
First-order condition

f is differentiable if dom f is open and the gradient

∇f(x) =

(

∂f(x)

∂x1
,
∂f(x)

∂x2
, . . . ,

∂f(x)

∂xn

)

exists at each x ∈ dom f

1st-order condition: differentiable f with convex domain is convex iff

f(y) ≥ f(x) + ∇f(x)T (y − x) for all x, y ∈ dom f

(x, f(x))

f(y)

f(x) + ∇f(x)T (y − x)

first-order approximation of f is global underestimator
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Second-order conditions

f is twice differentiable if dom f is open and the Hessian ∇2f(x) ∈ Sn,

∇2f(x)ij =
∂2f(x)

∂xi∂xj
, i, j = 1, . . . , n,

exists at each x ∈ dom f

2nd-order conditions: for twice differentiable f with convex domain

• f is convex if and only if

∇2f(x) � 0 for all x ∈ dom f

• if ∇2f(x) ≻ 0 for all x ∈ dom f , then f is strictly convex
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Quasiconvex functions

f : Rn → R is quasiconvex if dom f is convex and the sublevel sets

Sα = {x ∈ dom f | f(x) ≤ α}

are convex for all α

α

β

a b c

• f is quasiconcave if −f is quasiconvex

• f is quasilinear if it is quasiconvex and quasiconcave
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Examples

•
√

|x| is quasiconvex on R

• ceil(x) = inf{z ∈ Z | z ≥ x} is quasilinear

• log x is quasilinear on R++

• f(x1, x2) = x1x2 is quasiconcave on R2
++

• linear-fractional function

f(x) =
aTx + b

cTx + d
, dom f = {x | cTx + d > 0}

is quasilinear

• distance ratio

f(x) =
‖x − a‖2

‖x − b‖2
, dom f = {x | ‖x − a‖2 ≤ ‖x − b‖2}

is quasiconvex
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internal rate of return

• cash flow x = (x0, . . . , xn); xi is payment in period i (to us if xi > 0)

• we assume x0 < 0 and x0 + x1 + · · · + xn > 0

• present value of cash flow x, for interest rate r:

PV(x, r) =

n
∑

i=0

(1 + r)−ixi

• internal rate of return is smallest interest rate for which PV(x, r) = 0:

IRR(x) = inf{r ≥ 0 | PV(x, r) = 0}

IRR is quasiconcave: superlevel set is intersection of halfspaces

IRR(x) ≥ R ⇐⇒
n

∑

i=0

(1 + r)−ixi ≥ 0 for 0 ≤ r ≤ R
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Properties

modified Jensen inequality: for quasiconvex f

0 ≤ θ ≤ 1 =⇒ f(θx + (1 − θ)y) ≤ max{f(x), f(y)}

first-order condition: differentiable f with cvx domain is quasiconvex iff

f(y) ≤ f(x) =⇒ ∇f(x)T (y − x) ≤ 0

x
∇f(x)

sums of quasiconvex functions are not necessarily quasiconvex
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Operations that preserve convexity

practical methods for establishing convexity of a function

1. verify definition (often simplified by restricting to a line)

2. for twice differentiable functions, show ∇2f(x) � 0

3. show that f is obtained from simple convex functions by operations
that preserve convexity

• nonnegative weighted sum
• composition with affine function
• pointwise maximum and supremum
• composition
• minimization
• perspective
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Positive weighted sum & composition with affine function

nonnegative multiple: αf is convex if f is convex, α ≥ 0

sum: f1 + f2 convex if f1, f2 convex (extends to infinite sums, integrals)

composition with affine function: f(Ax + b) is convex if f is convex

examples

• log barrier for linear inequalities

f(x) = −
m

∑

i=1

log(bi − aT
i x), dom f = {x | aT

i x < bi, i = 1, . . . ,m}

• (any) norm of affine function: f(x) = ‖Ax + b‖
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