, it turns out that

x— Pc(x)

=Pl (66)

is a subgradient of fi(x). We obtain this by just taking the projected point and finding the
gradient without the chain rule.
Show that (123) is a subgradient of f; at x.
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Example: Subgradients and Alternating Projections (contd.)
Finding subgradients of £

Using a rule we learnt from earlier on in the course, if
) = max_fi(x

i=1,...,m

then,

What this means is that the subgradient of f(x) is equal to the convex hull of the union of all
maximal f;(x)’s, and take the respective subdifferentials.

If fi(x) = f{x) # 0 (when it is 0, we are done), then

X — Pc(x)
——— € Of(x
= Pcol < ™
This gives us a prescription for finding the subgradients.
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Example: Subgradients and Alternating Projections
Subgradient descent:

We will use a particular stepsize, known as the Polyak stepsize, because this particular choice

will give us a famous algorithm that is a special case of the subgradient method. For the
purpose of illustration, the Polyak stepsize is

te = fx)
and the subgradient descent update rule is

x(0 = x(k=1) _  afx=1)

— Pc.
= x(k=1) f(x(k_l))x—c’(x) where x(*~1) is farthest from o
Ix = Pe,(x)]
— x(k_l) — X(k_l) + PC,-(X)

= PC,'(X)

So the update rule is just to take x(*~1) and project it to the set it is farthest from.
This is also known as the alternating projections algorithm. By using the subgradient method,
we can now use what we know about subﬁradients to sai thinﬁs about'theralternating
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Extra and Optional: Nesterov's Theorem
Theorem

Nesterov’s Theorem: For any k < n— 1 and starting point x\©), there is a function in the
problem class such that any nonsmooth first-order method satisfies

f(X(k)) — fx*) > R—G

21+ Vk+1)

Proof.
Let k=n—1 and x(© = 0. .
_ 2
) = AT 2||X||
The optimal x* here = (—1/n,...,—1/n), with the optimal function value f{x*) = —5-. If
R= 71. then fis Lipschitz with G=1 + 71-

Claim: At any iteration i from 1 to n, all of the elements of x from x;.1 to x, are 0. To show
this, let us assume we have some oracle that gives us g = e; + x, where j is the smallest index




