Dual objective

@ In case of SVM, we have a convex objective and linear
constraints — therefore, strong duality holds:

1o :
L* X, ) = in - C i
max L*(a, p) = min Zf|wi|” + E S

[a'NT
i=1

@ This value is precisely obtained at the (w*, b*, £*, a*, u*) that
satisfies the necessary (and sufficient) optimality conditions

@ Assuming that the necessary and sufficient conditions (KKT or
Karush—Kuhn—Tucker conditions) hold, our objective becomes:

max L* (v, pt)

')
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o L(w, b, & a,p)=
Il + CX0L &+ 3 il — &= y(w 6(x) + b)) — 3,
e We obtain w, b, £ in ;rms of a and p by setting Vw_.b__,;f_ =0:
» w.rt. wow= _Z:a»,-y,-qa'(x;)

n

»w.rit. br —b) aiyi=0
i=1

» w.rt. & aj+pi=C

@ Thus, we get:
L(w, b,&, v, )
:%Z;Z Qj Jyfyj. o (x)p(x G) + CO &+ D 00— D i —
2 Y Zj oy ( ;)¢ O(x;) — b vy — D pik
Z_QZZG Yiyi® o' (x)(x Xj) + i
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@ The dual optmimization problem becomes: L 5(
¢

mfx——ZZof y,yj , +Za,

s.t.
€[0,C], Viand =72 N box coﬂS\‘ffMﬂsﬁ \ﬂfﬂuux\ Yoo

Z,.of,y,—(]

@ Deriving this did not require the complementary slackness
conditions

e Conveniently, we also end up getting rid of p
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Solving SVMs

o Dual objective: max, . a; — éZ, Zj a05yyiK(xi, X))
st. Y ayy;=0and a; €[0,C), Vi
@ We have standard solvers available such as LCQP (linearly
constrained quadratic program) solvers like:
» Projected gradient ascent
» Active set
» Ellipsoid
» Cutting plane
» etc.

e We will discuss a fast "Active set”-like algorithm known as
Sequential minimal optimization (SMO)

@ SMO algorithm comprises of Projected gradient ascent and
Active set
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Coordinate Ascent algorithm
mex % % ? iy 4oy ¢ P () £ 240
St ofeTo')
k S44i=0

e Optimize over one «; at a time

e However, > ajy; =0

@ Therefore, we consider a Block Coordinate Ascent which will
optimize over a subset of ay,...,a, x

Q. A e :l,
Co:szsAmGth g}eg:m-\geﬂnﬂ_z\fmc% o .
O ook T Dual ascent & ADOr

weve ewwr\es uf Heck
cowo\.nat as:cn%

Q oot absut folock’
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SMO's Block coordinate acsent (blocksize 2)

e Objective:
max,, Z;ai : Z Z vty yfyj (XM J)
st. Y .y = 0 and o; € [0, Q, Vi

@ w.l.o.g, we say that r:vl and a9 are the a's to be updated

new __ ofd _ ~old new __ . old
» af® =af%a]™ =af9, ... o)™ = af

> lrl,{.lew # lrl,cmfd‘ new # a,gfd
(equality may hold true under certain conditions like
convergence but does not hold by design)
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w new

ne
Solving for af®, af

@ Re-writing the objective in terms of a7, af*":

(afe, age") =

argmax,, ,, 1 + g + S, adld — l[ 2y K(x, x) +
3y K(x, x2) + 201 Y7, °"dy1yJK(x1, xj) +
200 Y7 5 0 yayiK(xa, X)) + 201 02y1y2K(x1, X2 )]

> sitoagy) + agys = — Zj_.; o:""dyj

e Multiplying the constraint by y», we have: J N
>

ay = —aiyiys — 3508y

Let Y7, a2y, be 3o

@ Thus(as = —ayy1ys —
Mso need to check o(,e[od
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Substituting the values for as and 3°“ in the SMO
objective

