5 First-Order Methods for Nonsmooth
Convex Large-Scale Optimization, I:
General Purpose Methods

Anatoli Juditsky Anatoli.Juditsky@imag.fr
Laboratoire Jean Kuntzmann , Université J. Fourier
B. P. 58 38041 Grenoble Cedex, France

Arkadi Nemirovski nemirovs@isye.gatech.edu
School of Industrial and Systems Engineering, Georgia Institute of Technology
765 Ferst Drive NW, Atlanta Georgia 30332, USA

We discuss several state-of-the-art computationally cheap, as opposed to the
polynomial time interior-point algorithms, first-order methods for minimiz-
ing convex objectives over simple large-scale feasible sets. Our emphasis s
on the general situation of a nonsmooth convex objective represented by de-
terministic/stochastic first-order oracle and on the methods which, under
favorable circumstances, exhibit a (nearly) dimension-independent conver-
gence rate.

5.1 Introduction

At present, almost all of convex programming is within the grasp of polyno-
mial time interior-point methods (IPMs) capable of solving convex programs
to high accuracy at a low iteration count. However, the iteration cost of all
known polynomial methods grows nonlinearly with a problem’s design di-
mension n (number of decision variables), something like n3. As a result, as
the design dimension grows, polynomial time methods eventually become
impractical—roughly speaking, a single iteration lasts forever. What “even-
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tually” means in fact depends on a problem’s structure. For instance, typi-
cal linear programming programs of decision-making origin have extremely
sparse constraint matrices, and IPMs are able to solve programs of this type
with tens and hundreds of thousands variables and constraints in reasonable
time. In contrast to this, linear programming programs arising in machine
learning and signal processing often have dense constraint matrices. Such
programs with “just” few thousand variables and constraints can become
very difficult for an IPM. At the present level of our knowledge, the meth-
ods of choice when solving convex programs which, because of their size,
are beyond the practical grasp of IPMs, are the first-order methods (FOMs)
with computationally cheap iterations. In this chapter, we present several
state-of-the-art FOMs for large-scale convex optimization, focusing on the
most general nonsmooth unstructured case, where the convex objective f to
be minimized can be nonsmooth and is represented by a black box, a routine
able to compute the values and subgradients of f.

5.1.1 First-Order Methods: Limits of Performance

We start by explaining what can and cannot be expected from FOMs,
restricting ourselves for the time being to convex programs of the form

Opt(f) = min f(x), (5.1)

where X is a compact convex subset of R, and f is known to belong to a
given family F of convex and (at least) Lipschitz continuous functions on X.
Formally, an FOM is an algorithm B which knows in advance what X and
F are, but does not know exactly what f € F is. It is restricted to learning
f via subsequent calls to a first-order oracle—a routine which, given a point
x € X on input, returns on output a value f(z) and a (sub)gradient f'(z)
of f at x (informally speaking, this setting implicitly assumes that X is
simple (like box, or ball, or standard simplex), while f can be complicated).
Specifically, as applied to a particular objective f € F and given on input
a required accuracy € > 0, the method B, after generating a finite sequence
of search points x; € X, t = 1,2,..., where the first-order oracle is called,
terminates and outputs an approximate solution € X which should be e-
optimal: f(Z) — Opt(f) < e. In other words, the method itself is a collection
of rules for generating subsequent search points, identifying the terminal
step, and building the approximate solution.

These rules, in principle, can be arbitrary, with the only limitation of
being nonanticipating, meaning that the output of a rule is uniquely defined
by X and the first-order information on f accumulated before the rule
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is applied. As a result, for a given B and X, z; is independent of f,
xo depends solely on f(z1), f(x1), and so on. Similarly, the decision to
terminate after a particular number ¢ of steps, as well as the resulting
approximate solution 7, are uniquely defined by the first-order information
f(x1), f'(x1), -y f(2e), f'(z¢) accumulated in the course of these t steps.
Performance limits of FOMs are given by information-based complexity
theory, which says what, for given X, ¥, e, may be the minimal number of
steps of an FOM solving all problems (5.1) with f € F within accuracy e.
Here are several instructive examples (see Nemirovsky and Yudin, 1983).

(a) Let X C {x € R" : ||z||, < R}, wherep € {1,2}, and let F = F), comprise
all convex functions f which are Lipschitz continuous, with a given constant
L,wr.t. ||-|p. When X = {z € R": ||z||, < R}, the number N of steps of any
FOM able to solve every problem from the outlined family within accuracy
€ is at least O(1)min[n, L2R%/€?]. 1 When p = 2, this lower complexity
bound remains true when F is restricted to being the family of all functions
of the type f(x) = uax [e;Lz; + a;] with ¢; = £1. Moreover, the bound

is nearly achievable: whenever X C {z € R™ : ||z, < R}, there exist quite
transparent (and simple to implement when X is simple) FOMs able to solve
all problems (5.1) with f € F, within accuracy ¢ in O(1)(In(n))?/P~1 L2 R? /2
steps.

It should be stressed that the outlined nearly dimension-independent perfor-
mance of FOMs depends heavily on the assumption p € {1, 2}. 2 With p set
to 400 (i.e., when minimizing convex functions that are Lipschitz continu-
ous with constant L w.r.t. || - ||c over the box X = {z € R" : ||z]|s < R}),
the lower and upper complexity bounds are O(1)nIn(LR/€), provided that
LR/e > 2; these bounds depend heavily on the problem’s dimension.

(b) Let X = {z € R" : [|z||2 < R}, and let F comprise all differentiable
convex functions, Lipschitz continuous with constant L w.r.t. |- ||2, gradient.
Then the number N of steps of any FOM able to solve every problem from
the outlined family within accuracy e is at least O(1) min[n, \/LR?/¢]. This
lower complexity bound remains true when JF is restricted to be the family of
convex quadratic forms %:cTAa: + b2 with positive semidefinite symmetric
matrices A of spectral norm (maximal singular value) not exceeding L.
Here again the lower complexity bound is nearly achievable. Whenever
X C {x € R": ||z||]2 < R}, there exists a simple implementation when X is
simple (although by far not transparent) FOM: Nesterov’s optimal algorithm
for smooth convex minimization (Nesterov, 1983, 2005), which allows one to

1. From now on, all O(1)’s are appropriate positive absolute constants.
2. In fact, it can be relaxed to 1 < p < 2.
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solve within accuracy e all problems (5.1) with f € Fin O(1)y/LR? /e steps.

(c) Let X be as in (b), and let F comprise all functions of the form
f(x) = ||Az — bll2, where the spectral norm of A (which is no longer
positive semidefinite) does not exceed a given L. Let us slightly extend
the power of the first-order oracle and assume that at a step of an FOM
we observe b (but not A) and are allowed to carry out O(1) matrix-vector
multiplications involving A and AT In this case, the number of steps of any
method capable to solve all problems in question within accuracy € is at
least O(1) min[n, LR /€], and there exists a method (specifically, Nesterov’s
optimal algorithm as applied to the quadratic form | Az — b||3), which
achieves the desired accuracy in O(1)LR/e steps.

