Chapter 10

The Proximal Gradient
Method

Underlying Space: In this chapter, with the exception of Section 10.9, E is
a Euclidean space, meaning a finite dimensional space endowed with an inner
product (-,-) and the Euclidean norm || - || = y/(:, ).

10.1 The Composite Model

In this chapter we will be mostly concerned with the composite model

min{F(x) = £(x) + 9(x)}, (10.1)

where we assume the following.
Assumption 10.1.
(A) g:E — (—o0,00] is proper closed and conver.

(B) f:E — (—o0,0] is proper and closed, dom(f) is convex, dom(g) C int(dom(f)),
and f is L¢-smooth over int(dom(f)).

(C) The optimal set of problem (10.1) is nonempty and denoted by X*. The opti-
mal value of the problem is denoted by Fps.

Three special cases of the general model (10.1) are gathered in the following exam-
ple.

Example 10.2.

e Smooth unconstrained minimization. If ¢ = 0 and dom(f) = E, then
(10.1) reduces to the unconstrained smooth minimization problem

x€cE

where f:E — R is an L g-smooth function.
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270 Chapter 10. The Proximal Gradient Method

e Convex constrained smooth minimization. If ¢ = d¢, where C is a
nonempty closed and convex set, then (10.1) amounts to the problem of min-
imizing a differentiable function over a nonempty closed and convex set:

w6

where here f is Ls-smooth over int(dom(f)) and C' C int(dom(f)).

e [i-regularized minimization. Taking g(x) = A||x||; for some A > 0, (10.1)
amounts to the [;-regularized problem

min{ f(x) + Allx[l1}

with f being an Ls-smooth function over the entire space E. |

10.2 The Proximal Gradient Method

To understand the idea behind the method for solving (10.1) we are about to study,
we begin by revisiting the projected gradient method for solving (10.1) in the case
where g = d¢ with C being a nonempty closed and convex set. In this case, the
problem takes the form

min{f(x) : x € C}. (10.2)

The general update step of the projected gradient method for solving (10.2) takes
the form
Xk—i_1 = Pc(Xk - thf(Xk)),

where tj is the stepsize at iteration k. It is easy to verify that the update step
can be also written as (see also Section 9.1 for a similar discussion on the projected
subgradient method)

1
xFtl — argmin, . {f(xk) + (Vf(xF), x —xF) + E”X — Xk”Q} .
That is, the next iterate is the minimizer over C of the sum of the linearization of
the smooth part around the current iterate plus a quadratic prox term.
Back to the more general model (10.1), it is natural to generalize the above

idea and to define the next iterate as the minimizer of the sum of the linearization
of f around x¥, the nonsmooth function ¢, and a quadratic prox term:

X — angmin s {£5) + (V0,5 00 + e <412} (103

After some simple algebraic manipulation and cancellation of constant terms, we
obtain that (10.3) can be rewritten as

X" = argmin, {tkg(X) + % (S wf(x’“»HQ} ,

which by the definition of the proximal operator is the same as

xh = proxtkg(xk — 1, V£(x")).
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10.2. The Proximal Gradient Method 271

The above method is called the prozimal gradient method, as it consists of a gradient
step followed by a proximal mapping. From now on, we will take the stepsizes as
ty = Lik, leading to the following description of the method.

The Proximal Gradient Method

Initialization: pick x° € int(dom(f)).
General step: for any £ =0,1,2, ... execute the following steps:

(a) pick Lg > 0;

(b) set xF*1 = ProX i, (xk - L%Vf(xk)).

The general update step of the proximal gradient method can be compactly
written as

X =T (1),

where Tg’g s int(dom(f)) — E (L > 0) is the so-called proz-grad operator defined
by

TLf’g(x) = proxi, (X - %Vf(x)) .

When the identities of f and g are clear from the context, we will often omit the
superscripts f, g and write T, (+) instead of TLf’g(-).

Later on, we will consider two stepsize strategies, constant and backtracking,
where the meaning of “backtracking” slightly changes under the different settings
that will be considered, and hence several backtracking procedures will be defined.

Example 10.3. The table below presents the explicit update step of the proximal
gradient method when applied to the three particular models discussed in Example
10.2.>* The exact assumptions on the models are described in Example 10.2.

Model Update step Name of method
mingeg f(X) xFH = xF — 1, Vf(xF) gradient
mingec f(x) xFl = Po(xF — t, Vf(x*)) | projected gradient

minger{f(x) + Ax|[1} | x**! = T (X — t: VF(xY)) ISTA

The third method is known as the iterative shrinkage-thresholding algorithm
(ISTA) in the literature, since at each iteration a soft-thresholding operation (also

known as “shrinkage”) is performed. Nl
54Here we use the facts that prox;, oo = I,prox,, s, = Pc and prox,, 5., = Txt,, where
go(x) =0.
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272 Chapter 10. The Proximal Gradient Method

10.3 Analysis of the Proximal Gradient Method—
The Nonconvex Case”

10.3.1 Sufficient Decrease

To establish the convergence of the proximal gradient method, we will prove a
sufficient decrease lemma for composite functions.

Lemma 10.4 (sufficient decrease lemma). Suppose that f and g satisfy prop-
erties (A) and (B) of Assumption 10.1. Let F' = f 4+ g and T, = TLf’g, Then for
any x € int(dom(f)) and L € (%, 00) the following inequality holds:

F(x) — F(Ty(x)) > L%;Tf HG{’Q(X)HQ, (10.4)

where G4 - int(dom(f)) — E is the operator defined by G479 (x) = L(x — Tr(x))
for all x € int(dom(f)).

Proof. For the sake of simplicity, we use the shorthand notation x* = T, (x). By
the descent lemma (Lemma 5.7), we have that

F) < 700 + (VA0 % =) + x| (10.5

By the second prox theorem (Theorem 6.39), since x* = proxi (x— 1Vf(x)), we
have

from which it follows that
(Vf(x),x" —x) < —L||x* — x|+ g(x) - g(x™),

which, combined with (10.5), yields

FOT) +9(c) < f(30) + g(x) + (—L+ %) =]

Hence, taking into account the definitions of x*, G'Y(x) and the identities F(x) =
f(x) + g(x), F(xT) = f(x7) + g(x*), the desired result follows. O

10.3.2 The Gradient Mapping

The operator G{’g that appears in the right-hand side of (10.4) is an important
mapping that can be seen as a generalization of the notion of the gradient.

Definition 10.5 (gradient mapping). Suppose that f and g satisfy properties
(A) and (B) of Assumption 10.1. Then the gradient mapping is the operator

55The analysis of the proximal gradient method in Sections 10.3 and 10.4 mostly follows the
presentation of Beck and Teboulle in [18] and [19].
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10.3. Analysis of the Proximal Gradient Method—The Nonconvex Case 273

GI9 - int(dom(f)) — E defined by
GI9x) =L (x - T{’g(x))
for any x € int(dom(f)).

When the identities of f and g will be clear from the context, we will use the
notation G, instead of G{’g . With the terminology of the gradient mapping, the
update step of the proximal gradient method can be rewritten as

1
M =xk - — G, (x9).
Ly

In the special case where L = Ly, the sufficient decrease inequality (10.4) takes a
simpler form.

Corollary 10.6. Under the setting of Lemma 10.4, the following inequality holds
for any x € int(dom(f)):
1

P = F(Tu, (%)) = 37~ [

Gz, ()

The next result shows that the gradient mapping is a generalization of the
“usual” gradient operator x — V f(x) in the sense that they coincide when g =0
and that, for a general g, the points in which the gradient mapping vanishes are
the stationary points of the problem of minimizing f + g. Recall (see Definition
3.73) that a point x* € dom(g) is a stationary point of problem (10.1) if and only if
—Vf(x*) € 9g(x*) and that this condition is a necessary optimality condition for
local optimal points (see Theorem 3.72).

Theorem 10.7. Let f and g satisfy properties (A) and (B) of Assumption 10.1
and let L > 0. Then

(a) Gé’go (x) = Vf(x) for any x € int(dom(f)), where go(x) = 0;

(b) for x* € int(dom(f)), it holds that G{’g(x*) = 0 if and only if X* is a sta-
tionary point of problem (10.1).

Proof. (a) Since prox, (y) =y for all y € E, it follows that
1
G{,go (x) = L(x — Tg’go (x))=1L (x — Proxig, <X — sz(x)))

1 (x- (x- 19/)) = V100,

(b) G19(x*) = 0 if and only if x* = proxy, (x* — £ Vf(x*)). By the second
prox theorem (Theorem 6.39), the latter relation holds if and only if

x —EVf(X )—x" € L(’?g(x ),
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274 Chapter 10. The Proximal Gradient Method

that is, if and only if
—V[f(x") € 0g(x7),

which is exactly the condition for stationarity. 0O

If in addition f is convex, then stationarity is a necessary and sufficient opti-
mality condition (Theorem 3.72(b)), which leads to the following corollary.

Corollary 10.8 (necessary and sufficient optimality condition under con-
vexity). Let f and g satisfy properties (A) and (B) of Assumption 10.1, and let
L > 0. Suppose that in addition f is convex. Then for x* € dom(g), G{’g(x*) =0
if and only if x* is an optimal solution of problem (10.1).

We can think of the quantity |G (x)| as an “optimality measure” in the sense
that it is always nonnegative, and equal to zero if and only if x is a stationary point.
The next result establishes important monotonicity properties of |G (x)|| w.r.t. the
parameter L.

Theorem 10.9 (monotonicity of the gradient mapping). Suppose that f and
g satisfy properties (A) and (B) of Assumption 10.1 and let G, = Gi’g. Suppose
that L1 > Lo > 0. Then

1GL, ()| = |G, (x)]] (10.6)

and

G, _ [1Gr. (Xl

10.7
Ly - Lo (10.7)

for any x € int(dom(f)).

Proof. Recall that by the second prox theorem (Theorem 6.39), for any v,w € E
and L > 0, the following inequality holds:

(v —proxa,(v),prox1,(v) —w) > %g (prox%g(v)) — —g(w).

L
Plugging L = L1,v = x — =V f(x), and w = prox%g(x - £V f(x)) = Tr,(x)
2

1

into the last inequality, it follows that

(x= 29060 =~ 70,60, T2 09 = Tia) ) = -0(T0, () — -0(T3.()
1 1 1 1 1 1
(6000 = V09, () = -G} > -a(T1 )~ 1T (),

Exchanging the roles of L; and Lg yields the following inequality:

(F6160 = V160, 610~ 161 = alT1alo) ~ Loo(T1 ()

Multiplying the first inequality by L; and the second by L, and adding them, we
obtain

<GL1<x> - 00, 100 - LilGL1<x>> >0,
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10.3. Analysis of the Proximal Gradient Method—The Nonconvex Case 275

which after some expansion of terms can be seen to be the same as

1 9 1 9 1 1
- - <|—+= .
GG+ G < (7 + 72 ) (61,(00.Gua)
Using the Cauchy—Schwarz inequality, we obtain that
! Gz, (x)]1* + ! G, (®)|* < Ll 1GL, (X)| - [|GL, (%) (10.8)
— X — X — 4+ — x)| - x)||. .
L]_ Ly L2 Lo — L]_ L2 Ly Lo

Note that if Gr,(x) = 0, then by the last inequality, G, (x) = 0, implying that
in this case the inequalities (10.6) and (10.7) hold trivially. Assume then that

G1,(x) # 0 and define t = ”gi%ig” Then, by (10.8),
2

Ly IR PR
L1 L1 L2 L27.

Since the roots of the quadratic function on the left-hand side of the above inequality

aret =1, f—;, we obtain that

1<¢

Sh

showing that
L
1GL, X < |G, )| < L—;I\GL2(X)||- O

A straightforward result of the nonexpansivity of the prox operator and the
L-smoothness of f over int(dom(f)) is that G(-) is Lipschitz continuous with
constant 2L + L. Indeed, for any x,y € int(dom(f)),

GL(x) —GL(y)ll =L

X — proxi, (x - %Vf(@) — Yy tproxi, <y - %Vf(Y)> H

<L|x—y|+L

v (o) e o210

<ty 1 (x- bos) - (v~ Loro)|

S2Lfx =yl + Vi) = Vi)
< 2L+ Ly)llx =yl

In particular, for L = Ly, we obtain the inequality
1GL, (%) = G, (Y)Il <3L¢lx =yl

The above discussion is summarized in the following lemma.

Lemma 10.10 (Lipschitz continuity of the gradient mapping). Let f and g
satisfy properties (A) and (B) of Assumption 10.1. Let Gy, = G{’g, Then

(a) [GL(x) = GLy)l < QL+ Ly)llx =yl for any x,y € int(dom(f));
(b) G, (%) = G, (V)| <3Lsl[x —yl| for any x,y € int(dom(f)).
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276 Chapter 10. The Proximal Gradient Method

Lemma 10.11 below shows that when f is assumed to be convex and L -
smooth over the entire space, then the operator %G L, is firmly nonexpansive. A

direct consequence is that G, is Lipschitz continuous with constant 4LTf.

Lemma 10.11 (firm nonexpansivity of %GLJ,). Let f be a conver and Ly-

smooth function (Ly > 0), and let g : E — (—00,00] be a proper closed and convex
function. Then

(a) the gradient mapping Gr,, = Gi’fg satisfies the relation

3
<GLf (x) — GLf (y),x — Y> > m ||GLf (x) — GLf (y)“z (10.9)
for any x,y € E;

() 1GL,(x) = G, W)l < FE|x — vl for any x,y € E.

Proof. Part (b) is a direct consequence of (a) and the Cauchy—Schwarz inequality.
We will therefore prove (a). To simplify the presentation, we will use the notation
L = Ly. By the firm nonexpansivity of the prox operator (Theorem 6.42(a)), it
follows that for any x,y € E,

(10607 (x= 197 09) = (v = L9 0) ) 2 1T (0 - Tu 0

where T, = Tg’g is the prox-grad mapping. Since Ty, =7 — %G L, we obtain that

((x-16:0) = (v- 7620 (x- 197 ) = (v- 1770 ) )

(x = %GL (X)> - (y - %GL (Y)> 2

which is the same as

((x-76160) = (v~ L61)) (6160 = V1) = (Guly) ~ VI ) > 0.

)

!

