Revisiting gradient descent - v !l SW’\D Corvesgence
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o Considering xX* = x, and xX*'! = y, and a fixed step size t, we get
+1 T Lt 2
K1) < ) — 69T TR + || VA9 |

L 2
= X)) <) — (1 - ;)tHVf(x")H .
o Taing 0 <[} — 1- 4> 1 wehave | e £
2,3 i nece?D
Jos e
fo O wegked )
:bhon ox Canesjene deoussed heve S‘Z/ dnowtd e ok

Y You. an ¥ e L owth /2 ondis € et rYo.?Jd ¢ vesulp
S%OU\A °ﬂ\l\ ‘f)o\é\.

AXH) < Aix) - %HV}"(X")|

October 1, 2015 2 / 13



@ Using convexity, we have f(x*) > f(x*) + VT fx¥)(x* — x¥)
= fx) < Ax) + VT HX) (3 — x)

@ Thus,
fdt1) < fxk) — £V A
= fxH) <1‘(;(")+VT1‘(x")(x" x) — |V x|
— r(x'<+1) < flx*) —thX" x“H + VT AX) (XK — x*) —
VAN [|* + %1%~ X*H
— X)) < Ax) + L(| = x||P =[] - X - tw(x")|\2)
= fxX1) < fix) + &(|¥ - ;(*H —[]Ft — ;(*H
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@ Over all iterations, we have 7‘
3 (1) - 1) < L= -<T) A
=

n
e Since AXt) < AX) Vk=0,1,..., we get
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Question: Could we analyze Gradient descent more generally? ?
o Assume backtracking line search 0% @xack line  Seasdn |
e Continue assuming Lipschitz continuity

» Curvature is upper bounded: V?f(x) < LI
@ Assume strong convexity

» Curvature is lower bounded: V2f(x) = ml
» For instance, we wouldn't want to use gradient descent for a
linear function (no curvature)
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@ Lipschitz continuity
V*f(x) < LI

[VAix) = VAY)|| < Lllx—yl

L
fly) < fx) + VI Ry —x) + 5 lly =«
e Convexity
» Curvature should not be negative
V2f(x) = 0
fly) = fix) +V ) (y = %)

@ Strong convexity

V2f(x) = ml

fy) > fx) + VT (v =) + Sy = xI°

» For example, augmented Lagrangian is used to introduce strong
. —— —— ——
convexity
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Using strong convexity

fly) > fix) + V' x)(y — %) + Zlly = x|I”
> minimum value the RHS can take as a function of y
@ Minimum value of RHS
VAx)+my—mx=0
— y=x—=Vflx)
@ Thus,
fly) > fix) + V' f{x) (- L VA )) + 2| -L1vAx) |’
— fly) > fix) — £||VAX)|]
» Here, LHS is independent of x, and RHS is independent of y
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f(x"‘) > f(x) - %HVPC(X)HZ

° |fHV1‘(x)H is small, the point is nearly optimal )
> If|[VAX)|| < v2me, then: ‘k A ko b Ym\ \47\
x) = fixX) <€)

sk
» As the gradient || Vf(x)|| approaches 0, we get closer to the
optimal solution x*
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Analysis for Backtracking Line Search

e Backtracking line search exits when

2

F(X — 691 ) < Aixt) - % V)

» where t = ()" torg
* torg Was the initial step size before the invocation of
backtracking line search
* ris the number of iterations before the loop terminated

o The margin of backtracking line search, ||V f(x")| ? is inspired

by strong convexity
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@ Since fis strongly convex, and also Lipschitz continuous, we
have for some L :

) < ) + (- — [V

@ We also consider
0<t<l = <t = LE<
L t
= 5 t=—3
e Thus, we get the exit condition of backtracking line search

t
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= (X = 1V ) < X - ‘Vf H

e Convergence of gradient descent, given this condition, has been
proved below
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