The outlined results bring us both bad and good news on FOMs as applied
to large-scale convex programs. The bad news is that unless the number of
steps of the method exceeds the problem’s design dimension n (which is of
no interest when n is really large), and without imposing severe additional
restrictions on the objectives to be minimized, an FOM can exhibit only a
sublinear rate of convergence: specifically denoting by ¢ the number of steps,
the rate O(1)(In(n))/P~1/2LR/t'/? in the case of (a) (better than nothing,
but really slow), O(1)LR?/t? in the case of (b) (much better, but simple
X along with smooth f is a rare commodity), and O(1)LR/t in the case of
(c) (in-between (a) and (b)). As a consequence, FOMs are poorly suited for
building high-accuracy solutions to large-scale convex problems.

The good news is that for problems with favorable geometry (e.g., those in
(a)-(c)), good FOMs exhibit a dimension-independent, or nearly so, rate of
convergence, which is of paramount importance in large-scale applications.
Another bit of good news (not declared explicitly in the above examples)
is that when X is simple, typical FOMs have cheap iterations—modulo
computations hidden in the oracle, an iteration costs just O(dimX) a.o.
The bottom line is that FOMs are well suited for finding medium-accuracy
solutions to large-scale convex problems, at least when the latter possess
favorable geometry.

Another conclusion of the presented results is that the performance limits
of FOMs depend heavily on the size R of the feasible domain and on the
Lipschitz constant L (of f in the case of (a), and of f’ in the case of (b)).
This is in a sharp contrast to IPMs, where the complexity bounds depend
logarithmically on the magnitudes of an optimal solution and of the data
(the analogies of R and L, respectively), which, practically speaking, allows
one to handle problems with unbounded domains (one may impose an upper
bound of 105 or 10'% on the variables) and not to bother much about how
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the data are scaled.? Strong dependence of the complexity of FOMs on L
and R implies a number of important consequences. In particular:

e Boundedness of X is of paramount importance, at least theoretically. In
this respect, unconstrained settings, as in Lasso: min{\||z||; + || Az —b||3} are
less preferable than their bounded domain countgrparts, as in min{||Az —
bll2 : ||lz|ly € R}* in full accordance with common sense—however difficult
it is to find a needle in a haystack, a small haystack in this respect is better
than a large one!

e For a given problem (5.1), the size R of the feasible domain and the
Lipschitz constant L of the objective depend on the norm || - || used to
quantify these quantities: R = R)., L = L. When | - || varies, the product
Ly Ry (this product is all that matters) changes,® and this phenomenon
should be taken into account when choosing an FOM for a particular
problem.

5.1.2 What Is Ahead

Literature on FOMs, which has always been huge, is now growing explosively—
partly due to rapidly increasing demand for large-scale optimization, and
partly due to endogenous reasons stemming primarily from discovering ways
(Nesterov, 2005) to accelerate FOMs by exploiting problems’ structure (for
more details on the latter subject, see Chapter 6). Even a brief overview
of this literature in a single chapter would be completely unrealistic. Our
primary selection criteria were (a) to focus on techniques for large-scale nons-
mooth convex programs (these are the problems arising in most applications
known to us), (b) to restrict ourselves to FOMs possessing state-of-the-art
(in some cases—even provably optimal) nonasymptotic efficiency estimates,
and (c) the possibility for self-contained presentation of the methods, given
space limitations. Last, but not least, we preferred to focus on the situa-
tions of which we have first-hand (or nearly so) knowledge. As a result, our
presentation of FOMs is definitely incomplete. As for citation policy, we
restrict ourselves to referring to works directly related to what we are pre-

3. In IPMs, scaling of the data affects stability of the methods w.r.t. rounding errors, but
this is another story.

4. We believe that the desire to end up with unconstrained problems stems from the
common belief that the unconstrained convex minimization is simpler than the constrained
one. To the best of our understanding, this belief is misleading, and the actual distinction is
between optimization over simple and over sophisticated domains; what is simple depends
on the method in question.

5. For example, the ratio [Lj.;j, Ry j.]/ Ly By, can be as small as 1/4/n and as large as

N
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senting, with no attempt to give even a nearly exhaustive list of references
to FOM literature. We apologize in advance for potential omissions even on
this reduced list.

In this chapter, we focus on the simplest general-purpose FOMs, mirror
descent (MD) methods aimed at solving nonsmooth convex minimization
problems, specifically, general-type problems (5.1) (Section 5.2), problems
(5.1) with strongly convex objectives (Section 5.4), convex problems with
functional constraints mingey { fo(x) : fi(x) <0, 1 <i < m} (Section 5.3),
and stochastic versions of problems (5.1), where the first-order oracle is
replaced with its stochastic counterpart, thus providing unbiased random
estimates of the subgradients of the objective rather than the subgradients
themselves (Section 5.5). Finally, Section 5.6 presents extensions of the
mirror descent scheme from problems of convex minimization to the convex-
concave saddle-point problems.

As we have already said, this chapter is devoted to general-purpose FOMs,
meaning that the methods in question are fully black-box-oriented—they
do not assume any a priori knowledge of the structure of the objective
(and the functional constraints, if any) aside from convexity and Lipschitz
continuity. By itself, this generality is redundant: convex programs arising in
applications always possess a lot of known in advance structure, and utilizing
a priori knowledge of this structure can accelerate the solution process
dramatically. Acceleration of FOMs by utilizing a problems’ structure is
the subject of Chapter 6.

5.2 Mirror Descent Algorithm: Minimizing over a Simple Set
5.2.1 Problem of Interest
We focus primarily on solving an optimization problem of the form
Opt = gél&l f(x), (5.2)

where X C FE is a closed convex set in a finite-dimensional Euclidean space
E, and f: X — R is a Lipschitz continuous convex function represented by
a first-order oracle. This oracle is a routine which, given a point x € X on
input, returns the value f(x) and a subgradient f’(x) of f at z. We always
assume that f’(z) is bounded on X. We also assume that (5.2) is solvable.

5.2.2 Mirror Descent setup

We set up the MD method with two entities:
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= a norm | - || on the space F embedding X, and the conjugate norm || - ||
on B [|€]l. = max {(¢, z) : [lz] < 1};

= a distance-generating function (d.-g.f. for short) for X compatible with the
norm || - ||, that is, a continuous convex function w(z) : X — R such that

—w(z) admits a selection w’'(x) of a subgradient which is continuous on
the set X° = {x € X : dw(z) # 0};

—w(-) is strongly convex, with modulus 1, w.r.t. || - ||
Y(z,2' € X°) : (W (z) — ' (), 2 — 2') > ||lz — y||>. (5.3)
For x € X°, u € X, let
Ve(u) = w(u) — w(z) — (W'(z),u —x). (5.4)

Denote z, = argmin,cqw(u) (the existence of a minimizer is given by
continuity and strong convexity of w on X and by closedness of X, and
its uniqueness by strong convexity of w). When X is bounded, we define
w(-)-diameter 2 = maxyuex Vz, (v) < maxy w(u) — miny w(u) of X. Given
x € X°, we define the prox-mapping Prox,(§) : E — X° as

Prox,(§) = argmin, e {(§,u) + Vi (u)}. (5.5)

From now on we make the
Simplicity Assumption. X and w are simple and fit each other. Specifi-
cally, given x € X° and £ € E, it is easy to compute Prox,(§).