Therefore,

(CL(0) ~ Guly)x —y) > 7 [Go() ~ G + (VS0 - VF(y), x ~y)

1
I (GL(x) = Gr(y), Vf(x) = Vf(y)) .
Since f is L-smooth, it follows from Theorem 5.8 (equivalence between (i) and (iv))
that
1
(Vi) = Vi) x—y) = £IVFx) = VIF)I*
Consequently,

L(GL(x) = Gr(y):x —y) = [GL(x) = GLy)|* + [V f(x) = Vf(y)II
—(GL(x) = GL(y), VI(x) = V[(y)).
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10.3. Analysis of the Proximal Gradient Method—The Nonconvex Case 277

From the Cauchy—Schwarz inequality we get

L{(GL(x) = Gr(y),x —y) > |GL(x) = GL@)II” + IVf(x) — V£ (y)|*
—|GL(x) = GL¥) || Vf(x) = VF(¥)]. (10.10)

By denoting a = |G (x) — GL (y)| and 8 = ||V f(x) = V[ (y)||, the right-hand
side of (10.10) reads as a? + 32 — a8 and satisfies
3 o 23
2132 _ a8 =202 —_ > Za?,
a4 B —af 1 + (2 ﬁ) 1

which, combined with (10.10), yields the inequality

L{GL() ~ Crly)x—y) > 5 [Gu(x) ~ Guly)l.
Thus, (10.9) holds. O

The next result shows a different kind of a monotonicity property of the gra-
dient mapping norm under the setting of Lemma 10.11—the norm of the gradient
mapping does not increase if a prox-grad step is employed on its argument.

Lemma 10.12 (monotonicity of the norm of the gradient mapping w.r.t.
the prox-grad operator).’® Let f be a convex and L ¢-smooth function (Ly > 0),
and let g : B — (—o00,00] be a proper closed and convex function. Then for any
x ek,

||GLf (TLf(X))H < HGLf(X)Hﬂ
where G, = G{’f and Ty, = T{}g.

Proof. Let x € E. We will use the shorthand notation x* = T, (x). By Theorem
5.8 (equivalence between (i) and (iv)), it follows that

IVF(xF) = V)P < LV f(xT) = Vx),x" —x). (10.11)

Denoting a = Vf(x")— Vf(x) and b = xT —x, inequality (10.11) can be rewritten
as ||la||> < Ly(a,b), which is the same as

L L3
Ja- Lip| < e
and as
1 1 1
—a—=b|| < =|b].
Ly 2 2
Using the triangle inequality,
1
o< -] oz
Ly

56Lemma 10.12 is a minor variation of Lemma 2.4 from Necoara and Patrascu [88].
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278 Chapter 10. The Proximal Gradient Method

Plugging the expressions for a and b into the above inequality, we obtain that

1 1
X — L—fo(x) —xT+ L—fo(x"')

\ < lx* — x|l

Combining the above inequality with the nonexpansivity of the prox operator (The-
orem 6.42(b)), we finally obtain

|G, (Te, )| = IGr, (x| = Lylx" = Tp, ()| = Ly | T, (x) = Tr, (x7)]|
ProX g <x - I%Vf(x)) ~ PrOX L <X+ - Lifo(er)) H

< Lyllx" — x|l = Ly | T1, (%) — x|| = |GL, (x|,

<Ly

1 1
X — L—fo(x) —xtT 4+ L—fo(er)

which is the desired result. 0

10.3.3 Convergence of the Proximal Gradient Method—
The Nonconvex Case

We will now analyze the convergence of the proximal gradient method under the
validity of Assumption 10.1. Note that we do not assume at this stage that f
is convex. The two stepsize strategies that will be considered are constant and
backtracking.

e Constant. L, =L € (%, oo) for all k.

e Backtracking procedure B1l. The procedure requires three parame-
ters (s,7y,n), where s > 0, € (0,1), and p > 1. The choice of Ly, is done
as follows. First, Ly is set to be equal to the initial guess s. Then, while

F(x*) - F(Ty, (x")) < lenGLk(x’“)H?,

we set Ly := nLj. In other words, Ly is chosen as L, = sn’, where i,
is the smallest nonnegative integer for which the condition

~
F(Xk) - F(Tsnik (Xk)) > Sﬁik HGsnik (Xk)”Q

is satisfied.

Remark 10.13. Note that the backtracking procedure is finite under Assumption
10.1. Indeed, plugging x = x* into (10.4), we obtain

Ly

[ — &
2 616

I

F(x") — F(Tp(x")) > (10.12)
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L

_Zf
If L > 2(1Lj»y)’ then & 2 >, and hence, by (10.12), the inequality

F(x*) = F(Ty(x")) > 711GL(x")|?

b
L
holds, implying that the backtracking procedure must end when Ly > %

We can also compute an upper bound on Ly: either Ly is equal to s, or the
backtracking procedure is invoked, meaning that % did not satisfy the backtracking

Li__ so that L, <

condition, which by the above discussion implies that % < 59y

%. To summarize, in the backtracking procedure B1, the parameter Ly satisfies
nLy
Ly < max{s,i}. (10.13)
2(1=7)

The convergence of the proximal gradient method in the nonconvex case is
heavily based on the sufficient decrease lemma (Lemma 10.4). We begin with the
following lemma showing that consecutive function values of the sequence generated
by the proximal gradient method decrease by at least a constant times the squared
norm of the gradient mapping.

Lemma 10.14 (sufficient decrease of the proximal gradient method). Sup-
pose that Assumption 10.1 holds. Let {x*}r>0 be the sequence generated by the
prozimal gradient method for solving problem (10.1) with either a constant stepsize
defined by Ly, = L € (%, oo) or with a stepsize chosen by the backtracking procedure
B1 with parameters (s,~,n), where s > 0,y € (0,1),n > 1. Then for any k > 0,

F(xF) = (") > M||Ga(x")|?, (10.14)
where
ks
(E)% , constant stepsize,
M = (10.15)
T backtracking,
max{s,m
and

L, constant stepsize,
d= (10.16)

s, backtracking.

Proof. The result for the constant stepsize setting follows by plugging L = L and
x = x" into (10.4). As for the case where the backtracking procedure is used, by
its definition we have

v v
F(x) = P > (|G ()| = —1GL GNP,
k maX{S, ﬁ}

where the last inequality follows from the upper bound on Ly given in (10.13).
The result for the case where the backtracking procedure is invoked now follows by
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280 Chapter 10. The Proximal Gradient Method

the monotonicity property of the gradient mapping (Theorem 10.9) along with the
bound Ly > s, which imply the inequality |G, (x*)|| > ||Gs(xF)||. O

We are now ready to prove the convergence of the norm of the gradient map-
ping to zero and that limit points of the sequence generated by the method are
stationary points of problem (10.1).

Theorem 10.15 (convergence of the proximal gradient method—noncon-
vex case). Suppose that Assumption 10.1 holds and let {x*}r>o be the sequence

generated by the proximal gradient method for solving problem (10.1) either with a
constant stepsize defined by L, = L € (%,oo) or with a stepsize chosen by the
backtracking procedure Bl with parameters (s,v,n), where s > 0,v € (0,1), and

n > 1. Then

(a) the sequence {F(x*)}r>0 is nonincreasing. In addition, F(x*+1) < F(x¥) if
and only if x* is not a stationary point of (10.1);

(b) Ga(x¥) — 0 as k — oo, where d is given in (10.16);

()
F(XO) — Fopt

e <
min | [GaGe)] < -t

n=0,1,...,

, (10.17)

where M is given in (10.15);

(d) all limit points of the sequence {x*}r>0 are stationary points of problem (10.1).

Proof. (a) By Lemma 10.14 we have that
F(xF) = F(xF) > M[|Ga(x")|1%, (10.18)

from which it readily follows that F(x*) > F(x**!). If x* is not a stationary point

of problem (10.1), then G4(x*) # 0, and hence, by (10.18), F(x*) > F(x**1). If
k

x* is a stationary point of problem (10.1), then G, (x*) = 0, from which it follows
that x"1 = x¥ — LGy, (x*) = x¥, and consequently F(x*) = F(x**1).

(b) Since the sequence {F(x*)},>o is nonincreasing and bounded below, it
converges. Thus, in particular, F(x*) — F(x*¥*1) — 0 as k — oo, which, combined
with (10.18), implies that ||G4(x*)|| — 0 as k — oo.

(¢) Summing the inequality
F(x") = F(x""1) > M| Ga(x")|?
overn=0,1,...,k, we obtain
k
F) = PO > MY [Gae)? > ME+1) min[[Calx)|”
n=0 o

Using the fact that F(x**1) > F,,, the inequality (10.17) follows.
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(d) Let x be a limit point of {x*}4>9. Then there exists a subsequence
{x*i},>0 converging to x. For any j > 0,

1Ga®)I| < [Ga(x™) = Ga®)I| + |Ga(x")[| < (2d + Ly) %" = x[| + | Ga(x")]],
(10.19)
where Lemma 10.10(a) was used in the second inequality. Since the right-hand side
of (10.19) goes to 0 as j — o0, it follows that G4(X) = 0, which by Theorem 10.7(b)
implies that X is a stationary point of problem (10.1). 0O

10.4 Analysis of the Proximal Gradient Method—
The Convex Case

10.4.1 The Fundamental Prox-Grad Inequality

The analysis of the proximal gradient method in the case where f is convex is based
on the following key inequality (which actually does not assume that f is convex).

Theorem 10.16 (fundamental prox-grad inequality). Suppose that [ and g

satisfy properties (A) and (B) of Assumption 10.1. For any x € E, y € int(dom(f))
and L > 0 satisfying

FTely) < J9) + (VIO Te) ~y) + 2 Tely) ~ vl (10.20)
it holds that
L 2 L 2
FO) ~ FT() > Zlx - Too)IP S lx -yl 4 4rGey), (1021)

where

ly(xy) = f(x) = fly) = (Vf(y). x—y).
Proof. Consider the function

o) = J(y) + (VF(y).u—y) + () + 2 u—y|*

Since ¢ is an L-strongly convex function and T7,(y) = argmin,cgp(u), it follows by
Theorem 5.25(b) that

P(x) ~ #(T(y)) 2 &I~ To(y)IP (10.22)
Note that by (10.20),

e(Te(y)) = f(y) +(Vf(¥): Tely) —y) + gIITL(y) = yl* +9(TLy)
2 f(Te(y)) +9(Te(y)) = F(Tw(y)),
and thus (10.22) implies that for any x € E,

o) ~ F(T1(y)) > g llx—To(y)|
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Plugging the expression for ¢(x) into the above inequality, we obtain

F) + (VA% =¥+ 90 + 5 I~ yIP = FITL) 2 2 lx~ Tu)I

which is the same as the desired result:

F) ~ F(TL(y) > 5% = Tu(y)l? = 5 Ix - y1?
+f(x) = fly) = (Vi(y),x-y). O

Remark 10.17. Obviously, by the descent lemma, (10.20) is satisfied for L = Ly,
and hence, for any x € E and y € int(dom(f)), the inequality

L L
F(x) = F(T1, () = = lx = To, 0)I° = S Ix = yI* + €5(x.y)
holds.

A direct consequence of Theorem 10.16 is another version of the sufficient
decrease lemma (Lemma 10.4). This is accomplished by substituting y = x in the
fundamental prox-grad inequality.

Corollary 10.18 (sufficient decrease lemma—second version). Suppose that
f and g satisfy properties (A) and (B) of Assumption 10.1. For any x € int(dom(f))
for which

F(TL(x)) < f(x) + (VF(x), Te(x) —x) + g”TL(X) - x|,

it holds that

F(x) = F(TL(x)) =

1 2
> - Gr)|

10.4.2 Stepsize Strategies in the Convex Case

When f is also convex, we will consider, as in the nonconvex case, both constant and
backtracking stepsize strategies. The backtracking procedure, which we will refer to
as “backtracking procedure B2,” will be slightly different than the one considered
in the nonconvex case, and it will aim to find a constant Lj satisfying

Li

PO < FOR) 4+ (VA x5 =) + 5

[|xFH — x¥)2. (10.23)

In the special case where g = 0, the proximal gradient method reduces to the
gradient method x*+1 = x* — L%Vf(xk), and condition (10.23) reduces to

1
FF) = fMH) > mle(X’“)IIZ,

which is similar to the sufficient decrease condition described in Lemma 10.4, and
this is why condition (10.23) can also be viewed as a “sufficient decrease condi-
tion.”
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e Constant. Lj = Ly for all k.

e Backtracking procedure B2. The procedure requires two parameters
(s,n), where s > 0 and > 1. Define L_; = s. At iteration k (k > 0)
the choice of Ly is done as follows. First, Ly is set to be equal to Li_1.
Then, while

F(Tr, (xF) > f(x*) +(VF(x"), Tp, (x") —x*) + %IITLk(X’“) - x"|?,

we set Ly := nL;. In other words, Ly is chosen as Ly = Lj_1n', where
ix is the smallest nonnegative integer for which the condition

ST i (39) < FEF) +(VFER), Ty, i (3F) = x5) +
Ly,

Ty () = %12

is satisfied.

Remark 10.19 (upper and lower bounds on Ly). Under Assumption 10.1 and
by the descent lemma (Lemma 5.7), it follows that both stepsize rules ensure that
the sufficient decrease condition (10.23) is satisfied at each iteration. In addition,
the constants Ly that the backtracking procedure B2 produces satisfy the following
bounds for all k > 0:

s < Ly <max{nLy,s}. (10.24)

The inequality s < Ly, is obvious. To understand the inequality L, < max{nLy,s},
note that there are two options. Fither Ly = s or Ly > s, and in the latter case
there exists an index 0 < k' < k for which the inequality (10.23) is not satisfied with

k=F and % replacing Ly. By the descent lemma, this implies in particular that

% < Ly, and we have thus shown that L, < max{nLy,s}. We also note that the
bounds on L can be rewritten as

BLf S Lk S OéLf,

where

1, constant, 1, constant,
o= 8= (10.25)

S S

max {n, L—f} ., backtracking, 7 backtracking.

