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eorem 1.2.F [Duality Theorem in Linear Programming| Consider a linear programming
progran
min {.zf'"r Ar > E:} (LP)
along with its dual
ma {17y | ATy = e, > 0 (LP*)

Then
1) The duality is symmetric: the problem dual to dual is equivalent to the primal;

2) The value of the dual objective at every dual feasible solution iz < the value of the primal
objective at every primal feasible solution \
3) The follounng 5 properties are equivalent to each other:

(i) The primal & feasible and bounded below.
(ii) The dual is M and bounded above.

(iii) The primal i
(iv) The dual i
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Whenever (i) = (ii) = (iii) = (iv) = (v) is the case, the optimal values of the primal and the dua1

roblems are equal to each other. ‘S’Qm q ARy - (2\ ..\. (?)
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Proof. 1) is quite straightforward: writing the dual problem (LP*) in our standard form, we

Eet
Iin 0
AT y— (—r.') 0%,
—AT r

where [, is the m-dimensional unit matrix. Applying the duality transformation to the latter
problem, we come to the problem

(v) Both primal and dual are feasible.

p T
min 4 —b" 1
L )

£ =0
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max ) 78 +c n+(—c) f‘ ¢ =0 [
E—An+ A = —b

which & clearly eoutvalent to (LPY (set 7 = 59— O,
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Theorem 1.2.3 [Necessary and sufficient optimality conditions in linear programming| Con-
sider an LP program (LP) along with its dual (LP*). A pair (r,y) of primal and dual feasible
solutions is comprised of optimal solutions to the respective problems if and only if

ywldxr—bl; =0, i=1,..,m, [complementary slackness]

likewize as if and only if

e —bly=0 [zero duality gap
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Theorem 2.1. Assuming A in (CP) is of full column rank, the following is true:

(i) The duality is symmetric: (D) is a conie problem, and the conie dual to (D)
s (equivalent to) (CP);

(ii) [weak duality] Opt(D) < Opt(CP);

(iii) [strong duality] If one of the programs (CP), (D) is bounded and strictly
feasible (i.e., the corresponding affine plane intersects the interior of the associated
cone), then the other is solvable and Opt(CP) = Opt(D). If both (CP). (D) are
strictly feasible, then both programs are solvable and Opt(CP) = Opt(D):

(iv) [optimality conditions] Assume that both (CP), (D) are strictly feasible.
Then a patr (x,A) of feasible solutions to the problem is comprised of optimal

solutions iff ¥ > = b7\ (Szere dualitipgap ™). same as iff \T[Ax — b] = 0 (Feoms
plementary slackness”™).
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Dual cones and generalized inequalities

dual cone of a cone K:

K*={y|y"z>0forallz € K}

examples

.K—R.i‘, K*—R+

e K =8": K*=S8"

o K={(x,t) ||zl <t}: K* = {(x, ) | |l < 2} :

o K = {(,0) | |zlx <t}: K* ={(z,0) | [2llow <t} ——D

first three examples are self-dual cones

dual cones of proper cones are proper, hence define generalized inequalities:
yr-g+ 0 < yT:n >0forallz =g 0
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Minimum and minimal elements via dual inequalities

minimum element w.r.t. <g

z 1s minimum element of .S iff for all
A =i+ 0, x is the unique minimizer
of M’z over S

minimal element w.r.t. <g

e if 2 is a minimal element of a convex set S, then there exists a nonzero
A > g+ 0 such that 2 minimizes Az over S

Convex sets 2-22
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' u+ tv > 0 whenever |jz]| <t = ||ulls < v. ’e* v 20)

q_/ct us start by showing that the righthand condition on (u,v) implies the lefthand
condition. Suppose ||u|, < v, and ||z|| < ¢ for some t > 0. (If t = 0, x must be zero,
so obviously u’z 4+ vt = 0.) Applying the definition of the dual norm, and the fact
that |—z/t|| < 1, we have 3

u' (—z/t) < ||uls <o,
and therefore u’ = + vt = 0.
vext we show that the lefthand condition in (2.20) implies the righthand condition
in (2.20). Suppose ||u||+ > v, i.e., that the righthand condition does not hold. Then
by the definition of the dual norm, there exists an = with ||z < 1 and 2" u > wv.
Taking t = 1, we have
u' (—z) +v <0,

which contradicts the lefthand condition in (2.20).