5.2.3 Basic Mirror Descent algorithm

The MD algorithm associated with the outlined setup, as applied to problem

(5.2), is the recurrence

a) x; = argmin,c w(z)

b) x441 = Proxg, (v f'(ze)), t = 1,2, ...
-1

c) at= [Ztrzl 'YT] EtT:1 TrTr

d) Tt = a'rgminme{ml,...,xt} f(.%‘)

(5.6)

~~ Y~

Here, x; are subsequent search points, and z! (or Z!-—the error bounds that
follow work for both these choices) are subsequent approximate solutions
generated by the algorithm. Note that z; € X° and zt, 7! € X for all .

The convergence properties of MD stem from the following simple obser-
vation:

Proposition 5.1. Suppose that f is Lipschitz continuous on X with L :=
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sup,ex ||f/(2)[lx < 0o. Let f, = max[f(a"), f(z")]. Then
(i) for allu € X, t > 1 one has

t
21 Vel f' (@r)s2r —u) < Vi, (u) + % Zi:l vf\lf’(ﬂ?r)Hf (5.7)
< Vo (u) + LTZ Zi:1 V2.
As a result, for allt > 1,
- V() + B 3001 42

2321 Vr 7

where x, is an optimal solution to (5.2). In particular, in the divergent
series case ¢ — 0, ZtT:1 Y- — 400 as t — oo, the algorithm converges:
fi —Opt — 0 as t = co. Moreover, with the stepsizes

v =7/ (@) ||+ V]

for all t, one has

_ Vi, (x4 In(t+1

7, — Opt < O(1) | Veul) | InC ; W gz (5.9)
y

(ii) Let X be bounded so that the w(-)-diameter Q of X is finite. Then, for

every number N of steps, the N-step MD algorithm with constant stepsizes,

V2Q)
’Yt:ma 1<t<N, (5.10)

ensures that

[ = mingex & SN [F(@r) + (f/(2r), u — 27)] < Opt,

Fy—Opt < fy—f <YL

In other words, the quality of approzimate solutions (x™ or ) can be
certified by the easy-to-compute online lower bound iN on Opt, and the
certified level of nonoptimality of the solutions can only be better than the
one given by the worst-case upper bound in the right-hand side of (5.11).

(5.11)

Proof. From the definition of the prox-mapping,

Ty = arzgergin {(vrf'(2r) — ' (37), 2) + w(2)},

whence, by optimality conditions,

Ve f(2r) — ' (7)) + W (2r41),u — 2711) > 0 Vu € X.
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When rearranging terms, this inequality can be rewritten as

Ve {f'(@r), 27 —u) < [w(u) —w(zr) = (W'(2r),u — z7)]
—lw(u) = w(@rs1) = (W' (@r41), u — T711)]
e (f'(%7), 27 — 27 11)
—lw(@rs1) —w(@r) = (W' (@), Tr1 — 27)]
= Ve, (W) = Vo, (W) + 7 {f(r), 27 — @r41) = Voo, (2741)] . (5.12)
or
From the strong convexity of V,_ it follows that

o < 'YT<f/(1:T)7$T - xT+1> - %HxT - xT+1”2
< Yellf @) lllzr — 337-1-1H QHxT — T |?
< max{ye[|f/(20)]les — 35%] = Sl @2,
and we get
Vel (), r — ) < Vi, (u) = Vo, (u) + 2| f () I/2- (5.13)
Summing these inequalities over 7 = 1,...,t and taking into account

that Vy(u) > 0, we arrive at (5.7). With v = =z, (5.7), when tak-
ing into account that (f'(z.),r, — z.) > f(x,) — Opt and setting f! =
S A e fxy) results in

Vi) + 12 [ 02] /2
Z:—:f%-

Since, clearly, f, = max|[f(x!), f(Z!)] < f!, we have arrived at (5.8). This
inequality straightforwardly implies the remaining results of (i).

To prove (ii), note that by the definition of 2 and due to x; = argminy w,
(5.7) combines with (5.10) to imply that

N
P f = [ = LS ) + (Pl an]| < Y2

f'—Opt <

. (5.14)

Since f is convex, the function + ZJTV:l[f(:UT) + (f'(z;),u — z;)] underes-
timates f(u) everywhere on X, that is, f N < Opt. And, as we have seen,
N > fy, therefore (ii) follows from (5.14). O
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5.3 Problems with Functional Constraints

The MD algorithm can be extended easily from the case of problem (5.2) to
the case of problem

Opt = Hél&l {fo(z) : fi(x) <0, 1<i<m}, (5.15)

where f;, 0 < f; < m, are Lipschitz continuous convex functions on X given
by the first-order oracle which, given x € X on input, returns the values
fi(z) and subgradients f/(z) of f; at x, with selections of the subgradients
f1(-) bounded on X. Consider the N-step algorithm:

1. Initialization: Set x1 = argming w.

2. Stept, 1 <t < N:Given x; € X, call the first-order oracle (z; being the
input) and check whether

filze) ANfi @l i =1,..,m. (5.16)

If it is the case (productive step), set i(t) = 0; otherwise (nonproductive
step) choose i(t) € {1,...,m} such that f;;(z) > 7||f2.’(t) ()% Set

Y=/ iy (@)llss e1 = Proxg, (v fi) (20))-
When t < N, loop to step ¢ + 1.

3. Termination: After N steps are executed, output, as approximate solution
2V, the best (with the smallest value of fy) of the points z; associated
with productive steps ¢; if there were no productive steps, claim (5.15) is
infeasible.

Proposition 5.2. Let X be bounded. Given integer N > 1, set v =
\/E/\/ﬁ Then

(i) If (5.15) is feasible, TV is well defined.