Remark 10.20 (monotonicity of the proximal gradient method). Since
condition (10.23) holds for both stepsize rules, for any k > 0, we can invoke the
fundamental proz-grad inequality (10.21) with y = x = x*, L = L, and obtain the
inequality

Ly,
F(Xk) _ F(XkJrl) > 7ka _ Xk+1||2,

which in particular implies that F(x*) > F(x**1), meaning that the method pro-
duces a nonincreasing sequence of function values.
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10.4.3 Convergence Analysis in the Convex Case

We will assume in addition to Assumption 10.1 that f is convex. We begin by
establishing an O(1/k) rate of convergence of the generated sequence of function
values to the optimal value. Such rate of convergence is called a sublinear rate.
This is of course an improvement over the O(1/v/k) rate that was established for
the projected subgradient and mirror descent methods. It is also not particularly
surprising that an improved rate of convergence can be established since additional
properties are assumed on the objective function.

Theorem 10.21 (O(1/k) rate of convergence of proximal gradient). Sup-
pose that Assumption 10.1 holds and that in addition f is convex. Let {xk}kzo be the
sequence generated by the prozimal gradient method for solving problem (10.1) with
either a constant stepsize rule in which Ly = Ly for all k > 0 or the backtracking
procedure B2. Then for any x* € X* and k > 0,

aLy|lx” —x*|?

F(xM - F <
(X) pt = 2]€ ’

(10.26)
where a = 1 in the constant stepsize setting and o = max {177 Lif} if the backtracking
rule is employed.

Proof. For any n > 0, substituting L = L,, x = x*, and y = x" in the fundamental
prox-grad inequality (10.21) and taking into account the fact that in both stepsize
rules condition (10.20) is satisfied, we obtain
2 * n+1 * n+1(2 * ni2 2 * n
7 (F(7) = FM)) 2 [l = 27 = [l = x[|% + L (x7, x")

2 ||X* _ Xn+1H2 _ HX* _ X"HQ,

where the convexity of f was used in the last inequality. Summing the above
inequality over n =0,1,...,k —1 and using the bound L, < aLy for all n > 0 (see
Remark 10.19), we obtain

k—1
2 * n * *
oy 2 (FO) = Fih) 2 =t = e’ — 7).
n=0
Thus,

= aL alL aL
D (P = Fopr) < =" = )% = =2 < = = x.
n=0

By the monotonicity of {F(x")},>0 (see Remark 10.20), we can conclude that

k—1
alL
B(F() = Fope) < (PO = Fope) < =0
n=0
Consequently,
aLy|x* —x°|?

F(Xk)_FoptS 2%k
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Remark 10.22. Note that we did not utilize in the proof of Theorem 10.21 the
fact that procedure B2 produces a nondecreasing sequence of constants {Lg}r>0-
This implies in particular that the monotonicity of this sequence of constants is not
essential, and we can actually prove the same convergence rate for any backtracking
procedure that guarantees the validity of condition (10.23) and the bound Ly < aLy.

We can also prove that the generated sequence is Fejér monotone, from which
convergence of the sequence to an optimal solution readily follows.

Theorem 10.23 (Fejér monotonicity of the sequence generated by the
proximal gradient method). Suppose that Assumption 10.1 holds and that in
addition f is convex. Let {xk}kzo be the sequence generated by the proximal gradient
method for solving problem (10.1) with either a constant stepsize rule in which Ly =
Ly for all k > 0 or the backtracking procedure B2. Then for any x* € X* and k > 0,

||xk+1 —x"|| < ka —x*|. (10.27)

Proof. We will repeat some of the arguments used in the proof of Theorem 10.21.
Substituting L = Ly, x = x*, and y = x* in the fundamental prox-grad inequality
(10.21) and taking into account the fact that in both stepsize rules condition (10.20)
is satisfied, we obtain

2 2
—(F(x*) = F(x"1)) > [|lx* = <" 12— ||x* = xF|)2 + = £(x",x")
Ly Ly,

> [l® = M — [lxt - X%,

where the convexity of f was used in the last inequality. The result (10.27) now
follows by the inequality F(x*) — F(x**!) <0. O

Thanks to the Fejér monotonicity property, we can now establish the conver-
gence of the sequence generated by the proximal gradient method.

Theorem 10.24 (convergence of the sequence generated by the proximal
gradient method). Suppose that Assumption 10.1 holds and that in addition f is
conver. Let {x*}>0 be the sequence generated by the prozimal gradient method for
solving problem (10.1) with either a constant stepsize rule in which Ly = Ly for all
k > 0 or the backtracking procedure B2. Then the sequence {xk}kzo converges to
an optimal solution of problem (10.1).

Proof. By Theorem 10.23, the sequence is Fejér monotone w.r.t. X*. Therefore,
by Theorem 8.16, to show convergence to a point in X*, it is enough to show that
any limit point of the sequence {x"*} k>0 is necessarily in X*. Let then x be a limit
point of the sequence. Then there exists a subsequence {x"s} j>0 converging to X.
By Theorem 10.21,

F(x) = Fope as j — oo, (10.28)

Since F is closed, it is also lower semicontinuous, and hence F (%) < lim;_,o F(x*/)
= Fopt, implying that x € X*. 0O
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To derive a complexity result for the proximal gradient method, we will assume
that ||x° — x*|| < R for some x* € X* and some constant R > 0; for example, if
dom(g) is bounded, then R might be taken as its diameter. By inequality (10.26) it
follows that in order to obtain an e-optimal solution of problem (10.1), it is enough
to require that

aLyR?
<eg,
2k~

which is the same as )
k> M_
- 2
Thus, to obtain an e-optimal solution, an order of % iterations is required, which
is an improvement of the result for the projected subgradient method in which an
1

order of = iterations is needed (see, for example, Theorem 8.18). We summarize

the above observations in the following theorem.

Theorem 10.25 (complexity of the proximal gradient method). Under the
setting of Theorem 10.21, for any k satisfying

2
k> [aLfR —‘ 7
2e

it holds that F(x*) — Fop < &, where R is an upper bound on ||x* — x°|| for some
x*e X*.

In the nonconvex case (meaning when f is not necessarily convex), an O(1/vk)
rate of convergence of the norm of the gradient mapping was established in Theorem
10.15(c). We will now show that with the additional convexity assumption on f,
this rate can be improved to O(1/k).

Theorem 10.26 (O(1/k) rate of convergence of the minimal norm of the
gradient mapping). Suppose that Assumption 10.1 holds and that in addition f
is convex. Let {xk}kzo be the sequence generated by the proximal gradient method
for solving problem (10.1) with either a constant stepsize rule in which Ly = Ly for
all k > 0 or the backtracking procedure B2. Then for any x* € X* and k > 1,

2015 L [x" — x*|

. ny|| < '
,_nin [Gar, (x™")|| < NG , (10.29)
where « = B = 1 in the constant stepsize setting and o = max{n, Lif},ﬁ = Lif if
the backtracking rule is employed.
Proof. By the sufficient decrease lemma (Corollary 10.18), for any n > 0,
1
F(x") = F(x"™) = F(x") = F(T1, (x")) > 571Gz, (x™)II*. (10.30)
By Theorem 10.9 and the fact that SLy < L,, < aLy (see Remark 10.19), it follows
that
1 Lo ||Gr, (x| _ BLs [|Gar, (x")]? B
— |G ny |2 E— n > ! — Goz n 2.
o1 100 (P = G > SRR = o G )

(10.31)
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Therefore, combining (10.30) and (10.31),
n n ﬁ n
F(x") = Fopy > F(x"™') = Fope + mHGaLf(X )P (10.32)

Let p be a positive integer. Summing (10.32) over n = p,p+1,...,2p — 1 yields

2p—1
F(Xp) - Fopt 2 F(XQ:D) - opt + Z ||GaLf ||2 (1033)

By Theorem 10.21, F(xP) — Fopy < %ﬁ)—x*”z, which, combined with the fact

that F(x?P) — Fope > 0 and (10.33), implies

2p—1 * (|2
Bp ny(2 s nyp2 o~ oLslx® — x|
< < —\
2 L o T, IGar, () < 2057 §||GaLf<x I < %
Thus,
. o a2 < @ LI = x| 10.34
o min, G, ()P < = (10.34)
and also
G (| < SEAIX =P 10.35
smin G, ()P < s (1035)
We conclude that for any k£ > 1,
- s OB x| 1S3 —x P
ppiin N Gar, I < = Bmin{(k/2)2, (k + 1)/2)2} B2 '

When we assume further that f is L-smooth over the entire space E, we can
use Lemma 10.12 to obtain an improved result in the case of a constant stepsize.

Theorem 10.27 (O(1/k) rate of convergence of the norm of the gradient
mapping under the constant stepsize rule). Suppose that Assumption 10.1
holds and that in addition f is convex and Lg-smooth over E. Let {x*};>0 be the
sequence generated by the prozimal gradient method for solving problem (10.1) with
a constant stepsize rule in which Ly = Ly for all k > 0. Then for any x* € X* and
k>0,

(a) IGL, () <G, (P)I;
2L ¢ ||x°—x*
(b) |G, ()] < 22l
Proof. Invoking Lemma 10.12 with x = x*, we obtain (a). Part (b) now follows

by substituting @ = 8 = 1 in the result of Theorem 10.26 and noting that by part
(a), IG2, (x*)|| = minp—o,1,...x [Gr, (x")]|. O
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10.5 The Proximal Point Method

Consider the problem

min g(x), (10.36)

where g : E — (—00, 0] is a proper closed and convex function. Problem (10.36)
is actually a special case of the composite problem (10.1) with f = 0. The update
step of the proximal gradient method in this case takes the form

xM1 = prox q(xk).

Taking Ly = % for some ¢ > 0, we obtain the prozrimal point method.

The Proximal Point Method

Initialization: pick x° € E and ¢ > 0.

General step (k > 0):

k+1

X" = prox,, (x*).

The proximal point method is actually not a practical algorithm since the
general step asks to minimize the function g(x) + £|x — x*||?, which in general is
as hard to accomplish as solving the original problem of minimizing ¢g. Since the
proximal point method is a special case of the proximal gradient method, we can
deduce its main convergence results from the corresponding results on the proximal
gradient method. Specifically, since the smooth part f = 0 is 0-smooth, we can
take any constant stepsize to guarantee convergence and Theorems 10.21 and 10.24
imply the following result.

Theorem 10.28 (convergence of the proximal point method). Let g : E —
(=00, 00] be a proper closed and convex function. Assume that problem

sl

has a nonempty optimal set X*, and let the optimal value be given by gopt. Let
{xk}kzo be the sequence generated by the proximal point method with parameter
c>0. Then

‘xO_x*H2

(a) g(x*) = gopt < ‘T for any x* € X* and k > 0;

(b) the sequence {x*}r>o converges to some point in X*.

10.6 Convergence of the Proximal Gradient
Method—The Strongly Convex Case

In the case where f is assumed to be o-strongly convex for some o > 0, the sublinear

rate of convergence can be improved into a linear rate of convergence, meaning a

rate of the form O(g¢"*) for some ¢ € (0,1). Throughout the analysis of the strongly
convex case we denote the unique optimal solution of problem (10.1) by x*.
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Theorem 10.29 (linear rate of convergence of the proximal gradient
method—strongly convex case). Suppose that Assumption 10.1 holds and that
in addition f is o-strongly convezr (o0 > 0). Let {x*}r>0 be the sequence generated
by the prozimal gradient method for solving problem (10.1) with either a constant
stepsize rule in which Ly = Ly for all k > 0 or the backtracking procedure B2. Let

1, constant stepsize,
o =
max {77, Lif} , backtracking.
Then for any k > 0,

() 0 =2 < (1= 55 ) I = 7)1

k
(b) " x| < (1= 55 ) %0 — x|

k1 oLy o N\ 0 erpp2
(0) Plx) = Fope < %% (1587 ) I =7

Proof. Plugging L = Ly, x = x*, and y = x* into the fundamental prox-grad
inequality (10.21) and taking into account the fact that in both stepsize rules con-
dition (10.20) is satisfied, we obtain

Ly,
2
Since f is o-strongly convex, it follows by Theorem 5.24(ii) that

C(x" x0) = f(x") = f(x") = (Vf(x"),x" —x*) > gllch - x|,

L
F(x") = F(x**) > {IIX* i R [ e A TC e

Thus,
Lk % Lk — 0 *
7||X — kaHZ — T”X — kaz. (10.37)

Since x* is a minimizer of F, F(x*) — F(x**1) < 0, and hence, by (10.37) and the
fact that Ly < aLy (see Remark 10.19),

st < (1= )t < (1 2 )

establishing part (a). Part (b) follows immediately by (a). To prove (c), note that

F(x*) — F(xF1) >

by (10.37),
L — L
F(Xk—i-l) _ Fopt < k2 U”Xk . X*H2 _ 7k||xk+1 . X*H2
aLf (op %
< 0Lk e
L
= (1= ) I
2 aLf
k+1
L
< (1-) I -x?
2 aLf

where part (b) was used in the last inequality. 0O
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Theorem 10.29 immediately implies that in the strongly convex case, the prox-
imal gradient method requires an order of log(%) iterations to obtain an e-optimal
solution.

Theorem 10.30 (complexity of the proximal gradient method—The
strongly convex case). Under the setting of Theorem 10.29, for any k > 1

satisfying
1 L+R?
k > akxlog <—> + aklog <%) ,
€

it holds that F(x*)— F,py < &, where R is an upper bound on ||x° —x*| and k = Ly

Proof. Let k > 1. By Theorem 10.29 and the definition of x, a sufficient condition
for the inequality F(x*) — Fypt < € to hold is that

k
a_l’f(l_i) R2§E,

2 ak

which is the same as

1 2¢e
k1 1—-— <1 — . 10.
o8 < O‘“) =8 <O‘LfR2> ( 38)

Since log(l — z) < —xz for any®” z < 1, it follows that a sufficient condition for
(10.38) to hold is that
1

2e
k<1 i
ak ~ Og(oszR2>7
1 OéLfR2
k > axlog Z + aklog 5 . 0O

10.7 The Fast Proximal Gradient Method—FISTA
10.7.1 The Method

The proximal gradient method achieves an O(1/k) rate of convergence in func-
tion values to the optimal value. In this section we will show how to accelerate the
method in order to obtain a rate of O(1/k?) in function values. The method is known
as the “fast proximal gradient method,” but we will also refer to it as “FISTA,”
which is an acronym for “fast iterative shrinkage-thresholding algorithm”; see Ex-
ample 10.37 for further explanations. The method was devised and analyzed by
Beck and Teboulle in the paper [18], from which the convergence analysis is taken.

