Using strong convexity

fly) > fix) + V' x)(y — %) + Zlly = x|I”
> minimum value the RHS can take as a function of y
@ Minimum value of RHS
VAx)+my—mx=0
— y=x—=Vflx)
@ Thus,
fly) > fix) + V' f{x) (- L VA )) + 2| -L1vAx) |’
— fly) > fix) — £||VAX)|]
» Here, LHS is independent of x, and RHS is independent of y
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° IfHVI‘(x)H is small, the point is nearly optimal

> IfHVf(x)H < v/2me, then:
flx) — fx') < e

» As the gradient || Vf(x)|| approaches 0, we get closer to the
optimal solution x*
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Analysis for Backtracking Line Search
oot

g\
e Backtracking line search exits when x\

0’
c"" O

) ft

» where t = ()" torg \er\)[ o\csccr\k
* torg Was the initial step size before the invocation of W C = -/
backtracking line search
* ris the number of iterations before the loop terminated

f(x" - tVf(x")) < flxk) — —|

@ The margin of backtracking line search, %HV}"(X")HQ, is inspired
by strong convexity
|

W/\”"/'-/\‘M dna\»flg )ﬂn&\’ /Qb“owS S%ou\a ho\é Ad C(
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e Since fis@and also Lipschitz continuous, we
have for some L : “d\ —fequwecx \wme&m)\%
Lt 2
A1) < A6 + (5 — )| 90|

@ We also consider
= £<i = LE<

4 Thus, we(get theexit conditionof backtracking line search ((’:’V\—’S)
t 2
A1) < X — 5 [ |

s Lestt U r(k v < i) — v ﬂ
X ‘(LS s\neu\é(s ) mﬁ%s(,%lg Lec }‘% C-

e Convergence of gradient descent, given this condition, ha been
proved below
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0 %

ODQ\(“\'Lt
o Let p* = f(x")
o f(x—tVfix)) < fix) — t|| VAx) H + 5 Ltz |Vf(x H
» RHS here will be maximum for t = I
= f(x—t'VAx)) < LIV red
= f(x—t'Vfx)) — p* < ﬂx o [V fix H2 —p* (SVW‘OQ

7 e )

@ From strong convemty we had

R e e
— P> fx) - 5| VAX)
= ||[Vix H 22m(f(><. P)

et | Retnen
. gho G-t
Nﬂi{ e know NL L NO\D Co\"!\l("fglﬂf.q-

I = October 1, 2015 11 /13



@ Thus,

e £90) - 5 < 10~ & [V -5

= f(x—t'Vflx)) — p* < fix) — 22 (f(ix) — p*) — p*

— f(x—t'VAx)) —p* < (1 - %) (ix) —p*) S\—\_\\(\%M
e Which is,

fx) = p< (1 - 7) () = o)

< (=) () = )

<@-m 2 (A0) = p7) = Ao
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@ We get linear convergence

> Here, 7 € (0,1)
» This is, loosely speaking, faster than what we got using only
Lipschitz continuity, which was:

. :0) _yex |2
fx) — p* < 2tk

(sublinear convergence)
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