(ii) Whenever 2V is well defined, one has

~N AN SN — @
max [ fo(zV) — Opt,fl(x/)w--vfm(f’f )] <AL= VN’ (5.17)
L = maxg<i<m Supgex || fi ()]«

Proof. By construction, when Z% is well defined, it is some z; with produc-

tive ¢, whence f;(zV) < yL for 1 <i < m by (5.16). It remains to verify that
when (5.15) is feasible, 7V is well defined and fo(z"") < Opt + L. Assume
that it is not the case, whence at every productive step ¢ (if any) we have
fo(ze) — Opt > 7| fi(x1)]|+. Let z, be an optimal solution to (5.15). Exactly
the same reasoning as in the proof of Proposition 5.1 yields the following
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analogy of (5.7) (with u = x,):

N 1IN
Zt:17t<fi/(t) (xt),l't - .’E*> <Q+ 52

tzl’Ytszi/(t)@?t)Hz =2Q. (5.18)

When t is nonproductive, we have %<fl.’(t) (z¢), 0 — @) > efi) (1) > 72,
the concluding inequality being given by the definition of i(¢) and .
When ¢ is productive, we have %<fl.’(t) (@), mp — xs) = V([ (x1), 26 — T4) >
v¢(fo(xs)—Opt) > 2, the concluding inequality being given by the definition
of 7 and our assumption that fo(z¢) — Opt > || fi(x¢)|« at all productive
steps t. The bottom line is that the left-hand side in (5.18) is > N~? = 29,
which contradicts (5.18). O

5.4 Minimizing Strongly Convex Functions

The MD algorithm can be modified to obtain the rate O(1/t) in the case
where the objective f in (5.2) is strongly convez. The strong convexity of f
with modulus k > 0 means that

Y(z,2' € X) (f'(z) — f'(z'), z — ') > k|lz — 2'||% (5.19)
Further, let w be the d.-g.f. for the entire E' (not just for X, which may be
unbounded in this case), compatible with || - ||. W.L.o.g. let 0 = argming w,
and let

Q= lm% w(u) —w(0)

be the variation of w on the unit ball of || - ||. Now, let w™*(u) = w(%%%) and
Vit (u) = wB (1) — wh?(2) — (WP (2)), u — z). Given z € X and R > 0
we define the prox-mapping

Proxf”’z(g) = argerglcin[(f, u) + VIR7Z(u)]

and the recurrence (cf. (5.6))
i1 = Proxt (3 (1), t=1,2,..
-1
(R, 2) = [Xro1 9] ey et

We start with the following analogue of Proposition 5.1.

(5.20)

Proposition 5.3. Let f be strongly convexr on X with modulus k > 0 and
Lipschitz continuous on X with L := sup,c || f'(x)]]« < co. Given R > 0,
t > 1, suppose that ||x1 — .|| < R, where x, is the minimizer of f on X,
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and let the stepsizes v, satisfy

V202

RI\t

Then, after t iterations (5.20) one has

F@' (R 1)) — Opt < %Z x*>§LR\>/iﬁ, (5.22)
=1
ot (R, 21) — wall? < in'(a:T) vy my < HEV2 (g )

1 ’ KVt

Proof. Observe that the modulus of strong convexity of the function w1 ()

\]
I

w.r.t. the norm || - ||g = || - ||/R is 1, and the conjugate of the latter norm is
R|| - ||«. Following the steps of the proof of Proposition 5.1, with || - ||z and
w!1(.) in the roles of || - ||, respectively, we come to the analogue of (5.7)
as follows:
272 ¢ 272 ¢t
VueX: Z% (1), 2r—u) < VI (u)+ 1 Z R2L 2173-
- f—

Setting u = . (so that V%1 (z,) < Q due to |lz; — z«]| < R), and
substituting the value (5.21) of 7,, we come to (5.22). Further, from the
strong convexity of f it follows that (f'(z,), 2, — Z«) > ||z, — 24]|?, which
combines with the definition of z!(R,x1) to imply the first inequality in
(5.23) (recall that 7, is independent of 7, so that x'(R,z;) = %Zizl xr).
The second inequality in (5.23) follows from (5.22). O

Proposition 5.21 states that the smaller R is (i.e., the closer the initial
guess x1 is to x,), the better the accuracy of the approximate solution
2'(R,z1) will be in terms of f and in terms of the distance to z,. When
the upper bound on this distance, as given by (5.22), becomes small, we
can restart the MD using z(-) as the improved initial point, compute a
new approximate solution, and so on. The algorithm below is a simple
implementation of this idea.

Suppose that z1 € X and Ry > ||z, — x1]| are given. The algorithm is as
follows:

1. Initialization: Set yo = 1.
2. Stage k =1,2,...: Set Ny, = Ceil(2F+2 L;RQQ) where Ceil(¢) is the smallest

mteger > t, and compute yr = oV (Ry_1,yr_1) according to (5.20), with

e =~k % 1<t < Ng. Set Rz.—Q kRO and pass to stage k + 1.
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For the search points z1, ..., znN,

of the kth stage of the method, we define

1 O

ok = N, ;(f’(xT),xT — Ty).

Let k. be the smallest integer such that £ > 1 and Qk+2 é}% > k, and let
0

My, = Z?Zl Nj, k =1,2,.... M, is the total number of prox-steps carried

out at the first k stages.

Proposition 5.4. Setting yo = x1, the points yi, k = 0,1, ..., generated by
the above algorithm satisfy the following relations:

ly — :]1> < Ry, = 27" Rg, (1)
k=01,..,
flyr) — Opt < 6, < kR? = k2R3, (Jk)

k=1,2,.... As a result,
(i) When 1 <k < ki, one has My < 5k and

f(yr) — Opt < k27* R (5.24)
(ii) When k > ki, one has

(5.25)

The proposition says that when the approximate solution y; is far from
T4, the method converges linearly; when approaching z., it slows down and
switches to the rate O(1/t).

Proof. We prove (Ij), (Jx) by induction in k. (Ip) is valid due to yo = 1
and the origin of Ry. Assume that for some m > 1 relations (I3) and (J)
are valid for 1 < k < m—1, and prove that then (I,,), (J,,,) are valid as well.
Applying Proposition 5.3 with R = Ry,—1, 1 = Ym—1 (so that ||z, —z1]| < R
by (I,—1)) and t = N,,, we get

LRm_l V QQ 2 V 2Q
: m_Ot<5m§7> b) : m T Lx SLRm— .
(@) (o) —Opt < e R e 2
Since R%, | = 21" RZ2 by (I,,—1) and N,,, > 2m+2)521§22, (b) implies (I,,) and

(a) implies (J,,). Induction is completed.

Now prove that My < 5k for 1 < k < ky. For such a k and for 1 < j < k we
have Nj = 1 when 2724 L7 7 < 1; let it be so for j < ji; and N; < 2713 L2]g%2
for j, <j <k It follows that when j, > k, we have My = k. When Jx < k
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we have M := E LN < oL L Q < 4k (the concluding inequality is due
to k < ki), whence Mk = Jx — 1 —|— M < 5k, as claimed. Invoking (J), w
arrive at (i).