We will assume that f is convex and that it is Ly-smooth, meaning that it
is Lg-smooth over the entire space E. We gather all the required properties in the
following assumption.

namely, that

57The inequality also holds for z = 1 since in that case the left-hand side is —oco.
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Assumption 10.31.

(A) g:E — (—o0,00] is proper closed and convex.
(B) f:E — R is Ly-smooth and convex.

(C) The optimal set of problem (10.1) is nonempty and denoted by X*. The opti-
mal value of the problem is denoted by Fps.

The description of FISTA now follows.

FISTA

Input: (f,g,x%), where f and g satisfy properties (A) and (B) in Assumption
10.31 and x° € E.

Initialization: set y° = x° and tg = 1.

General step: for any £ =0,1,2, ... execute the following steps:

(a,) pick Ly > 0;
(b) set xF+1 = ProX 1, (yk = L%Vf(yk));

144/14+487

(c) set tpy1 = —5—=;

(d) compute y**+! = xk+1 4 (%) (xFHL —xF).

As usual, we will consider two options for the choice of Li: constant and back-
tracking. The backtracking procedure for choosing the stepsize is referred to as
“backtracking procedure B3” and is identical to procedure B2 with the sole differ-

ence that it is invoked on the vector y* rather than on x*.

e Constant. L = Ly for all k.

e Backtracking procedure B3. The procedure requires two parameters
(s,n), where s > 0 and n > 1. Define L_; = s. At iteration k (k > 0)
the choice of Ly is done as follows: First, Ly is set to be equal to Ly_1.
Then, while (recall that T (y) = T 9(y) = prox1,(y — IVF(y).

F(TL.") > f*) + (V") L 5°) = ¥*) + %IITLk(yk) - y*I

we set L :=mnLy. In other words, the stepsize is chosen as Ly :Lk,lni’c,
where i is the smallest nonnegative integer for which the condition

F(Tp i 9) < FOM) + (VY T i %) = ¥5)

Ly,

3

is satisfied.
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In both stepsize rules, the following inequality is satisfied for any k& > 0:

FTL, (") < F") + (VFF), T, (v") — y") + %HTLk(y’“) —y*|I>. (10.39)

Remark 10.32. Since the backtracking procedure B3 is identical to the B2 procedure
(only employed on y* ), the arguments of Remark 10.19 are still valid, and we have
that

BLf < Lk < aLfa
where a and ( are given in (10.25).

The next lemma shows an important lower bound on the sequence {tx}r>0
that will be used in the convergence proof.

Lemma 10.33. Let {t;}r>0 be the sequence defined by

1+ /14 42
tozl,tkﬂ:%, k>0.
Thentkzk—;rzforallkzo.

Proof. The proofis by induction on k. Obviously, for k =0,tg =1 > %. Suppose
that the claim holds for k, meaning t; > % We will prove that t511 > % By
the recursive relation defining the sequence and the induction assumption,

1+ /1+4t2 - 1+ 1+ (k+2)2 - 144/ (k+2)?
2 - 2 - 2

E+3

ad
2

tky1 =
10.7.2 Convergence Analysis of FISTA
Theorem 10.34 (O(1/k?) rate of convergence of FISTA). Suppose that As-
sumption 10.31 holds. Let {xk}kzo be the sequence generated by FISTA for solving

problem (10.1) with either a constant stepsize rule in which Ly = Ly for all k > 0
or the backtracking procedure B3. Then for any x* € X* and k > 1,

2L ¢||x° — x*||?
F(xF) — F,, < =202 — 2 11
(X ) pt = (k+ 1)2 )

where a = 1 in the constant stepsize setting and @ = max {77, Lif} if the backtracking
rule is employed.

Proof. Let k > 1. Substituting x = ¢ 'x* + (1 —t; )x*, y = y*, and L = L, in
the fundamental prox-grad inequality (10.21), taking into account that inequality
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(10.39) is satisfied and that f is convex, we obtain that
F(t'x" + (1 -t H)xF) — F(xF)

Ly 1 _ Ly, 1. _
> —HX“l — (= (A=) - THY ("% + (1=t )x"))?
L
=50 ||th +1 — (%X + (tr — 1)){’“)”2 2t2 ||tky —(x*+ (tr — 1)x )||2 (10.40)
k

By the convexity of F,
Pt "+ (1= 1)) < () + (L=t )F ().
Therefore, using the notation v, = F(x") — F,py for any n > 0,
Pty 'x" + (1=t 1)x") = M) < (1= ) (F() = F(x) = (F(xr41) = F(x"))
= (1=t vk — vkt (10.41)

On the other hand, using the relation y* = x* + (M) (xF — xk=1),

tey® = (" + (b = Dx")IP = [[tex" + (teo1 = D" —x"71) = (x" + (1 — 1)x")|?
— paxt — (" (g — DX, (10.42)

Combining (10.40), (10.41), and (10.42), we obtain that

Ly, Ly,
(th = tr)vok — thvkr1 > — H N L

where we use the notation u® =t,,_1x" — (x* + (tn-1 — 1)x”‘ ) for any n > 0. By
the update rule of ¢4, we have t; — tx = t7_,, and hence

2 2
Tt = ot > a2
Since Ly > Lj_1, we can conclude that
2
mt%ilvk — L_ktz;vk+l 2 H]-lk+1||2 - H]'lk;”2
Thus,
2 2
o2 4 ot < o2 4+ =

and hence, for any k£ > 1,

2 2
|12 thavn < ull? + = tgor = [Ix! = x7[* + — (F(x") = Fope) (10.43)

u
| Ly - Lo Lo

Substituting x = x*,y = y", and L = L¢ in the fundamental prox-grad inequality
(10.21), taking into account the convexity of f yields

2 * * *
L—O(F(X ) = F(x')) > [lx! = x*|* = ly® — <%,

which, along with the fact that y° = x°, implies the bound

2
! — %% + L—O(F(Xl) = Fopt) < [Ix” —x7|%.
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Combining the last inequality with (10.43), we get

2
——tique < [[uf)? +

2o < |Ix°0 = x*|2.
Lk_l Lk_l k—1 || H

Thus, using the bound Lj_1 < oLy, the definition of v, and Lemma 10.33,

Li—1|x° —x*[|?2 _ 2aLg||x° — x*||?
F(xF - F,: < <
() = Fope < 22 = (k+1)2

Remark 10.35 (alternative choice for tx). A close inspection of the proof of
Theorem 10.34 reveals that the result is correct if {tx }x>0 is any sequence satisfying
the following two properties for any k > 0: (a) tj > %; (b) tiﬂ —thr1 < t3. The
choice t, = % also satisfies these two properties. The validity of (a) is obvious;

to show (b), note that

k+3 k+1 k*+4k+3

i1 — thpr = tes1 (b — 1) =

2 2 4
2 2
< k +ik+4: (kzZ) s

Remark 10.36. Note that FISTA has an O(1/k?) rate of convergence in function
values, while the proximal gradient method has an O(1/k) rate of convergence. This
improvement was achieved despite the fact that the dominant computational steps
at each iteration of both methods are essentially the same: one gradient evaluation
and one pror computation.

10.7.3 Examples

Example 10.37. Consider the following model, which was already discussed in
Example 10.2:

Jmin f(x) + Aflxs,

where A > 0 and f : R” — R is assumed to be convex and L-smooth. The update
formula of the proximal gradient method with constant stepsize Lif has the form

X =T (Xk — in(x’“)) .
Ly Lf

As was already noted in Example 10.3, since at each iteration one shrinkage/soft-
thresholding operation is performed, this method is also known as the iterative
shrinkage-thresholding algorithm (ISTA). The general update step of the accelerated
proximal gradient method discussed in this section takes the following form:

(a) set x*1 =T, (y" - L%Vf(y"));
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/ 2
(b) set tk+1 — w'

2 Y

(c) compute yF*tt = xk+1 4 (ﬁ) (xFHL —xF).

The above scheme truly deserves to be called “fast iterative shrinkage/thresholding
algorithm” (FISTA) since it is an accelerated method that performs at each iteration
a thresholding step. In this book we adopt the convention and use the acronym
FISTA as the name of the fast proximal gradient method for a general nonsmooth
part g. |

Example 10.38 (I;-regularized least squares). As a special instance of Exam-
ple 10.37, consider the problem

1
min o Ax = bj3 + x|, (10.44)

where A € R™*" b € R™, and A > 0. The problem fits model (10.1) with
f(x) = 3[|[Ax — b||3 and g(x) = A|x|;. The function f is Lg-smooth with
Ly = ||A2TAH2 , = Amax(ATA) (see Example 5.2). The update step of FISTA
has the followin7g form:

(a) set xF+1 = Trxk (yl’C — LLkAT(Ayk — b));

/ 2
(b) set tk+1 — w

2 Y

(c) compute yFt! = xk+1 4 (ﬁ) (xFHL —xF).
The update step of the proximal gradient method, which in this case is the same as
ISTA, is
xF =T, (Xk - LAT(Axk — b)) .
L Ly
The stepsizes in both methods can be chosen to be the constant Ly = Apax(ATA).

To illustrate the difference in the actual performance of ISTA and FISTA, we
generated an instance of the problem with A = 1 and A € R!09%110  The com-
ponents of A were independently generated using a standard normal distribution.
The “true” vector is X¢ue = €3 — €7, and b was chosen as b = Axu.. We ran
200 iterations of ISTA and FISTA in order to solve problem (10.44) with initial
vector x = e, the vector of all ones. It is well known that the [;-norm element in
the objective function is a regularizer that promotes sparsity, and we thus expect
that the optimal solution of (10.44) will be close to the “true” sparse vector Xirye-
The distances to optimality in terms of function values of the sequences generated
by the two methods as a function of the iteration index are plotted in Figure 10.1,
where it is apparent that FISTA is far superior to ISTA.

In Figure 10.2 we plot the vectors that were obtained by the two methods.
Obviously, the solution produced by 200 iterations of FISTA is much closer to the
optimal solution (which is very close to es — e7) than the solution obtained after
200 iterations of ISTA. N
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0 50 100 150 200
k

Figure 10.1. Results of 200 iterations of ISTA and FISTA on an ;-

reqularized least squares problem.

ISTA FISTA

L L L L L L L L L L L L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100 110 0 10 20 30 40 50 60 70 80 90 100 110

Figure 10.2. Solutions obtained by ISTA (left) and FISTA (right).

10.7.4 MFISTA™

FISTA is not a monotone method, meaning that the sequence of function values
it produces is not necessarily nonincreasing. It is possible to define a monotone
version of FISTA, which we call MFISTA, which is a descent method and at the
same time preserves the same rate of convergence as FISTA.

58MFISTA and its convergence analysis are from the work of Beck and Teboulle [17].
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MFISTA

Input: (f,g,x°), where f and g satisfy properties (A) and (B) in Assumption
10.31 and x° € E.

Initialization: set y° = x° and tg = 1.

General step: for any £k =0,1,2,... execute the following steps:

(a) pick Li > 0;
(b) set z¥F = Prox.L ( k_ L%Vf(y’“));
(¢) choose x*! € E such that F(x*™1) < min{F(z*), F(x*)};

/ 2
(d) set tk-‘rl — w~

2 )

(€) compute y*+ = b+ 4 i (gh — xbH1) 4 (=) (bH — 5cb)

Remark 10.39. The choice x*T! € argmin{F(x) : x = x*,z*} is a very simple
rule ensuring the condition F(x*1) < min{F(z*), F(x*)}. We also note that the
convergence established in Theorem 10.40 only requires the condition F(xF+1) <
F(z*).

The convergence result of MFISTA, whose proof is a minor adjustment of the
proof of Theorem 10.34, is given below.

Theorem 10.40 (O(1/k?) rate of convergence of MFISTA). Suppose that
Assumption 10.31 holds. Let {x*};>0 be the sequence generated by MFISTA for
solving problem (10.1) with either a constant stepsize rule in which Ly = Ly for all
k > 0 or the backtracking procedure B3. Then for any x* € X* and k > 1,
2L ¢||x° — x*|?
F(xM - B, < 22202 — 2 1
(%) = Fop < (k+12
where a = 1 in the constant stepsize setting and o = max {7], Lif} if the backtracking
rule is employed.

Proof. Let k > 1. Substituting x = t,;lx* +(1- t;l)xk, y=y*, and L = L;, in
the fundamental prox-grad inequality (10.21), taking into account that inequality
(10.39) is satisfied and that f is convex, we obtain that

Ft'x* + (1 -t H)x") — F(z")

Ly 1« _ Ly, 1. _

> THZ’“ — (x4 (L=t x| - 7lly’“ — (x4 (L=t x|
L L .

= —];||tkzk — (X" (tp — DxM)| - —];||tkyk — (x* + (tr — )x")|%. (10.45)
22 22

By the convexity of F|,
Pt 'x* + (1 -t H)x") <t ' F(x*) + (1 -, ) F(xF).
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Therefore, using the notation v, = F(x™) — Fopy for any n > 0 and the fact that
F(xFt1) < F(z*), it follows that

Ft'x + (1= HxP) = F(a") < (1=t ) (F(x") = F(x) = (F(xg11) = F(xY))
= (1=t or — vksr- (10.46)

On the other hand, using the relation y* = x¥ 4 =2 (zh=1 — xk) 4 (L=l (kb —
tr tr

x#~1), we have
tey® — (x* + (tp — DxP) =t 12" — (x* 4 (tp_1 — 1)x71). (10.47)
Combining (10.45), (10.46), and (10.47), we obtain that

Ly Ly,
(1 — tion — s = =5 a2 — 2 ub2,

where we use the notation u” = ¢, 12"~ — (x* + (t,—1 — 1)x"~!) for any n > 0.
By the update rule of t;41, we have t% —tr = t%qa and hence

2

2
L—kti_lvk - L—ktivkﬂ > a2 — [ju)?.
Since Ly > Lj_1, we can conclude that
2
mti—lvk - L—ktivkﬂ > ([P — [ju)f.
Thus,
2 2
W2+ =t opp < [Jub)? + th_ 10k,
Ly Ly

and hence, for any k > 1,

[u®)?+

2 2
thoyve < [ul]® + L—t3v1 = |l2° = x"||* + —(F(x") = Fopt). (10.48)
0

Ly Lo

Substituting x = x*,y = y°, and L = Lg in the fundamental prox-grad inequality
(10.21), taking into account the convexity of f, yields
2
Lo
which, along with the facts that y° = x° and F(x!) < F(z°), implies the bound

(F(x*) = F(2%) > [[2° = x"[|* = Iy — x|,

* 2 *
I12° — x*[|* + L—O(F(Xl) = Fopt) < [[x° —x"||.

