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Support Vector Machines



$=()

wo(x) +b>+1 fory = +1
who(x) +b< —1 fory = —1
() w, ¢ € R”

There is large margin to seperate the +ve and -ve examples
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Overlapping examples

When the examples are not linearly
slackness seperable, we need to consider
e the slackness &; of the examples
A~ 72 -7 x (how far a misclassified point is
S from the seperating hyperplane,
always +ve):

W o(x) + b > +1 — & (for y; = +1)
$:(0) wlé(x) +b< —1+¢& (fory; = —1)

R CON B

Multiplying y; on both sides, we get:
yiw'o(x;) +b) >1—¢, Vi=1,...,n
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Maximize the margin

@ We maximize the margin given by (¢(x") — ¢(x7)) " [%]

fTwll

@ Here, x™ and x~ lie on boundaries of the margin.

@ We can verify that w is perpendicular to the seperating surface:
at the seperating surface, the dot product of w and ¢(x) is 0
(with b captured), which is only possible if w and ¢(x) are
perpendicular.

@ We project the vectors ¢(x") and ¢(x~) on w, and normalize by
w as we are only concerned with the direction of w and not its
magnitude.
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Simplifying the margin expression

e Maximize the margin (¢(x") — ¢(x)) [ %]
o At x™: yt =1, £ =0 hence, (w'p(x) +
At x: y~ =1,& =0 hence, —(w'p(x7)
e Adding @ to )
WT(60c) - B0 )) = 2

@ Thus, the margin expression to maximize is: ”%”
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Formulating the objective

@ Problem at hand: Find w*, b* that maximize the margin.
o (w b*)=arg maxw,b”%”
st. y(w'¢(x;) + b) > 1 - ¢ and
&>0,Vi=1,...,n
@ However, as § — 00, 1 — & — —0o0
@ Thus, with arbitrarily large values of &;, the constraints become
easily satisfiable for any w, which defeats the purpose.

@ Hence, we also want to minimize the §;'s. ie. minimize ) &;
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Objective

o (Wb, &) = argminube 5 wll* + CL, &
st. y(w'¢(x;) + b) > 1 - ¢ and
5;20, Vi= 1,...,[7
@ Instead of maximizing ”%” minimize %HW“Q
€1l w||* is monotonically decreasing with respect to ”%” )
@ C determines the trade-off between the error > &; and the
margin ”%”
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More on the Objective

o (Wb, &) = argminy b slwll* + C3L, &
st. yi(w'é(x) +b) >1—¢ and
&>0,Vi=1,...,n
e Converting the constraints to the form g;(x) < 0:
1—& —yi(w'o(x;) + b) <0
=<0
L L(W7 ba Qa, [, gl) =
siwll*+ CL, &+ ; ai(1 =& = yi(w' é(x)) + b)) + ; pi(=&i)
o We want: V,, ¢ L(W', b*, a*, pn*,&) =0
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Gradient of the SVM Lagrangian

VL(w, b* o u* &) =0

@ w.r.t. KVZ

W'+ > ai (—y)é(x) =0

=1

— W =Y aiyox)
° V\rll.r.t. b:

Y oiyi=0

=1
o w.rt. &, Vi

C—aj —pi =0

== aj+pu;=CVi=1,...,n
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Necessary conditions for optimality

@ yi(w ' o(x)+b)>1—&, Vi
@ >0V

@ w = 2 azyib(x)

(] i;a7Yi:0

@ o >0,Vi

@ p;>0,Vi

Q@ o +u=CVi

@ o (1—& —yi(w'o(x)+ b)) =0, Vi
@ & =0,Vi
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For SVM, since the original objective and the constraints are convex,
any (w*, b*, a*, u*, &) that satisfies the necessary conditions gives
optimality (conditions are also sufficient)
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Some observations

@ aj >0, uf >0, and of + puj = C
Thus, of, ui €10, (), Vi
o lf0<af<CthenO< i <C
(as af +pj = ()
o pi&r =0and af (1 — & — yi(w d(x;) + b%)) = 0 are
complementary slackness conditions
If & =0and 1 —& — y(w¢(x) + b*) =0, then
yiw T o(x) + b*) =1
» All such points lie on a margin

» Using any point on a margin, we can recover b* as:
b* = yi — w'T (x)
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Dual function

o Let L*(a, i) = minype L(w, b€, a, 1)

@ By weak duality theorem, we have:
L*(a, i) < ming pe Sw])* + COL, &
s.t. yi(w'o(x;) + b) > 1—¢, and
&E>0,Vi=1,...,n

@ The above is true for any «; > 0 and p; > 0

@ Thus,
| + CZS,

l\D|'—‘

max L* (e, i) §
o,
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Dual objective

@ In case of SVM, we have a convex objective and linear
constraints — therefore, strong duality holds:

. N TR -
max L*(a, ) = min o [|w]* + C;&

a,p

@ This value is precisely obtained at the (w*, b*, &*, a*, u*) that
satisfies the necessary (and sufficient) optimality conditions

@ Assuming that the necessary and sufficient conditions (KKT or
Karush—-Kuhn—Tucker conditions) hold, our objective becomes:

max L*(a, )
ap
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o L(w, b & a,p) =
i + CXL, 6+ 21— & = YW 6L) + b)) =
@ We obtain w, b, £ in terms of a and p by setting VL = 0:
. wWort. Wi w= z"la,-y,-gb(x,-)

n

» w.rt. br —b> ajyi=0
i=1

» w.rt. & ai+pi=C

@ Thus, we get:
L(w, b, &, a, p)
= % ZiZj O‘iajyi)’j(bT(Xi)¢<)9') + CY i+ D ai— Y aili —
doiaiyid o pydt ()o() — b2 iy — 3 ik
= =3 2 iagyyd ! (x)o(x) + 0
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@ The dual optmimization problem becomes:

max——ZZany,yﬂb X)) P(x;) —l—Za,

s.t.
€ [0, ], Vi and
Yiayi=0

@ Deriving this did not require the complementary slackness
conditions

@ Conveniently, we also end up getting rid of
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