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Convex Optimization — Boyd & Vandenberghe

3. Convex functions

basic properties and examples

operations that preserve convexity

the conjugate function
e quasiconvex functions

e log-concave and log-convex functions

convexity with respect to generalized inequalities
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f:R"™ — R is convex if and
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e fis concave if —f is convex(“ 157(67{ 'YC\ k.})

e f is strictly convex if dom f is convex and
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(z, f(z))

fOx+(1=0)y) <0f(x)+(1-0)f(y)

forz,yedomf, x4y 0<0<1
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Epigraph and sublevel set

a-sublevel set of f: R" — R:
Co={z edomf| f(z) < a}

sublevel sets of convex functions are convex (converse is false)

epigraph of / : R" — R:
epif = {(z,t) e R"*"' |z € dom f, f(x) <t}

epi f

f is convex if and only if epi f is a convex set
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Examples on R

convex:

e affine: ax +bon R, for any a,b € R \/

exponential: e**, for any a € R ’lm >/ a M

e powers: z%on Ry, fora>1ora <0

powers of absolute value: |z|P on R, for p > 1

negative entropy: xlogx on Ry

concave:
e affine: ax + b on R, for any a,b € R
e powers: z%on Ry, for0 <a <1

e logarithm: logx on R, 4+

Convex functions

Examples on R" and R™*"

affine functions are convex and concave; all norms are convex

examples on R"

e affine function f(x) = a’z +b

o norms: [zl = (X1, [ail?) — may |z
examples on R™*" (m x n matrices)
e affine function

i=1 j=1

e spectral (maximum singular value) norm

FOX) =X 2 = omax(X) = Amax(XTX))1/? }'
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