Combining the last inequality with (10.48), we get

thoqoe < |Ix° —x*|%.

2 2
——t; qoe < )P+
T v < P+ o —

Thus, using the bound Ly_; < alLy, the definition of v;, and Lemma 10.33,

0 o2 0 o2
F(Xk) — Fopt < Ly—1|x X H < 2aLfHX x*||

|
ST, ST (ke1p
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10.7.5 Weighted FISTA

Consider the main composite model (10.1) under Assumption 10.31. Suppose that
E = R™. Recall that a standing assumption in this chapter is that the underlying
space is Euclidean, but this does not mean that the endowed inner product is the
dot product. Assume that the endowed inner product is the Q-inner product:
(x,y) = x'Qy, where Q € S%,. In this case, as explained in Remark 3.32, the
gradient is given by

Vf(x)=Q 'Dy(x),

where

612
Dy(x) = ,

)
ﬁ (x)

We will use a Lipschitz constant of V f w.r.t. the Q-norm, which we will denote by
L?. The constant is essentially defined by the relation

1Q'Dy(x) - Q' Ds(¥)llq < LIx — yllq for any x,y € R™.
The general update rule for FISTA in this case will have the following form:

(a) set x*T1 =prox_1_,(y* — #Q_lDf(yk));

g
Ly

/ 2
(b) set tk+1 — w

2 )

(c) compute y**tt = xk+1 4 (ﬁ) (xFHL —xF).

Obviously, the prox operator in step (a) is computed in terms of the Q-norm,
meaning that

1
prox,(x) = argmingcgn {h(u) + §||u - x||2Q} .

The convergence result of Theorem 10.34 will also be written in terms of the Q-
norm:

2L x0 — x*|12
F(xF) — Fypp < —L - 1Q
(<) P (k£ 1)2

10.7.6 Restarting FISTA in the Strongly Convex Case

We will now assume that in addition to Assumption 10.31, f is o-strongly convex
for some ¢ > 0. Recall that by Theorem 10.30, the proximal gradient method
attains an e-optimal solution after an order of O(klog(1)) iterations (rk = %)
The natural question is obviously how the complexity result improves when using
FISTA instead of the proximal gradient method. Perhaps surprisingly, one option
for obtaining such an improved result is by considering a version of FISTA that
incorporates a restarting of the method after a constant amount of iterations.
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Restarted FISTA

Initialization: pick z~' € E and a positive integer N. Set z° = T, (z™!).
General step (k > 0):

o run N iterations of FISTA with constant stepsize (Ly = Ly) and input
(f,g,2*) and obtain a sequence {x"}_:

o set zFt1 = xV.

The algorithm essentially consists of “outer” iterations, and each one employs N
iterations of FISTA. To avoid confusion, the outer iterations will be called cycles.
Theorem 10.41 below shows that an order of O(y/klog(1)) FISTA iterations are
enough to guarantee that an e-optimal solution is attained.

Theorem 10.41 (O(\/Elog(%)) complexity of restarted FISTA). Suppose

that Assumption 10.31 holds and that f is o-strongly convez (o > 0). Let {z"}>0 be
the sequence generated by the restarted FISTA method employed with N = [v/8x—1],
where Kk = % Let R be an upper bound on ||z=' — x*||, where x* is the unique

optimal solution of problem (10.1). Then®®

(a) for any k >0,
LR (1"
F(Zk) - Fopt S f2 <§> )
(b) after k iterations of FISTA with k satisfying

log(1) = log(L;R?)
k>+vV8 £ ,
> VO oty + ety
an e-optimal solution is obtained at the end of the last completed cycle. That
18,

Fzl%))— F, <e.

Proof. (a) By Theorem 10.34, for any n > 0,

2L n _ x||2
F(zn+1) _ Fopt < f||Z X H

< =INTIP (10.49)

Since f is o-strongly convex, it follows by Theorem 5.25(b) that
o *
F(z") — Fopt > §||z" —x*|?
which, combined with (10.49), yields (recalling that k = Lf/0)

n 4k(F(2") — F0pt)
F(z +1)—Fopt§ (N+1)2

(10.50)

59Note that the index k in part (a) stands for the number of cycles, while in part (b) it is the
number of FISTA iterations.
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Since N > +/8k — 1, it follows that (Nf_—“l)z < %, and hence by (10.50)

1
Pa"™) = Fop < 5(F(2") = Fopa).
Employing the above inequality for n = 0,1,...,k — 1, we conclude that
1\F
F(z") — Fop < (5) (F(2°) — Fopt). (10.51)

Note that z0 = T}, ; (z~1). Invoking the fundamental prox-grad inequality (10.21)
with x = x*,y = z7', L = Ly, and taking into account the convexity of f, we
obtain

L L
F(x*) = F(&") > ZHlx" —2°* = Zhlx =271

and hence

L;R?

L
F(2) = Fop < 3" —271* < =5

(10.52)

Combining (10.51) and (10.52), we obtain

2 k
F(z") — Fopy < Lf2R (%) .

b) If k iterations of FISTA were employed, then | £ | cycles were completed.
N
By part (a),

Therefore, a sufficient condition for the inequality F(ZL%J) — Fopt < € to hold is

that
1\~
LfR2 (5) < g,

which is equivalent to the inequality

log(2) 10g(LfR2)>
log(2) log(2)

The claim now follows by the fact that N = [v/8x — 1] < v/8k. [

=

10.7.7 The Strongly Convex Case (Once Again)—Variation on
FISTA

As in the previous section, we will assume that in addition to Assumption 10.31,
f is o-strongly convex for some o > 0. We will define a variant of FISTA, called
V-FISTA, that will exhibit the improved linear rate of convergence of the restarted
FISTA. This rate is established without any need of restarting of the method.
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V-FISTA

Input: (f,g,x°), where f and g satisfy properties (A) and (B) in Assumption
10.31, f is o-strongly convex (o > 0), and x° € E.

Initialization: set y* =x% tp =1 and x = %
General step: for any £ =0,1,2, ... execute the following steps:

(a) set x*+1 = prox1, (v* - £ V6™

(b) compute y**+1 = xk+1 4 (%) (xFHL —xF).

The improved linear rate of convergence is established in the next result, whose
proof is a variation on the proof of the rate of convergence of FISTA for the non—
strongly convex case (Theorem 10.34).

Theorem 10.42 (O((1 — 1/+/K)*) rate of convergence of V-FISTA).50 Sup-
pose that Assumption 10.31 holds and that f is o-strongly convex (o > 0). Let
{x*}r>0 be the sequence generated by V-FISTA for solving problem (10.1). Then
for any x* € X* and k > 0,

F(xb) = Fop < (1 - %) (PO = Fope+ ZIKO=x"[2) . (10.53)

Ly

o °

where kK =

Proof. By the fundamental prox-grad inequality (Theorem 10.16) and the o-strong
convexity of f (invoking Theorem 5.24), it follows that for any x,y € E,

F) ~ F(T, () 2 2= o) = Sl =yl 4+ £6) = F(3) — (V)% ~ )
L L o
> Sl = To, WP = Sl = y11* + 5 <~ yI*

Therefore,

Ly—o
2

P(x) ~ F(T1, (v) = 2 x— T2, () - Ix — vl (10.54)

Let k > 0 and t = /k = 4/ % Substituting x = ¢t~ 1x* + (1 — ¢~ 1)x* and
y = y" into (10.54), we obtain that
F(t x4+ (1 —t7H)xF) — F(xF
Lf — 0
2
ty® — (x* 4+ (t — 1)x*)||2. (10.55)

v

L
Tfl\xk“ = A=) - Iy* = (7% + (1=t

Ly—o
2t2

60The proof of Theorem 10.42 follows the proof of Theorem 4.10 from the review paper of
Chambolle and Pock [42].

L
= Sl = (" (¢ = X))
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By the o-strong convexity of F,
Ft'x* + (1 -t Hx?) <t7'Fx") + (1 -t HFE) - gfl(l —t7h|IxF — x*|?.
Therefore, using the notation v, = F(x") — F,py for any n > 0,

Pt 'x* + (1 -t Hx") — F(x"T)

< (L=t (FE") = F(x*)) = (F(xkr1) = F(x*)) = gfl(l — ) x" - x*)?

- o - R
= (L=t —vepr — T A= R - x|

which, combined with (10.55), yields the inequality

— O « U(t—].) *
lty™ = (" 4 (¢ = XM = =[x = x|

> 2o + —||txk+1 (x* + (t — 1)xM)|]2. (10.56)

L
tt— 1o + f

We will use the following identity that holds for any a,b € E and 8 € [0, 1):

2
1

a+ T 5b

U(t_},) into the above inequality, we

la+b]* = Blla* = (1 - B)

B 2

Plugging a = x* —x*,b = t(y* —x*), and 8 =

obtain
L * U(t_l) *
L2y — ) 4t = x| = S — x|
L — . o(t—1 N
ST e YOS N S E i G
2 Lf—a
Li—o (Ly—ot]l , . Li—o . l* ot=1 , .
= — t [ S— —
2 Lf—a x +Lf—CTt (y ) Lf—O'tHX XH
Ly—oat] & * Ly—o k k 2
<z = - t(y" —
- 2 X X +Lf—CTt (y X)

We can therefore conclude from the above inequality and (10.56) that

2

Ly —ot Ly—o

t(t — Doy, + xP —x* t(y* — x¥)
Ly —ot
Ly
> t2vp4 + —||txk+1 (x* 4 (t — 1)x*)||%. (10.57)
If k > 1, then using the relations y* = x —l—%ﬁ(xk—x Bandt =k =4/
we obtain
Li—0o Li—ot(t—1)
T f k_ ok ko o S k_ k-1
_ it _ — _ _
* X+Lf—at(y x)=x " 71 & X))
-1 -1
ZXk—X*—I— K \/E(\/E )(Xk_xk—l)
k—+vk VE+1

— b xR D) )
=txF — (x* 4 (t — 1)x"7h),
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and obviously, for the case k = 0 (recalling that y* = x°),

Ls—
x? —x* + fiat(yo —x") =x" —x*.
Ly —ot

We can thus deduce that (10.57) can be rewritten as (after division by #? and using
again the definition of t as t = \/%)

J *
Upg1 + §||ztx‘“+1 — (x" + (t—1)x")|2

(1= 7) [oe + §ltx" = < + (¢t = Dx*"DIP], k=1,

(1=1) [vo + %IIx° —x*|1?] , k=0

We can thus conclude that for any & > 0,

1\* o
v < (1— ;) (U0+§HXO—X*”2) ,
which is the desired result (10.53). 0O

10.8 Smoothing”
10.8.1 Motivation

In Chapters 8 and 9 we considered methods for solving nonsmooth convex optimiza-
tion problems with complexity O(1/e?), meaning that an order of 1/e? iterations
were required in order to obtain an e-optimal solution. On the other hand, FISTA
requires O(1/4/¢) iterations in order to find an e-optimal solution of the composite
model

min f(x) + g(x), (10.58)

where f is L¢-smooth and convex and g is a proper closed and convex function. In
this section we will show how FISTA can be used to devise a method for more general
nonsmooth convex problems in an improved complexity of O(1/¢). In particular,
the model that will be considered includes an additional third term to (10.58):

min{ f(x) + h(x) + g(x) : x € E}. (10.59)

The function A will be assumed to be real-valued and convex; we will not assume
that it is easy to compute its prox operator (as is implicitly assumed on g), and
hence solving it directly using FISTA with smooth and nonsmooth parts taken as
(f,g + h) is not a practical solution approach. The idea will be to find a smooth
approximation of h, say h, and solve the problem via FISTA with smooth and
nonsmooth parts taken as (f 4+ h,g). This simple idea will be the basis for the
improved O(1/¢) complexity. To be able to describe the method, we will need to
study in more detail the notions of smooth approximations and smoothability.

61The idea of producing an O(1/e) complexity result for nonsmooth problems by employing an
accelerated gradient method was first presented and developed by Nesterov in [95]. The extension
presented in Section 10.8 to the three-part composite model and to the setting of more general
smooth approximations was developed by Beck and Teboulle in [20], where additional results and
extensions can also be found.
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10.8.2 Smoothable Functions and Smooth Approximations

Definition 10.43 (smoothable functions). A convex function h : E — R is
called (o, B)-smoothable («, 8 > 0) if for any u > 0 there exists a convex differ-
entiable function h, : E — R such that the following holds:

(a) hu(x) < h(x) < hy(x)+ Bp for all x € E.
(b) hy, is &-smooth.

The function h,, is called a %—smooth approximation of h with parameters («, ).

Example 10.44 (smooth approximation of ||x||2). Consider the function h :
R™ — R given by h(x) = ||x||2. For any p > 0, define h,(x) = /||x[|3 + p — u.
Then for any x € R™,

hu(x) = /%3 + 12 — i < |xll2 + 5 — o= [Ix]l2 = h(x),
h(x) = lIxll2 < \/lIx[I3 + #* = hu(x) + p,

showing that property (a) in the definition of smoothable functions holds with
B = 1. To show that property (b) holds with o = 1, note that by Example 5.14,

the function ¢(x) = /|x||3 + 1 is 1-smooth, and hence h,(x) = pwp(x/p) — p is
i-smooth. We conclude that h, is a i—smooth approximation of h with parameters

(1,1). In the terminology described in Definition 10.43, we showed that h is (1,1)-
smoothable. Wl

Example 10.45 (smooth approximation of max;{xz;}). Consider the function
h:R™ — R given by h(x) = max{x1,x2,...,2,}. Forany p > 0, define the function

hu(x) = plog (31, e®/1) — plogn.