To prove (ii), let k > k., whence N > k + 1. We have

k

L*Q
k+3 2
2 . 2 §2ﬁ = 22§ i —1) =My — k> M/2,
j:l

where the concluding > stems from the fact that Ny > k + 1, and therefore
My, > VI N+ Ny > (k= 1) + (k +1) = 2k. Thus My, < o+ L;} that

is, 27F < 16L2g2, and the right-hand side of (Jj) is < %. O

5.5 Mirror Descent Stochastic Approximation

The MD algorithm can be extended to the case when the objective f in (5.2)
is given by the stochastic oracle—a routine which at tth call, the query point
being x; € X, returns a vector G(z,&;), where &, &o, ... are independent,
identically distributed oracle noises. We assume that for all z € X it holds
that

E{[|G(z, &)} < L? < oo & |lg(a)—f'(2)ll+ < p, g(z) = E{G(z,€)}. (5.26)

In (5.6), replacing the subgradients f’(z;) with their stochastic estimates
G(x4,&), we arrive at robust mirror descent stochastic approximation
(RMDSA). The convergence properties of this procedure are presented in
the following counterpart of Proposition 5.1:

Proposition 5.5. Let X be bounded. Given an integer N > 1, consider
N-step RMDSA with the stepsizes

v =V2Q/[LVN],1 <t < N. (5.27)
Then
E {f(z") - Opt} < V2QL/VN +2V20u. (5.28)

Proof. Let £ = [£1;...;&], so that z; is a deterministic function of &1
Exactly the same reasoning as in the proof of Proposition 5.1 results in the
following analogy of (5.7):

S G &) —w) QY G &2 (5.20)
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Observe that x, is a deterministic function of £/=!, so that

E57{<G(x7757)ax7 —xa)} = (9(2r), 7 — 24) > <f/(377)7$7 — Ts) — puD,

where D = max, yex ||z — 2'|| is the || - ||-diameter of X. Now, taking
expectations of both sides of (5.29), we get

N , L’ N N
S DR RN ) DS

In the same way as in the proof of Proposition 5.1 we conclude that the
left-hand side in this inequality is > [Zivzl%]E{ f(zN) — Opt}, so that

L>~N
Q-+ 727:1772'
N

T:l’YT

E{f(z") - Opt} < + puD. (5.30)
Observe that when z € X, we have w(z)—w(z1)—(w'(z1), 2—21) > %|lz—21]?
by the strong convexity of w, and w(z) — w(z1) — (W' (21), 2 — 1) < w(z) —

w(z1) < Q (since x1 = argminy w, and thus (w'(z1),x — x1) > 0). Thus,
|z —21]| < V29 for every z € X, whence D := max, yex ||z — /|| < 2v/2Q.
This relation combines with (5.30) and (5.27) to imply (5.28). O

5.6 Mirror Descent for Convex-Concave Saddle-Point Problems

Now we shall demonstrate that the MD scheme can be naturally extended
from problems of convex minimization to the convex-concave saddle-point
problems.

5.6.1 Preliminaries

Convex-concave Saddle-Point Problem. A convex-concave saddle-point
(c.-c.s.p.) problem reads

SadVal = inf sup ¢(z,y), (5.31)
zeX yeY

where X C E,, Y C E, are nonempty closed convex sets in the respective
Euclidean spaces E, and E,. The cost function ¢(x,y) is continuous on
Z=XxYeFE=EFE,xE, and convex in the variable € X and concave in
the variable y € Y; the quantity SadVal is called the saddle-point value of ¢
on Z. By definition, (precise) solutions to (5.31) are saddle points of ¢ on
Z, that is, points (2, y«) € Z such that ¢(z,ys) > d(x«,ys) > ¢(24,y) for
all (z,y) € Z. The data of problem (5.31) give rise to a primal-dual pair of
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convex optimization problems

Opt(P) = ming(z), ¢(z)=supyeyd(z,y)  (P)
¢

zeX
Opt(D) = maxg(y), ¢é(y)= inf é(z,y). (D)

yeY —
¢ possesses saddle-points on Z if and only if problems (P) and (D) are
solvable with equal optimal values. Whenever saddle-points exist, they
are exactly the pairs (z.,y.) comprising optimal solutions x., y. to the
respective problems (P) and (D), and for every such pair (x4, y.) we have

¢($*7 y*) = 5(1‘*) = Opt(P) = Sa‘dval = ;Ielgc Supye‘j ¢($7 y)
= supyey inf ¢(z,y) = Opt(D) = d(ys)-

From now on, we assume that (5.31) is solvable.

Remark 5.1. With our basic assumptions on ¢ (continuity and convexity-
concavity on X xY) and on X,Y (nonemptiness, convexity and closedness),
(5.31) definitely is solvable either if X and Y are bounded, or if both X and
all level sets {y € Y : ¢(y) > a}, a € R, of ¢ are bounded; these are the only
situations we are about to consider in thiszhapter and in Chapter 6.

Saddle-Point Accuracy Measure. A natural way to quantify the accuracy
of a candidate solution z = (x,y) € Z to the c.-c.s.p. problem (5.31) is given
by the gap

€ad(2) = sup,ey d(z,n) — ggafc P&, y) = o(x) — (y)
= [é(z) — Opt(P)] + [Opt(D) — ¢(y)]

where the concluding equality is given by the fact that, by our standing
assumption, ¢ has a saddle point and thus Opt(P) = Opt(D). We see that
€sad (T, y) is the sum of nonoptimalities, in terms of the respective objectives:

(5.32)

of z as an approximate solution to (P) and of y as an approximate solution
to (D).

Monotone Operator Associated with (5.31). Let 0,¢(x,y) be the set of
all subgradients w.r.t. X of (the convex function) ¢(-,y), taken at a point
z € X, and let 0y[—¢(z,y)] be the set of all subgradients w.r.t. Y (of the
convex function) —¢(z, ), taken at a point y € Y. We can associate with ¢
the point-to-set operator

O(z,y) = {Pu(2,y) = 0xp(x,y)} X {Py(2,y) = 0y[—d(z,y)]}.
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The domain Dom ® := {(x,y) : ®(z,y) # 0} of this operator comprises all
pairs (z,y) € Z for which the corresponding subdifferentials are nonempty;
it definitely contains the relative interior rint Z = rint X x rint Y of Z, and
the values of ® in its domain are direct products of nonempty closed convex
sets in £, and E,. It is well known (and easily seen) that ® is monotone:

V(2,2 € Dom ®,F € ®(z), F' € ®(2)) : (F—F',z—2) >0,

and the saddle points of ¢ are exactly the points z, such that 0 € ®(z,). An
equivalent characterization of saddle points, more convenient in our context,
is as follows: z, is a saddle point of ¢ if and only if for some (and then for
every) selection F'(-) of ® (i.e., a vector field F'(z) : rint Z — F such that
F(z) € ®(z) for every z € rint Z) one has

(F(2),z — z4) > 0Vz € rint Z. (5.33)
5.6.2 Saddle-Point Mirror Descent

Here we assume that Z is bounded and ¢ is Lipschitz continuous on Z
(whence, in particular, the domain of the associated monotone operator ®
is the entire 2).

