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Generalized inequalities
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a convex cone K C R" is a proper cone if 36 m e-a YQ,S}"Y; V4 ha{\?

m ek we
e K is solid (has nonempty interior)

You W hos e K is pointed (contains no line) w‘ll "f-a(“."/ e -H/Q:\A)Hyz

nos}..\fn;‘%é)l e -g a,-a € \< then G<0
xamples
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o) e nonnegative orthant K =R} ={x e R" |2; > 0,1 =1,... n}

e K is closed (contains its boundary)

e positive semidefinite cone K =S

e nonnegative polynomials on [0, 1]:

K={zeR" |2 +aot +ast> 4 "t >0fort € 0,1]}
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1. Reflexivity: a = a;

2. Anti-symmetry: if both a > b and b = a, then a = b;
3. Transitivity: if both a = b and b = ¢, then a = ¢

4. Compatibility with linear operations:

(a) Homogeneity: if a > b and A is a nonnegative real, then Aa > Ab
("One can multiply both sides of an inequality by a nonnegative real” )
(b) Additivity: if botha>=band e > d, thena+ec>= b+ d
("One can add two inequalities of the same sign” ).
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The Hasse diagram of the set of all subsets of J_-._l/
a three-element set {x, vy, z}, ordered by inclusicn.




generalized inequality defined by a proper cone K:
r3gkyYy <= y—zekK, rT<gYy <= y—crecintk
examples
e componentwise inequality (K = R})
<pn - < ; =
TIREY = TSy, 1 1,...,n

e matrix inequality (K = S})

X jsi Y <= Y — X positive semidefinite
these two types are so common that we drop the subscript in <g
properties: many properties of <y are similar to < on R, e.g.,

rT=KkY, UKV — TH+ugy+v

Convex sets 2-17

Minimum and minimal elements

<k is not in general a linear ordering: we can have x Ak y and y Ax =

x € S is the minimum element of S with respect to < if

yGS — T =K1Yy

x € S is a minimal element of S with respect to < if

yesS, ygxr = y=u=u

example (K = R%)

21 is the minimum element of S; i

ZTo is @ minimal element of S5 1
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