Then for any x € R™,

hu(x) = plog <Z e““‘) — plogn
i=1

< plog (nemaxi{zi}/”) — plogn = h(x), (10.60)

h(x) = max{z;} < plog <Z e““‘) = h,(x) + plogn. (10.61)
’ i=1

n

By Example 5.15, the function p(x) = log(} ;. e”) is 1-smooth, and hence the
function h,(x) = pe(x/p) — plogn is %-smooth. Combining this with (10.60)
and (10.61), it follows that h, is a i—smooth approximation of A with parameters
(1,logn). We conclude in particular that h is (1,logn)-smoothable. W

The following result describes two important calculus rules of smooth approx-
imations.
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Theorem 10.46 (calculus of smooth approximations).

(a) Let h*,h? : E — R be convex functions, and let v1,v2 be nonnegative numbers.
Suppose that for a given u > 0, hfl s a %—smooth approzimation of h' with pa-
rameters (o, ;) fori=1,2. Then 'ylht —|—'yzhi is a %—smooth approxrimation
of v1h! + y2h? with parameters (y1a1 + Yoz, 1581 + 7252).

(b) Let A:E —V be a linear transformation between the Euclidean spaces E and
V. Let h: V — R be a convex function and define

q(x) = h(A(x) +b),

where b € V. Suppose that for a given >0, h, is a i-smooth approximation
of h with parameters (o, ). Then the function q,(x) = h,(A(x) +b) is a

%-smooth approzimation of q with parameters(al|A||?, B).

Proof. (a) By its definition, h!, (i = 1,2) is convex, <r-smooth and satisfies
hfl (x) < hi(x) < hL (x)+ B;p for any x € E. We can thus conclude that ; hb +’72h3
is convex and that for any x,y € E,

Y1k, (x) + 72k (x) < y1ht(x) + 7287 (x) < b, (%) + 20 (%) + (7161 + Y2 B2) 1,

as well as

IV (ahy, + 2R (%) = V(yihy, + 72k (0)] < 71 V(%) = Vi (y)ll
+72[[ VA (x) = VA (y)ll

(651 (%)
<n—lx-yll+r—lx-yl
1 I

_Y||7

Y100 + Y202
= nortmoy
I
establishing the fact that v1h), +v2h? is a %—smooth approximation of 1A' 4 y5h?

with parameters (7101 + Yo, ¥151 + Y202).
(b) Since h, is a %—smooth approximation of h with parameters (o, ), it
follows that h, is convex, %—smooth and for any y € V,

hu(y) < h(y) < hu(y) + Bp. (10.62)
Let x € E. Plugging y = A(x) + b into (10.62), we obtain that
qu(x) < q(x) < qu(x) + Bu. (10.63)

In addition, by the %—smoothness of h,, we have for any x,y € E,

1V,.(%) = Vau(¥)ll = A"V, (A(x) + b) = ATVh,(A(y) + b)|
< AT VAW (Ax) +b) = Vhu(A(y) + )|

«
< S1AT] 4G +b - AG) - bl
«
< 21A7) - AL -y
1
A 2
= A ey,
m
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where the last equality follows by the fact that ||.A|| = || AT || (see Section 1.14). We

have thus shown that the convex function h, is AR _mooth and satisfies (10.63)
for any x € E, establishing the desired result. 0O

A direct result of Theorem 10.46 is the following corollary stating the preser-
vation of smoothability under nonnegative linear combinations and affine transfor-
mations of variables.

Corollary 10.47 (operations preserving smoothability).

(a) Let h*,h? : E — R be convexr functions which are (a1, B1)- and (az, 32)-
smoothable, respectively, and let v1,7v2 be nonnegative numbers. Then ~y1h' +
y2h? is a (yia1 + Y202, v1 B1 + Y282 )-smoothable function.

(b) Let A:E —V be a linear transformation between the Fuclidean spaces E and
V. Let h: V= R be a convez (o, 3)-smoothable function and define

q(x) = h(A(x) +b),
where b € V. Then q is (a||.A||?, B)-smoothable.

Example 10.48 (smooth approximation of ||[Ax + b||2). Let ¢ : R™ — R be
given by ¢(x) = [|[Ax+Db||2, where A € R™*™ and b € R™. Then ¢(x) = g(Ax+b),
where g : R™ — R is given by g(y) = ||yll2- Let p > 0. By Example 10.44,
a.(y)=VIyli+ 2 —pisa %-smooth approximation of g with parameters (1,1),
and hence, by Theorem 10.46(b),

6u(X) = gu(Ax +b) = /|| Ax + b5 + p* —

is a %—smooth approximation of ¢ with parameters (||A[35,1). B

Example 10.49 (smooth approximation of piecewise affine functions). Let
q : R"™ — R be given by ¢(x) = max;—1__n{alx+b;}, where a; € R” and b; € R
for any i = 1,2,...,m. Then ¢(x) = g(Ax+b), where g(y) = max{y1,y2,.--,Ym/,
A is the matrix whose rows are al al ... al and b = (by,bs,...,b,)7. Let
@ > 0. By Example 10.45, g,(y) = nlog (Zﬁl eyi/“) — plogm is a i—smooth
approximation of g with parameters (1,logm). Therefore, by Theorem 10.46(b),
the function

u(x) = gu(Ax +b) = plog (Z e(aiT"“”/“) — plogm

i=1

is a ﬁ—smooth approximation of ¢ with parameters (||A[|3 5, logm). B

Example 10.50 (tightness of the smoothing parameters). Consider the

absolute value function ¢ : R — R given by ¢(z) = |z|. By Example 10.44, for any
> 0 the function /22 + p2 —p is a i—smooth approximation of ¢ with parameters
(1,1). Let us consider an alternative way to construct a smooth approximation of
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¢ using Theorem 10.46. Note that ¢(z) = max{z, —z}. Thus, by Example 10.49

the function ¢,(x) = plog(e®/* 4+ e=*/1) — plog?2 is a %-smooth approximation

of ¢ with parameters (||A[]3,,log2), where A = (_11) Since ||A[3, = 2, we

conclude that ¢, is a %—smooth approximation of ¢ with parameters (2,1log2). The
question that arises is whether these parameters are tight, meaning whether they are
the smallest ones possible. The S-parameter is indeed tight (since lim,_,o ¢(z) —
qu(z) = plog(2)); however, the a-parameter is not tight. To see this, note that for

any x € R,
4
" _
a1 (ZII) - (ew_'_e,w)g'

Therefore, for any = € R, it holds that |¢{(x)| < 1, and hence, by Theorem 5.12, ¢;
is 1-smooth. Consequently, ¢, which can also be written as ¢,(x) = pqi(x/n), is
i-smooth. We conclude that ¢, is a i—smooth approximation of ¢ with parameters

(1,log2). N

10.8.3 The Moreau Envelope Revisited

A natural %—smooth approximation of a given real-valued convex function h : E — R

is its Moreau envelope M}, which was discussed in detail in Section 6.7. Recall that
the Moreau envelope of h is given by

. 1
) = mig { ) + 51 x — ul}.

We will now show that whenever h is in addition Lipschitz, the Moreau envelope is
indeed a %-smooth approximation.

Theorem 10.51 (smoothability of real-valued Lipschitz convex functions).
Let h : E — R be a convex function satisfying
|h(x) = h(y)| < lulx —y| for all x,y € E.
2
Then for any p > 0, M}' is a %—smooth approximation of h with parameters (1, %‘)

Proof. By Theorem 6.60, M|’ is i—smooth. For any x € E,

. 1 1
M0 = mig { blw) + 5w =X} < 0G0+ 5= Xl = (),

Let gx € Oh(x). Since h is Lipschitz with constant ¢, it follows by Theorem 3.61
that ||gx|| < £, and hence

MP(x) — h(x) = min {h(u) ~h(x) + %Hu - x|2}

uck
. 1 2
> _ g =
> ggg{@x,u )+ oflu =] }
1
= _5”ng2
€2
> _Ehyﬂ

Copyright © 2017 Society for Industrial and Applied Mathematics



10.8. Smoothing 309

where the subgradient inequality was used in the first inequality. To summarize, we

obtained that the convex function M ,’I‘ is %—smooth and satisfies

2
M (x) < hx) < ME(x) + L,

1

2
showing that M}’ is a E—smooth approximation of A with parameters (1, %") d

Corollary 10.52. Let h : E — R be convexr and Lipschitz with constant {. Then

his (1, %)-smoothable.
Example 10.53 (smooth approximation of the l3-norm). Consider the func-
tion h : R® — R given by h(x) = ||x||2. Then h is convex and Lipschitz with
constant ¢, = 1. Hence, by Theorem 10.51, for any p > 0, the function (see
Example 6.54)

1 2
%3 Ixll2 < p,
My(x) = Hy(x) = ¢ ™
Ixll2 =5, [xl2>p,
is a ﬁ—smooth approximation of A with parameters (1, %) |

Example 10.54 (smooth approximation of the l;-norm). Consider the func-
tion h : R™ — R given by h(x) = ||x||s. Then h is convex and Lipschitz with
constant ¢;, = y/n. Hence, by Theorem 10.51, for any p > 0, the Moreau envelope
of h given by

Mp(x) = 3 H, ()
=1

1

is a -;-smooth approximation of & with parameters (1, 3). |

Example 10.55 (smooth approximations of the absolute value function).
Let us consider again the absolute value function h(z) = |z|. In our discussions we
actually considered three possible i—smooth approximations of h, which are detailed
below along with their parameters:

e (Example 10.44) h) () = /22 + p? — p, (o, B) = (1,1).
e (Example 10.50) h? (z) = plog(e®/* +e=%/#) — 1log2, (a, B) = (1,log2).
e (Example 10.53) h(x) = H,(z), (o, 8) = (1, 3).

Obviously, the Huber function is the best ﬁ—smooth approximation out of the three

functions since all the functions have the same a-parameter, but hz has the small-
est J-parameter. This phenomenon is illustrated in Figure 10.3, where the three
functions are plotted (for the case p=0.2). W
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x|

Huber

log-exp

~ = = squared-based

Figure 10.3. The absolute value function along with its three 5-smooth
approzimations (1 = 0.2). “squared-based” is the function ht(x) =/z2+ p? —p,
“log-exp” is h%,(x) = plog(e®/m +e=®/1) — log?2, and “Huber” is h3(xz) = Hp(x).

10.8.4 The S-FISTA Method

The optimization model that we consider is

min{H (x) = f(x) + h(x) + 9(x)},

(10.64)
where the following assumptions are made.
Assumption 10.56.

(A) f:E—=Ris Lg-smooth (Ly >0).

(B) h : E = R is (a, 8)-smoothable (o, > 0). For any p > 0, h, denotes a
%-smooth approzimation of h with parameters («, f3).

(C) g:E — (—o00,00] is proper closed and convez.

(D) H has bounded level sets. Specifically, for any § > 0, there exists Rs > 0 such
that

x| < Rs for any x satisfying H(x) < 6.

(E) The optimal set of problem (10.64) is nonempty and denoted by X*. The

optimal value of the problem is denoted by Hopy .
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Assumption (E) is actually a consequence of assumptions (A)—(D). The idea
is to consider the smoothed version of (10.64),

min{H, (x) = /(x) + by (x) +9()}, (10.65)
x€E N——’
Fu(x)

for some smoothing parameter p > 0, and solve it using an accelerated method with
convergence rate of O(1/k?) in function values. Actually, any accelerated method
can be employed, but we will describe the version in which FISTA with constant
stepsize is employed on (10.65) with the smooth and nonsmooth parts taken as F),
and g, respectively. The method is described in detail below. Note that a Lipschitz

constant of the gradient of F), is Ly + %, and thus the stepsize is taken as Lfi-

=3
m

S-FISTA

Input: x° € dom(g), pu > 0.

Initialization: set y° = x% ¢y = 1; construct hy—a i—smooth approximation of
h with parameters (o, 8); set F,, = f + hy, L= Ly+ <.

General step: for any £k =0,1,2,... execute the following steps:

(a) set xF*1 = Prox1, (yk = %VF#(yk));

/ 2
(b) set tk-‘rl — w~

2 )

(c) compute y**+! = xk+1 4 (%) (xFHL —xF).

The next result shows how, given an accuracy level € > 0, the parameter u
can be chosen to ensure that an e-optimal solution of the original problem (10.64)
is reached in O(1/¢) iterations.

Theorem 10.57 (O(1/e) complexity of S-FISTA). Suppose that Assumption
10.56 holds. Let ¢ € (0,&) for some fived £ > 0. Let {x*};>0 be the sequence
generated by S-FISTA with smoothing parameter

a €
= \/%\/m—k \/OZB"'L]“E'

Then for any k satisfying

1 1
> Z _
k> 2\/2aﬁFE + \/2Lfr\/g,

where I' = (Rp(xoy 45 + [1x°1)2, it holds that H(x*) — Hopt < €.

Proof. By definition of S-FISTA, {x*};>¢ is the sequence generated by FISTA
employed on problem (10.65) with input (F,, g,x°). Note that

argmin, cp H, (x) = argmin, g { H,(x) : Hu(x) < H,(x%)} . (10.66)

Copyright © 2017 Society for Industrial and Applied Mathematics



312 Chapter 10. The Proximal Gradient Method

Since H,, is closed, the feasible set C = {x € E : H,,(x) < H,(x°)} of the right-hand
side problem in (10.66) is closed. We will show that it is also bounded. Indeed, since
hyisa %—smooth approximation of h with parameters (o, 3), it follows in particular
that h(x) < h,(x)+ Bu for all x € E, and consequently H(x) < H,(x)+ [u for all
x € E. Thus,

CC{xeE: H(x) < Hu(x") + Bu},

which by Assumption 10.56(D) implies that C' is bounded and hence, by its closed-
ness, also compact. We can therefore conclude by Weierstrass theorem for closed
functions (Theorem 2.12) that an optimal solution of problem (10.65) is attained
at some point x;, with an optimal value H, opt. By Theorem 10.34, since F), is
(Ly + %)—smooth,

% — x5, 1?