The setup of the MP algorithm involves a norm || - || on the embedding
space £ = E, x B, of Z and a d.-g.f. w(-) for Z compatible with this norm.
For z € Z°, uw € Z let (cf. (5.4))

Va(u) = w(u) — w(z) — (W'(2),u - 2),

and let z. = argmin,c,w(u). We assume that given z € Z° and € € E, it is
easy to compute the prox-mapping

Prox, (&) = argmin [(§, u) + V,(u)] (z argmin [(§ — w'(2),u) + w(u)]) .

ueZ ueZ

We denote, by Q = max,e2V;, (1) < maxgw(-)—mingw(-), the w(-)-diameter
of Z (cf. Section 5.2.2).

Let a first-order oracle for ¢ be available, so that for every z = (x,y) €
Z we can compute a vector F(z) € ®(z = (x,y)) = {0:0(z,y)} X
{0y[—¢(z,y)]}. The saddle-point MD algorithm is given by the recurrence

(a): z1 =z,
(b) 1 zry1 = Prox, (v F(zr)), (5.34)
(c): 2T =[ s a1 VsWs,

where 7, > 0 are the stepsizes. Note that z,,w, € Z°, whence 2! € Z.
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The convergence properties of the algorithm are given by the following.
Proposition 5.6. Suppose that F(-) is bounded on Z, and L is such that
|F(2)||l« < L for all z € Z.

(i) For every t > 1 it holds that

() < [30_ ] B [9 + I;ijlﬁ] . (5.35)

(ii) As a consequence, the N-step MD algorithm with constant stepsizes

Y =v/LV'N, 7 =1,...,N satisfies
Ny < L [Q Ly] '

€sad (Z

In particular, the N-step MD algorithm with constant stepsizes v, =

L*H/%, T=1,...,N satisfies

1200
Esad(ZN) S L F

Proof. By the definition z;11 = Prox,_(v.F(z;)) we get
Vu € Z, 1o (F(2r), 20 —w) < Vz, () = Vo, (u) + 97 F(2r)[12/2.

(It suffices to repeat the derivation of (5.13) in the proof of Proposition 5.1
with f'(z;), -, and x,11 substituted, respectively, with F(z,), z;, and
Zr4+1.) When summing for i = 1, ..., ¢t we get, for all u € Z:

9 t

S e Fer), 2 — ) < Ve, (u) 4 S IFIR/2 < 0 - 3 085.36)
T=1

=1 =1
Let zr = (zr,yr), 28 = (2t,9y'), and N\, = [22:1 73]71 ~-. Note that
S As =1, and for

t

Z )\T<F(ZT)7 ZT—’LL> = Z )\T [<V$¢(x77 yT)7 Tr — $> + <Vy¢(fl)-r, y‘r)7 y—= yT>]
=1

=1

we have

S A [(Vad(@r, yr)s 7 — @) + (Vyd(r, 42 )y — yr)]

>3 A 8@ ye) — S,y + [B(ar,y) — dlar )]l (a)
=3 M b y) — (2, yr)]

> (30 Arwr,y) — G, 0y Aryr) = d(aty) — oz, yt)  (b)

(inequalities in (a) and (b) are due to the convexity-concavity of ¢). Thus

(5.37)
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(5.36) results in

2 t
Q + % ZT=1 ’772'

¢(xt7 y) - ¢($v yt) < t V(.T, y) € 2.
ZT:l Yr
Taking the supremum in (z,y) € Z, we arrive at (5.35). O

5.7 Setting up

a Mirror Descent Method

An advantage of the mirror descent scheme is that its degrees of freedom
(the norm || - || and the d.-g.f. w(-)) allow one to adjust the method, to some
extent, to the geometry of the problem under consideration. This is the issue
we are focusing on in this section. For the sake of definiteness, we restrict
ourselves to the minimization problem (5.2); the saddle-point case (5.31) is
completely similar, with Z in the role of X.

5.7.1 Building blocks

The basic MD setups are as follows:

1. Euclidean setup: || - || = || - [l2, w(z) = 27 x.

2. {1-setup: For this setup, E = R", n > 1,and || - || = || - |]1. As for w(+),
there could be several choices, depending on what X is:

(a) When X is unbounded, seemingly the only good choice is w(x) =
Cln(n)||33||z(n) with p(n) =1+ lgn), where an absolute constant C' is

21n
chosen in a way which ensures (5.3) (one can take C' = e).

(b) When X is bounded, assuming w.l.o.g. that X € B™! := {z € R":
|z[l1 < 1}, one can set w(z) = C'ln(n)3,|z:[P™ with the same as

above value of p(n) and C' = 2e.

(c) When X is a part of the simplex S} = {z € R : Y j2; < 1} (or
the flat simplex S, = {# € R} : > ;x; = 1}) intersecting int R}, a
good choice of w(z) is the entropy

w(x) = Ent(x) := Zn

T In(z;). (5.38)
3. Matrix setup: This is the matrix analogy of the f¢i-setup. Here the
embedding space E of X is the space S” of block-diagonal symmetric
matrices with fixed block-diagonal structure v = [v1;...;1,] (k diagonal
blocks of row sizes vi,...,vx). S is equipped with the Frobenius inner
product (X,Y) = Tr(XY) and the trace norm |X|; = |[A(X)]|1, where

A(X) is the vector of eigenvalues (taken with their multiplicities in the
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nonascending order) of a symmetric matrix X. The d.-g.f.s are the matrix
analogies of those for the ¢;-setup. Specifically,

(a) When X is unbounded, we set w(X) = Cln(]v])H/\(X)Hi(M), where

lv| = SF_ v is the total row size of matrices from S”, and C is
an appropriate absolute constant which ensures (5.3) (one can take
C = 2e).

(b) When X is bounded, assuming w.l.o.g. that X C B*! = {X € S :
| X1 < 1}, we can take w(X) = 4e 1n(|1/|)ZLV:‘1])\Z-(X)]p“”‘).

(¢) When X is a part of the spectahedron ¥} = {X € S¥ : X =
0, Tr(X) < 1} (or the flat spectahedron ¥, = {X € S : X >
0, Tr(X) = 1}) intersecting the interior {X > 0} of the positive
semidefinite cone 8% = {X € S” : X > 0}, one can take w(X) as
the matrix entropy: w(X) = 2Ent(A(X)) = 2ZLI/:|1)\1-(X) In(\;(X)).

Note that the ¢1-setup can be viewed as a particular case of the matrix setup,
corresponding to the case when the block-diagonal matrices in question are
diagonal, and we identify a diagonal matrix with the vector of its diagonal
entries.

With the outlined setups, the simplicity assumption holds, provided that
X is simple enough. Specifically:

s Within the Euclidean setup, Prox; () is the metric projection of the vector
x — & onto X (that is, the point of X which is the closest to x — £ in fo-
norm). Examples of sets X C R™ for which metric projection is easy include
|| - ||p-balls and intersections of || - ||,-balls centered at the origin with the
nonnegative orthant R'y.