® af® = argmax,, 1(2K(x1,x) — K(x1,x1) — K(x2,x2))a? + (1 —
yive — yiK(x, x1)Boid + y1K(xi, x2) Botd +
V1 g a8y K(xi, x) — yi o7 o yK(xe, ) +
where 7 is a constant term
e Simplifying the above expression and taking ¢, and #, as the
coefficients of a; and a? respectively, we get:
af®” = argmax, tha; + O +
For more information, see
http://www.cs.iastate.edu/~honavar/smo-svm.pdf
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new

o af® = argmax,, fion + bhaf +

e For this objective to be sg=rer convex, ai:g(ﬂlofl +602+7) <0
-1
» Thus 5 < 0 must hold
» We can see that 03 = %(QK(xl,xg) — K(x1,x1) — K(x2,x)) <0
» If K(xl,xQ) = XIXQ, then
02 = 3 (2x] %2 — x| x1 — X3 x2) ¢>'r(0(\) (}’(Z'D'- k@‘l;’ﬂ)
1 T(
= _E(XQ —Xl) X2 — Xl)
Hlxe —x|* <0

e If f; < 0, the expression gives us the unconstrained maximum
point Cv“e“’

e Here, (91()’1 —|—I92()’1 —|—",‘() =0
:ﬂ:—)ﬂdosc()\ %vnﬁ n e \ener evehol!

)
i? Q_O{% ovex & ¢ O foxced
1}‘&)@\#‘ \fou have on ocuter erahon over varyl\nj 0(“,00
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The SMO algorithm

@ Initialise ay, . .., a, to some value € [0, C]
@ Pick aj, a; to estimate next (i.e. estimate af*, a’*")

j
new __ —b new (\
. Y 205 \ d\ io\(,
> if o' < 0 then af*" =0 } ?w eC
» if af* > C then a“e“’

Q@ o' = —aiyiy; — Iﬁofdyj

J za“ -i\c'o
> if a}‘!ew < 0 then (l'few =0 g S(A’Q\’\i}‘ C};ﬁ 1\922‘5{5.
> if a* > Cthen af* = C ALCOM
. " -, Koy o5C
@ Check if all the KKT conditions are satisfied— 5" m}\f
s (1= yi(w' 6(x) + b)) =0, Vi ot
r If not, choose a; and a; that worst violate the KKT conditions

(l e. max value of a;(1 — yi(w' ¢(x;) + b))), and reiterate
\\o\c m ve st detexmines Grwesgence
The SMO procedure has been proved to converge, and is therefore an

algorithm
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SMO-type decomposition methods
for SVMs



e Dual objective (vectorized):

1
min §C}fTQ(_}f —ea
s.t.
» 0< ;< C Vi
> yTQ- =10
@ where:

> QU y;}j (Xf)‘p( j)
Thus, Q is like a ‘signed’ kernel matrix, carrying the dot

products of feature fectors yio(x;)

@ SMO can be shown to converge asymptotically to a minimum if
Q is positive-semidefinite (ie. ¥x € R", x" @x > 0)
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The general decomposition method

@ Fix a working set size g < n, where n is the number of examples;
Let a! be the initial solution at iteration counter value k =1

@ If o satisfies KKT conditions, stop;
else, find a working set BC {1,...,n}s.t. |Bl =g

K
Let N={1,...,n}\B, and [::E] be a partition of a*
YN
@ Solve the following subproblem (for ag):

o1
min §(x§ Qpeop — (eg — QBNQE)T(_UB

NS N N
st oeing se¥ \n\;e-xaﬂ\laf‘ w‘:xﬁj sc\f
t. - OTE
» 0<(ag)i< CVi=1,....q m
> y]Br(_tB = — y%(xi,

where [gig giﬂ is a permutation of the matrix Q.

@ Set a5 to be the optimal solution of @, and af™ = ak. Set k« k+1
and goto @
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o wlog, a=

e 2
=2xm>

B is often chosen as the maximal KKT violating set.
e For SMO, g=2

In SVM'Eht " Joachims chooses B by solving another (smaller)
optimization problem?

lhttp ://www.cs.cornell.edu/people/tj/publications/joachims_99a.pdf
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