Hy(x") — Hyyopt <2 (Lf + u) W =2 (Lf + ) (k—ﬁl) (10.67)

where A = [|x? —x* [|>. We use again the fact that h,, is a %—smooth approximation
of h with parameters («, ), from which it follows that for any x € E,

H,(x) < H(x) < H,(x) + Bp. (10.68)
In particular, the following two inequalities hold:
Hopt > Hyope  and  H(x®) < H,(x*) + Bu, k=0,1,..., (10.69)

which, combined with (10.67), yields

A 2aA 1

kY < k _ < 1
H(X ) HOPt—HM(X )+ﬁﬂ’ HM70Pt—2Lf(k+1)Q ((k+1)2) lu—’—ﬁﬂ’
A 2aA
< 2Lfﬁ + < 2 ) + L.
Therefore, for a given K > 0, it holds that for any k > K,
A 2aA
H(xF) = Hypt < 2Lf 5+ ( 7 > + Bp. (10.70)

Minimizing the right-hand side w.r.t. u, we obtain

[2aA 1

Plugging the above expression into (10.70), we conclude that for any k > K|

H(xF) — Hops <2Lf 7 +2v208A—

Thus, to guarantee that x* is an e-optimal solution for any k > K, it is enough
that K will satisfy

A 1
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Denoting ¢t = @, the above inequality reduces to

Lst? +2y/aft —e <0,
which, by the fact that ¢t > 0, is equivalent to
VIR _, _ ~VaB+ BT L _ .
K L RCENCE T
We conclude that K should satisfy

[ V2AaB + \/2Aaﬂ + 2ALf5'
- €

In particular, if we choose

V2AapB + \/2Aa5 +2ALse
€

K:K]_E

and p according to (10.71), meaning that

2aA 1 \/7
\/ B VaB + \/aﬁ—kaa

then for any k£ > K it holds that H(x*) — Hopt < e. By (10.68) and (10.69),

H(x}) = B < Hy(x) = Hyopt < Hopy < H(x),

which along with the inequality

o € o € g
“‘ﬁmwm<ﬁm<%

implies that H (x},) < H(x°) 2, = and hence, by Assumption 10.56(D), it follows that
[x5]l < Rs, where § = H(x") + §. Therefore, A = ||x%, — x°[|> < (Rs + [|x°]|)> =T
Consequently,

V2AaB + \/2Aa5 +2ALye
3
w+3£ﬁzﬁ ¥1:620 20/2haf + \/2ALe
- 3
2v/2Taf + /2T Lse
3

K =

= KQ,

and hence for any k > K5, we have that H(x*) — Hopy < ¢, establishing the desired
result. 0

Remark 10.58. Note that the smoothing parameter chosen in Theorem 10.57 does
not depend on I, although the number of iterations required to obtain an e-optimal
solution does depend on T'.
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Example 10.59. Consider the problem
még{h(x) :x € CY, (10.72)

where C' is a nonempty closed and convex set and h : E — R is convex function,
which is Lipschitz with constant £;. Problem (10.72) fits model (10.64) with f =0
and g = 6c. By Theorem 10.51, for any x4 > 0 the Moreau envelope M} is a
%-smooth approximation of h with parameters (o, ) = (1, %) In addition, by
Theorem 6.60, VM]'(x) = %(X — prox,,;, (x)). We will pick h,, = M}/, and therefore
F, = f+ M = M}'. By Theorem 10.57, after employing O(1/¢) iterations of the
S-FISTA method with (recalling that Ly = 0)

Q € o € € €
"ENBEVaB+ JaBtLye VBVaB+vaB 28 B
an e-optimal solution will be achieved. The stepsize is %—, where L = % = ﬁ The

main update step of S-FISTA has the following form:

1 1
xFtl — prox%g (yk - EVFN(yk)) = FPc (yl~C - fj_ﬂ(yk - proxuh(yk))>
= PC(PTOXNh(yk))-

The S-FISTA method for solving (10.72) is described below.

S-FISTA for solving (10.72)

~ 2
Initialization: set y* =x° € C,tg =1, = 77, and L = %.

General step: for any £k =0,1,2,... executehthe following steps:
(a) x"*! = Po(prox,,(y*));

(b) st = 14+/1+462

2 b

tr41

(¢) y*+1 = xFH1 4 (trl) (1 xk).,

Example 10.60. Consider the problem

1
(P in { 514% bl + IDxl -+ Al }.
where A € R™*" b € R™, D € RP*" and A > 0. Problem (P) fits model (10.64)
with f(x) = 1||[Ax — b||3, h(x) = ||Dx]1, and g(x) = A|[x[|;. Assumption 10.56
holds: f is convex and L¢-smooth with Ly = [|ATA|22 = [|A||3.,, g is proper closed
and convex, h is real-valued and convex, and the level sets of the ob jective function
are bounded. To show that h is smoothable, and to find its parameters, note that
h(x) = q(Dx), where ¢ : RP — R is given by ¢(y) = |ly|l- By Example 10.54, for
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any 1 >0, qu(y) = M¥(y) = >0 Hu(y:) is a %—smooth approximation of ¢ with
1

parameters (1,%). By Theorem 10.46(b), ¢, (Dx) is a +-smooth approximation of
h with parameters (a,3) = (|D||3,,5), and we will set h,(x) = M}(Dx) and
F,.(x) = f(x) + hu(x). Therefore, invoking Theorem 10.57, to obtain an e-optimal
solution of problem (P), we need to employ the S-FISTA method with

« €
u_\/%m—k Vopb + Le

_ 2|[Dlf2.2 €

. . (10.73)
VP /IIDI3op + /DI p + 2| AT Al 06

Since Fy,(x) = f(x) + M} (Dx), it follows that

VF,(x) = V/(x) + DTVM!(Dx)
=Vf(x)+ %DT(DX — prox,,,(Dx)) [Theorem 6.60]
=Vf(x)+ %DT(DX — T.(Dx)). [Example 6.8]

Below we write the S-FISTA method for solving problem (P) for a given tolerance
parameter € > 0.

S-FISTA for solving (P)

Initialization: set y* = x° € R",ty = 1; set p as in (10.73) and L =
IDII3

A7, + =22

General step: for any £ =0,1,2, ... execute the following steps:

(a) X1 =T, 1 (" — +(AT(AY* — b) + 2DT(Dy* — 7,,(Dy"))):

T
(b) tprt = 1+44/14+487

2 b

(¢) yF1 = xF+1 4 (ii;l) (xF+1 — xk),

It is interesting to note that in the case of problem (P) we can actually compute
the constant I" that appears in Theorem 10.57. Indeed, if H(x) < «, then

1
Alixll < 5 1A% = bJl3 + [Dx[ly + Allx[x < a,

and since [|x||2 < ||x]|1, it follows that R, can be chosen as §, from which I" can be
computed. W

10.9 Non-Euclidean Proximal Gradient Methods

In this section, and in this section only, the underlying space will not be assumed to
be Euclidean. We will consider two different approaches for handling this situation.
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The first tackles unconstrained smooth problems through a variation of the gradient
method, and the second, which is aimed at solving the composite model, is based
on replacing the Euclidean prox operator by a mapping based on the Bregman
distance.

10.9.1 The Non-Euclidean Gradient Method
Consider the unconstrained problem
min{f(x): x € E}, (10.74)

where we assume that f is Ly-smooth w.r.t. the underlying norm. Recall that the
gradient method (see Section 10.2) has the form

xPT = xkF 1, V F(xP). (10.75)

As was already discussed in Section 9.1 (in the context of the mirror descent
method), this scheme has a “philosophical” flaw since x¥ € E while Vf(x*) € E*.
Obviously, as the only difference between E and E* in this book is their underlying
norm, there is no practical problem to invoke the scheme (10.75). Nonetheless, we
will change the scheme (10.75) and replace Vf(x*) € E* with a “primal counter-
part” in E. For any vector a € E*, we define the set of primal counterparts of a
as

Aa = argmax, g {(a,v) : ||v|] <1} (10.76)

The lemma below presents some elementary properties of A, that follow immedi-
ately by its definition and the definition of the dual norm.

Lemma 10.61 (basic properties of the set of primal counterparts). Let
aecE".

(a) Ifa# 0, then ||af|| =1 for any at € A,.
(b) Ifa=0, then Ay = By.;[0,1].

(c) (a,al) = |al|. for any a' € A,.
We also note that by the conjugate subgradient theorem (Corollary 4.21),
Aa = 0h(a), where h(-) = - ||+
Example 10.62. Suppose that E = R™ endowed with the Euclidean lo-norm. In

this case, for any a # 0,
Aa= {—a } o
al|2

Example 10.63. Suppose that E = R™ endowed with the /;-norm. In this case,
for any a # 0, by Example 3.52,

Ao =0 |o(a) = Z Aisgn(a;)e; : Z Ai=1,X2>0,j€l(a),,

i€l(a) i€l(a)

.....
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Example 10.64. Suppose that E = R” endowed with the [,-norm. For any a # 0,
Aa = Oh(a), where h(-) = - |l1- Then, by Example 3.41,

Ao ={z € R" : z; = sgn(a;),i € Ix(a),|z;| < 1,5 € ly(a)},
where
Ii(a)={ie{l,2,...,n}:a, #0}, [o(a) ={i € {1,2,...,n}:a; =0}. 1N

We are now ready to present the non-Euclidean gradient method in which the
gradient V f(x*) is replaced by a primal counterpart V f(x*)T € Av f(xk)-

The Non-Euclidean Gradient Method

Initialization: pick x° € E arbitrarily.
General step: for any £ =0,1,2, ... execute the following steps:

(a) pick Vf(x")T € Agxr) and Ly > 0;

xF) [«
(b) set xktl — xk _ WVJC(X]“)T.

We begin by establishing a sufficient decrease property. The proof is almost
identical to the proof of Lemma 10.4.

Lemma 10.65 (sufficient decrease for the non-Euclidean gradient method).
Let f : E — R be an Ly-smooth function, and let {x*}r>o be the sequence generated
by the non-Euclidean gradient method. Then for any k > 0,

Ly

L. — L
FF) = fM) > kTigHVf(xk)Hf. (10.77)

Proof. By the descent lemma (Lemma 5.7) we have

PO < ) (V) x5 — x4 T

k kY (12
x VIEN?2 L VF(xP)|?
© pxh) | ff: = Lyl 2J;(%X )l
L, — Lt
= 10) = S IV

where (x) follows by Lemma 10.61(c). 0O
Similarly to Section 10.3.3, we will consider both constant and backtracking

stepsize strategies. In addition, we will also consider an exact line search proce-
dure.
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e Constant. L, =L € (%, oo) for all k.

e Backtracking procedure B4. The procedure requires three parame-
ters (s,v,n), where s > 0,7 € (0,1), and n > 1. The choice of Ly, is done
as follows: First, Ly is set to be equal to the initial guess s. Then, while

. o IVFC) M
f(X)—f(x 9 >)<L—k||w<x Y2,

we set Ly := nLy. In other words, Ly is chosen as Ly = sn’, where iy,
is the smallest nonnegative integer for which the condition

V£G4l .
oy = £ (= LBty ) > oty 2
is satisfied.

e Exact line search. L; is chosen as

AT g ey,

Ly € argming .o f (

By the same arguments given in Remark 10.13, it follows that if the back-
tracking procedure B4 is used, then

nLy }
Li <max<{s, —— 1. 10.78
o { 2(1-7) 1o

Convergence Analysis in the Nonconvex Case

The statements and proofs of the next two results (Lemma 10.66 and Theorem
10.67) are similar those of Lemma 10.14 and Theorem 10.15.

Lemma 10.66 (sufficient decrease of the non-Euclidean gradient method).
Let f be an Ly-smooth function. Let {x*};>0 be the sequence generated by the
non-Euclidean gradient method for solving problem (10.74) with either a constant
stepsize corresponding to Ly = L € (%, oo) ; a stepsize chosen by the backtracking
procedure B4 with parameters (s,v,n) satisfying s > 0,v € (0,1),n > 1; or an ezxact
line search for computing the stepsize. Then for any k > 0,

FOR) = FHY) > MV (), (10.79)
where
ks
: .
(E)2 , constant stepsize,
M = backtracking, (10.80)
max{ o W)}

57— exact line search.

Copyright © 2017 Society for Industrial and Applied Mathematics



10.9. Non-Euclidean Proximal Gradient Methods 319

Proof. The result for the constant stepsize setting follows by plugging L, = L
in (10.77). If Ly is chosen by the exact line search procedure, then, in particular,

F(xFY) < F(xF), where xF = x* — 7”Vf£’;k)”*Vf(xk)T, and hence

. 1
FE) = fMHY) > f(xM) = f&F) > EIW]”(X‘“)II?
where we used the result already established for the constant stepsize in the second
inequality. As for the backtracking procedure, by its definition and the upper bound
(10.78) on Ly we have
v kY2
1 } IVf&5)IE. O

FO) = FOH) > V()2 >
k max {S, =7y

Theorem 10.67 (convergence of the non-Euclidean gradient method—
nonconvex case). Suppose that f is an Ls-smooth function. Let {x*}i>¢ be the
sequence generated by the non-Fuclidean gradient method for solving the problem

i 10.81
min f(x) (10.81)
with either a constant stepsize corresponding to Ly = L € (%,oo) ; a stepsize

chosen by the backtracking procedure B4 with parameters (s,v,n) satisfying s >
0,7 €(0,1),n > 1; or an exact line search for computing the stepsize. Then

(a) the sequence {f(x*)}r>0 is nonincreasing; in addition, f(x**1) < f(x*) if
and only if Vf(x*) # 0;

(b) if the sequence {f(x*)}x>0 is bounded below, then V f(x¥) — 0 as k — oo;

(c) if the optimal value of (10.81) is finite and equal to fopt, then

f(XO) - fopt

TES (10.82)

. k
<
nzg}ll,r_l_ykl\vf(x s <

where M is given in (10.80);

(d) all limit points of the sequence {Xk}kzo are stationary points of problem
(10.81).

Proof. (a) By Lemma 10.66,
FOF) = fMH) > MV N2, (10.83)

where M > 0is given in (10.80). The inequality (10.83) readily implies that f(x*) >
f(xF1) and that if Vf(x*) # 0, then f(x**1) < f(x*). Finally, if Vf(x*) = 0,
then x* = x*¥1 and hence f(x*) = f(x**1).

(b) Since the sequence {f(x*)}r>0 is nonincreasing and bounded below, it
converges. Thus, in particular f(x*) — f(x**!) — 0 as k — oo, which, combined
with (10.83), implies that V f(x*) — 0 as k — oc.
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(¢) By Lemma 10.66, for any n > 0,
F&") = f) = MV

Summing the above over n =0,1,...,k, we obtain

k
JOO) = S = MY VIO 2 (R DM min VA2

n=0

Using the fact that f(x**1) > fou¢, the inequality (10.82) follows.
(d) Let X be a limit point of {x¥}x>¢. Then there exists a subsequence
{x*i},>0 converging to x. For any j > 0,

IV < IVFE") = V@) |+ VM) < Lyl = x|+ [[V £ (x™)]].
(10.84)
Since the right-hand side of (10.84) goes to 0 as j — oo, it follows that Vf(x)
=0. O

Convergence Analysis in the Convex Case

To establish a rate of convergence in the case where f is convex, we will require an
additional boundedness-type assumption. We gather all the required assumptions
in the following.