= Within the ¢;-setup, computing the prox-mapping is reasonably easy
—in the case of 2a, when X is the entire R” or R”,

—in the case of 2b, when X is B™! or B™' N R7,

—in the case of 2c, when X is the entire S} or S,,.

With the indicated sets X, in the cases of 2a and 2b computing the prox-
mapping requires solving auxiliary one- or two-dimensional convex problems,
which can be done within machine accuracy by, e.g., the ellipsoid algorithm
in O(n) operations (cf. Nemirovsky and Yudin, 1983, Chapter 2). In the case
of 2c¢, the prox-mappings are given by the explicit formulas

[z151 7L s wpetn T, el <1
[Zixiefi]fl [3316771; e xne”"], otherwise
X =S, = Prox, (&) = [Xzie%] - [w1e™; .5 ape].

X =S} = Prox,(¢) = {

(5.39)



5.7 Setting up a Mirror Descent Method 21

» Within the matrix setup, computing the prox-mapping is relatively easy

—in the case of 3a, when X is the entire S” or the positive semidefinite cone

SY ={X e€8: X >0},

—in the case of 3b, when X is the entire B! or the intersection of B*! with
.

—in the case of 3¢, when X is the entire spectahedron ¥ or 3,,.

Indeed, in the cases, outlined above, computing W = Proxx (Z) reduces to

computing the eigenvalue decomposition of the matrix X (which allows one

to get w'(X)), and subsequent eigenvalue decomposition of the matrix H =

E—w/(X): H = U Diag{h}UT (here Diag(A) stands for the diagonal matrix

with the same diagonal as A). It is easily seen that in the cases in question,

W = UDiag{w}UT, w = argmin {(Diag{h}, Diag{z}) + w(Diag{z})},
z: Diag{z}€X
and the latter problem is exactly the one arising in the ¢1-setup.

Illustration: Euclidean setup vs. {1-setup. To illustrate the ability of the
MD scheme to adjust, to some extent, the method to the problem’s geometry,
consider problem (5.2) when X is the unit [ - ||,-ball in R™, where p =1 or
p = 2, and compare the respective performances of the Euclidean and the
¢1-setups. (To make optimization over the unit Euclidean ball B™? available
for the /;-setup, we pass from min,|,<1 f(x) to the equivalent problem

f(n'/?u) and use the setup from Section 5.7.1, item 2b.) The ratio

l[uflo<n=1/2
of the corresponding efficiency estimates (the right-hand sides in (5.11))
within an absolute constant factor is
. EffEst(Eucl) 1 sy 1S @)]ls
" EffEst(;) ni=1/ry/In(n) SWP.ex [If'(@)l100 *
/ B
A

Note that ©® < 1 means that the MD with the Euclidean setup significantly
outperforms the MD with the ¢i-setup, while ® > 1 means exactly the
opposite. Now, A is < 1 and thus is always in favor of the Euclidean setup,
and is as small as 1/4/nIn(n) when X is the Euclidean ball (p = 2). The
factor B is in favor of the ¢1-setup—it is > 1 and < /n, and can well be of
the order of \/n (look what happens when all entries in f/(z) are of the same
order of magnitude). Which one of the factors overweights depends on f;
however, a reasonable choice can be made independently of the fine structure
of f. Specifically, when X is the Euclidean ball, the factor A = 1/v/nlnn is so
small that the product AB definitely is < 1, that is, the situation is in favor
of the Euclidean setup. In contrast to this, when X is the ¢;-ball (p = 1),
A is nearly constant—just O(1/4/In(n)), since B can be as large as /n,
the situation is definitely in favor of the £;-setup—it can be outperformed
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by the Euclidean setup only marginally (by the factor < v/Inn), and it has
a reasonable chance to outperform its adversary quite significantly, by the
factor O(y/n/In(n)). Thus, there are all reasons to select the Euclidean
setup when p = 2 and the ¢;-setup when p = 1.6

5.7.2 Favorable Geometry Case

Consider the case when the domain X of (5.2) is bounded and, moreover, is
a subset of the direct product X' of standard blocks:

Xt = X1 x..xXge by x..x Ey, (540)
where for every ¢ =1, ..., K the pair (Xy, E; D X) is

= ecither a ball block, that is, Ey = R™ and X, is either the unit Euclidean
ball B"2 = {z € R™ : ||z||ls < 1} in Ey, or the intersection of this ball with
Rntz.

=+

= or a spectahedron block, that is, £y = S¥ “ is the space of block-diagonal
symmetric matrices with block-diagonal structure v¢, and X, is either the
unit trace-norm ball {X € 8" : |X|; < 1}, or the intersection of this ball
with 8%, or the spectahedron v ={X ¢ S%' : Tr(X) < 1}, or the flat
spectahedron ¥, = {X € Slf :Tr(X) =1}

Note that according to our convention of identifying vectors with diagonals
of diagonal matrices, we allow for some of Xy to be the unit ¢;-balls, or their
nonnegative parts, or simplexes—they are nothing but spectahedron blocks
with purely diagonal structure v/*.

We equip the embedding spaces FE, of blocks with the natural inner
products (the standard inner products when E; = R™ and the Frobenius
inner product when E; = S*) and norms || - ¢y (the standard Euclidean

norm when F; = R™ and the trace-norm when F, = S”l), and the standard

6. In fact, with this recommendation we get theoretically unimprovable, in terms of the
information-based complexity theory, methods for large-scale nonsmooth convex optimiza-
tion on Euclidean and ¢;-balls (for details, see Nemirovsky and Yudin, 1983; Ben-Tal
et al., 2001). Numerical experiments reported in Ben-Tal et al. (2001) and Nemirovski
et al. (2009) seem to fully support the advantages of the ¢;-setup when minimizing over
large-scale simplexes.
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blocks X, with d.-g.f.’s

szt Tat, X, is a ball block
X, is the unit | - |; ball BY! in
deIn(|v* AN (XL p(\l/el)7
OUZ(Q:K) — (‘ |)Zz‘ l( )’ EZ _ SV[7 or BV[’I ﬂ Si[
X is the spectahedron (¥, or

2Ent(A(XY)), $,) in Hy = S

(5.41)

(cf. Section 5.7.1). Finally, the embedding space E = E; X ... x Ex of XT
(and thus of X C XT) is equipped with the direct product type Euclidean
structure induced by the inner products on Fj1, ..., Ex and with the norm

K
(@', ™)) = \/Z“aznxfu%@ (5.42)

where oy > 0 are construction parameters. X is equipped with the d.-g.f.

w(z!, ..., %) = Zilagwg(xz) (5.43)

which, it is easy to see, is compatible with the norm || - ||.

Assuming from now on that X intersects the relative interior rint X, the
restriction of w(-) onto X is a d.-g.f. for X compatible with the norm || - ||
on the space E embedding X, and we can solve (5.2) by the MD algorithm
associated with || - || and w(-). Let us optimize the efficiency estimate of
this algorithm over the parameters oy of our construction. For the sake of
definiteness, consider the case where f is represented by a deterministic first-
order oracle (the tuning of the MD setup in the case of the stochastic oracle
is being completely similar). To this end, assume that we have at our disposal
upper bounds Ly < oo, 1 < £ < K, on the quantities ||f;g(x1, ...,xK)H(g)’*,
z = (z!,..,z%) € X. Here f/,(x) is the projection of f'(z) onto E, and
Il - ll¢),« is the norm on Ej, conjugate to || - ||, (that is, || - [[(p),« is the
standard Euclidean norm || - [[2 on Ey when E, = R™, and || - [[(s)« is the
standard matrix norm (maximal singular value) when E; = S**). The norm
|| - ||« conjugate to the norm || - || on E is

1Y e € = /i 07 M2,
= (V2 € X): [|f ()]« < L= /315 07 L.

(5.44)

The quantity we need to minimize in order to get as efficient an MD method
as possible within our framework is vQL (see, e.g., (5.11)). We clearly have
Q< QXT] < ZleagQgDCg], where y[X,] is the variation (maximum minus
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minimum) of wy on Xy. These variations are upper-bounded by the quantities

1
L { 1 for ball blocks Xy (5.45)

4eln(|vf]) for spectahedron blocks X,

Assuming that we have Kp ball blocks Xy, ..., Xx
blocks Xx,+1,..-s Xx=K,+K., We get

1 Ky Ky +K K
+ = 12 —172
QL <QIXT|L < [2 E z:1a£+4eg eszHozgln(h/ |)} \/ E g Y L;.

When optimizing the right-hand side bound in «y, ..., ar, we get

L, K
ap = , QX =1, L=2L = L/ 5.46
sk ey 2 LV (5:40)

The efficiency estimate (5.11) associated with our optimized setup reads as

and K spectahedron

b

follows
fn—Opt <O()LN—1/2

5.47
= O(1)[max1<o<s L] [Kb—ka:b;gbff;l 1n(,,/£|)} N-1/2. (5.47)

If we consider maxj<y<i Ly, Ky, and K, as given constants, the rate of
convergence of the MD algorithm is O(1/v/N), N being the number of steps,
with the factor hidden in O(-) completely independent of the dimensions of
the ball blocks and nearly independent of the sizes of the spectahedron
blocks. In other words, when the total number K of standard blocks in
Xt is O(1), the MD algorithm exhibits a nearly dimension-independent
O(N -1/ 2) rate of convergence, which is good news when solving large-scale
problems. Needless to say, the rate of convergence is not the only entity
of interest; what matters is the arithmetic cost of an iteration. The latter,
modulo the computational effort for obtaining the first-order information on
f, is dominated by the computational complexity of the prox-mapping. This
complexity—let us denote it C—depends on exactly what X is. As it was
explained in Section 5.7.1, in the case of X = X+, C is O(Zﬁ’l dim Xy)
plus the complexity of the eigenvalue decomposition of a matrix from
S”' x ... x S¥"*. In particular, when all spectahedron blocks are {1 balls
and simplexes, € is just linear in the dimension of X*. Further, when X is
cut off X* by O(1) linear inequalities, C is essentially the same as when
X = X4. Indeed, here computing the prox-mapping for X reduces to solving
the problem

min {(a,2) + w(z):z € X*, Az < b}, dimb=k = O(1),
zeXt
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or, which is the same, by duality, to solving the problem

T : T
irel%}i{ f«A), fu(N) = | =" A+ Inin [(a+ A" X, 2) + w(z)]
We are in the situation of O(1) A-variables, and thus the latter problem can
be solved to machine precision in O(1) steps of a simple first-order algorithm
like the ellipsoid method. The first order information for f, required by this
method costs the computation of a single prox-mapping for X', so that
computing the prox-mapping for X, is, for all practical purposes, more
costly by just an absolute constant factor than computing this mapping
for X.

When X is a sophisticated subset of X, computing the prox-mapping for
X may become more involved, and the outlined setup could become difficult
to implement. One of the potential remedies is to rewrite the problem (5.2)
in the form of (5.15) with X extended to X*, with f in the role of fp and
the constraints which cut X off X in the role of the functional constraints
fi(z) <0,...; fi(z) <0 of (5.15).

5.8 Notes and Remarks

1. The research of the second author was partly supported by ONR grant
N000140811104 and NSF grants DMI-0619977 and DMS-0914785.

2. The very first mirror descent method, subgradient descent, originates
from Shor (1967) and Polyak (1967); SD is merely the MD algorithm with
Euclidean setup: x;41 = argmin,cq ||(z¢ — vef'(2¢)) — ul|2. Non-Euclidean
extensions (i.e., the general MD scheme) originated with Nemirovskii (1979)
and Nemirovsky and Yudin (1983); the form of this scheme used in our
presentation is due to Beck and Teboulle (2003). An ingenious version of
the method, which also allows one to recover dual solutions is proposed by
Nesterov (2009). The construction presented in Section 5.3 originated with
Nemirovsky and Yudin (1983), for a more recent version, see Beck et al.
(2010).

3. The practical performance of FOMs of the type we have considered
can be improved significantly by passing to their bundle versions, explicitly
utilizing both the latest and the past first-order information (in MD, only the
latest first-order information is used explicitly, while the past information is
loosely summarized in the current iterate). The Euclidean bundle methods
originate from Lemaréchal (1978) and are the subject of numerous papers
(see, e.g., Lemaréchal et al., 1981; Mifflin, 1982; Kiwiel, 1983, 1995, 1997;
Schramm and Zowe, 1992; Lemaréchal et al., 1995; Kiwiel et al., 1999, and
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references therein). For an MD version of the bundle scheme, see Ben-Tal
and Nemirovski (2005).

4. Classical stochastic approximation (the Euclidean setup version of the
algorithm from Proposition 5.5 without averaging: z' = z;) originated with
Robbins and Monro (1951) and assumes the objective f to be smooth and
strongly convex; there is a huge related literature (see Nevelson and Has-
minskii, 1976; Benveniste et al., 1987, and references therein). The averag-
ing of the trajectory which allows one to extend the method to the case
of nonsmooth convex minimization and plays the crucial role in FOMs for
saddle-point problems and variational inequalities, was introduced, in the
Euclidean setup, in Bruck (1977) and Nemirovskii and Yudin (1978). For
more results on “classical” and robust stochastic approximation, see, for
instance, Nemirovsky and Yudin (1983); Polyak (1991); Polyak and Judit-
sky (1992); Nemirovski and Rubinstein (2002); Kushner and Yin (2003);
Nemirovski et al. (2009) and references therein.

5. The extensions of the MD scheme from convex minimization to convex-
concave saddle-point problems and variational inequalities with monotone
operators originated from Nemirovskii (1981) and Nemirovsky and Yudin
(1983). For a comprehensive presentation, see Ben-Tal and Nemirovski
(2005).
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