Assumption 10.68.
(A) f:E — R is Ly-smooth and convez.

(B) The optimal set of the problem

g /6

is nonempty and denoted by X*. The optimal value is denoted by fopt.

(C) For any o > 0, there exists R, > 0 such that

max{[|x* — x| : /(%) < a,x" € X'} < Ra.

The proof of the convergence rate is based on the following very simple lemma.

Lemma 10.69. Suppose that Assumption 10.68 holds. Let {x*}>¢ be the sequence
generated by the non-Euclidean gradient method for solving the problem of minimiz-
ing f over E with either a constant stepsize corresponding to Ly = L € (%, oo); a
stepsize chosen by the backtracking procedure B4 with parameters (s,v,n) satisfying
$>0,7€(0,1),n > 1; or an exact line search for computing the stepsize. Then

1

PO = FEH) > (£ = fop)?, (10.85)
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where
272
%, constant stepsize,
2
C= % max {S, %} ., backtracking, (10.86)
QRZLf, exact line search,

with a = f(x°).

Proof. Note that, by Theorem 10.67(a), {f(x*)}r>0 is nonincreasing, and in par-
ticular for any k > 0 it holds that f(x*) < f(x°). Therefore, for any x* € X* and
k>0,

Ix* = x*|| < Ra,

where a = f(x°). To prove (10.85), we note that on the one hand, by Lemma 10.66,
FOF) = F) = MV F)]2, (10.87)

where M is given in (10.80). On the other hand, by the gradient inequality along
with the generalized Cauchy—Schwarz inequality (Lemma 1.4), for any x* € X*,

FF) = fopt = F(XF) — f(x7)
<(Vf(x"),x" —x7)
<V L) [l = x|
< Ro||VF(xP) .. (10.88)

Combining (10.87) and (10.88), we obtain that

FOF) = fM) > M|V FNE > ﬁ( (x*) = fopt)®-

Plugging the expression for M given in (10.80) into the above inequality, the result
(10.85) is established. O

To derive the rate of convergence in function values, we will use the following
lemma on convergence of nonnegative scalar sequences.

Lemma 10.70. Let {ax}r>0 be a sequence of nonnegative real numbers satisfying
forany k>0

> L2
ar — ag+1 = —Q
~ %k
for some v > 0. Then for any k > 1,

ax (10.89)

IN
12

Proof. Let k be a positive integer. If a;, = 0, then obviously (10.89) holds. Suppose
that ar > 0. Then by the monotonicity of {an }n>0, we have that ag, a1, ...,ar > 0.
For any n=1,2,... k,

1 1 o Qp—1 — an > 1 a’?L—l _ 1 Un—1

1
> = -, (10.90)
(7% Ap—1 Ap—10n Y Qn—10n Y Qn Yy
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where the last inequality follows from the monotonicity of the sequence. Summing
(10.90) over n = 1,2,..., k, we obtain

1 1 k
—> 4>
ag ao aé

= |

proving (10.89). O

Combining Lemmas 10.69 and 10.70, we can establish an O(1/k) rate of con-
vergence in function values of the sequence generated by the non-Euclidean gradient
method.

Theorem 10.71 (O(1/k) rate of convergence of the non-Euclidean gradi-
ent method). Under the setting of Lemma 10.69, for any k > 1,

C

FOM) = fopt < s (10.91)

where C is given in (10.86).

Proof. By Lemma 10.69,

1 2
ak — k41 = =0,

C

where aj, = f(x*) — fopt. Invoking Lemma 10.70 with v = C, the inequality aj, <
which is the same as (10.91), follows. 0O

c
k>

Remark 10.72. When a constant stepsize Lif is used (meaning that Ly = L = Ly),
(10.91) has the form
2R2L
f(Xk) = fopt < Tfa
which is similar in form to the result in the Fuclidean setting in which the following
bound was derived (see Theorem 10.21):

Lyllx® —x*|?
f(Xk) — Jopt < — ok

The Non-Euclidean Gradient Method in R™ Endowed with the [1-Norm

Example 10.73. Suppose that the underlying space is R” endowed with the [;-
norm, and let f be an Lg-smooth function w.r.t. the [;-norm. Recall (see Example
10.63) that the set of primal counterparts in this case is given for any a # 0 by

Ay = Z Aisgn(a;)e; Z Ai=1,1>0,5€l(a),,

icl(a) icl(a)

where I(a) = argmax;_; 5 ,|ai|. When employing the method, we can always

.....

choose al = sgn(a;)e; for some arbitrary ¢ € I(a). The method thus takes the
following form:
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Non-Euclidean Gradient under the [;-Norm
o Initialization: pick x° € R™.
e General step: for any £ =0,1,2, ... execute the following steps:

af(x*)

b

— pick i} € argmax;

k k
— set xFH1 =xk — va(ka Moo gomy (850(62 )) €,

The constants L can be chosen by either one of the three options: a constant
stepsize rule L, = L € (%, 00), the backtracking procedure B4, or an exact line
search. Note that at each iteration only one coordinate is altered. This is a variant of
a coordinate descent method that actually has an interpretation as a non-Euclidean

gradient method. W

Example 10.74. Consider the problem

1
min {—XTAX + bTX} ,
x€eR™ | 2

where A € S, and b € R". The underlying space is E = R" endowed with the
l,-norm (p € [1,00]). By Example 5.2, f is Lgcp)—smooth with

LY = | Al

po = max{ | Ax], : [x], < 1}

with ¢ € [1,00] satisfying  + ¢ = 1. Two examples of smoothness parameters are
the following:

e p=2. In this case, since A is positive definite, LE,Q) =||A]

2,2 = )\max (A)

e p=1. Here LE,l) = |Alj1,00 = max; ; |Ai7j|'

The non-Euclidean gradient method for p = 2 is actually the Euclidean gradient
method; taking a constant stepsize corresponding to Ly = L(fz) = Amax(A), the
method takes the following form:

Algorithm G2

e Initialization: pick x° € R”.

e General step (k > 0): x*+! =xF — L(12) (Ax* +b).
s

In the case p = 1 the method is a coordinate descent-type method, and with a
constant stepsize corresponding to Ly = LE,l) = max; ; |A; ;| it takes the following
form:
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Algorithm G1
o Initialization: pick x* € R™.
e General step (k > 0):

— pick iy € argmax;_; 5, |A;x"* +b;|, where A; denotes the ith row

of A.
k . .
X5 J 7& k>
— update x}*" = ! X
ka - L(fl) (Aikxk + bik)a J = k-

By Theorem 10.71,52
2L(P)R2
JOR) = fope < =102

L@
Therefore, the ratio ﬁ might indicate which of the methods should have an ad-
f

vantage over the other. Nl

Remark 10.75. Note that Algorithm G2 (from Ezxample 10.74) requires O(n?)
operations at each iteration since the matriz/vector multiplication Ax* is computed.
On the other hand, a careful implementation of Algorithm G1 will only require

O(n) operations at each iteration; this can be accomplished by updating the gradient
kb
gh = Ax* 4 b using the relation g+l = gk — %Aeik (Ae;, is obviously the
¥
igth column of A). Therefore, a fair comparison between Algorithms G1 and G2
will count each n iterations of algorithm G1 as “one iteration.” We will call such
an iteration a “meta-iteration.”

Example 10.76. Continuing Example 10.74, consider, for example, the matrix
A = A = J4+dI, where the matrix J is the matrix of all ones. Then for any d > 0,

A is positive definite and Apax(AD) = d+n, max; ; |A§f?| = d+1. Therefore, as

@)
the ratio py = % = % gets larger, the Euclidean gradient method (Algorithm
¥

G2) should become more inferior to the non-Euclidean version (Algorithm G1).
We ran the two algorithms for the choice A = A(®) and b = 10e; with initial
point x° = e,,. The values f(x*) — fopt as a function of the iteration index k are
plotted in Figures 10.4 and 10.5 for n = 10 and n = 100, respectively. As can
be seen in the left images of both figures, when meta-iterations of algorithm G1
are compared with iterations of algorithm G2, the superiority of algorithm G1 is
significant. We also made the comparison when each iteration of algorithm G1 is just
an update of one coordinate, meaning that we do not consider meta-iterations. For
n = 10, the methods behave similarly, and there does not seem to be any preference
to G1 or G2. However, when n = 100, there is still a substantial advantage of
algorithm G1 compared to G2, despite the fact that it is a much cheaper method
w.r.t. the number of operations performed per iteration. A possible reason for this

62Note that also Rf(x()) might depend on the choice of norm.
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Figure 10.4. Comparison of the Fuclidean gradient method (G2) with the
non-Euclidean gradient method (G1) applied on the problem from Example 10.76
with n = 10. The left image considers “meta-iterations” of G1, meaning that 10
iterations of G1 are counted as one iteration, while the right image counts each
coordinate update as one iteration.

opt
opt

(x)—f

0 5 10 15 20 2k5 30 35 40 45 50 0 5 10 15 20 2k5 30 35 40 45 50

Figure 10.5. Comparison of the Fuclidean gradient method (G2) with the
non-Euclidean gradient method (G1) applied on the problem from Ezample 10.76
with n = 100. The left image considers “meta-iterations” of G1, meaning that 100
iterations of Gl are counted as one iteration, while the right image counts each
coordinate update as one iteration.

is the fact that for n = 10, py = % = 4, while for n = 100, 23';(1)0 = 34, and

hence it is expected that the advantage of algorithm G1 over algorithm G2 will be
more substantial when n = 100. H
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10.9.2 The Non-Euclidean Proximal Gradient Method”

In this section we return to the composite model

min{F(x) = (x) + g()}, (10.92)

where the endowed norm on E is not assume to be Euclidean. Our main objective
will be to develop a non-Euclidean version of the proximal gradient method. We
note that when g = 0, the method will not coincide with the non-Euclidean gradient
method discussed in Section 10.9.1, meaning that the approach described here,
which is similar to the generalization of projected subgradient to mirror descent
(see Chapter 9), is fundamentally different than the approach considered in the
non-Euclidean gradient method. We will make the following assumption.

Assumption 10.77.
(A) g:E — (—o00,00] is proper closed and conve.

(B) f:E — (—o00,00] is proper closed and convexr; dom(g) C int(dom(f)) and f
is L¢-smooth over int(dom(f)).

(C) The optimal solution of problem (10.1) is nonempty and denoted by X*. The
optimal value of the problem is denoted by Fopy.

In the Euclidean setting, the general update rule of the proximal gradient
method (see the discussion in Section 10.2) can be written in the following form:

X" = argming {f(xk) + (V) x —x") +g(x) + %HX - Xk”Q} :

We will use the same idea as in the mirror descent method and replace the half-
squared Euclidean distance with a Bregman distance, leading to the following up-
date rule:

xk+ = argmin, . {f(xk) + <Vf(xk),x - Xk> +g(x)+ Lka(x,xk)} ,

where B,, is the Bregman distance associated with w (see Definition 9.2). The
function w will satisfy the following properties.

Assumption 10.78 (properties of w).
e w is proper closed and convex.
o w is differentiable over dom(dw).
e dom(g) C dom(w).
o W+ §dom(g) s 1-strongly convex.

63The non-Euclidean proximal gradient method presented in Section 10.9.2 was analyzed in the
work of Tseng [121].
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The proximal gradient method is defined below.

The Non-Euclidean Proximal Gradient Method

Initialization: pick x° € dom(g) N dom(dw).
General step: for any £ =0,1,2, ... execute the following steps:

(a) pick Lg > 0;
(b) compute

1 — argining g { ( Z-97c4) = Vo) x) + 90 + 60|

Ly,
(10.93)

Our first observation is that under Assumptions 10.77 and 10.78, the non-Euclidean
proximal gradient method is well defined, meaning that if x* € dom(g) N dom(dw),
then the minimization problem in (10.93) has a unique optimal solution in dom(g)N

dom(dw). This is a direct result of Lemma 9.7 invoked with ¢ (x) = <Lika(xk) -

Vw(xk),x> + Likg(x). The two stepsize rules that will be analyzed are detailed

below. We use the notation

Vi) = anginge { (£ VF(0) ~ Vl). x) + 790 + 0}

e Constant. Ly = L = Ly for all k.

e Backtracking procedure B5. The procedure requires two parameters
(s,m), where s > 0 and n > 1. Define L_; = s. At iteration k& (k > 0)
the choice of Ly is done as follows: First, Ly is set to be equal to Li_1.
Then, while

FVL, (x5)) > f(x") +(VF(xF), Vp, (xF) = xF) + %HVL,C(X'“) - x"|?,

set Ly := nLg. In other words, the stepsize is chosen as Lj = Lk_lr]i’c,
where i is the smallest nonnegative integer for which the condition

FVp i (69)) < F(F) AV F(x9), Vi, i (6F) = %)
Ly,

3

HVLk_l’I]UC (Xk) - XkH2

is satisfied.

Remark 10.79. In both stepsize rules the following inequality holds:

PO < FO) + (T, x5 - xb) 4 2k k2
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Remark 10.80. By the same arguments as in Remark 10.19 we have that Ly <
alLy, where a =1 for the constant stepsize case and o = max {177 Lif} in the setting

of the backtracking procedure B5.
The rate of convergence result will now be stated and proved.

Theorem 10.81 (O(1/k) rate of convergence of the non-Euclidean prox-
imal gradient method). Suppose that Assumptions 10.77 and 10.78 hold. Let
{x*}r>0 be the sequence generated by the non-Euclidean prozimal gradient method
for solving problem (10.92) with either a constant stepsize rule in which Ly = Ly
for all k > 0 or the backtracking procedure B5. Then

(a) the sequence {F(x*)}r>0 is nonincreasing;
(b) for any k > 1 and x* € X*,
L:B * 0
F(xF) = Fop < S22 2022 “,EX )
where « = 1 in the constant stepsize setting and o = max {7], Lif} if the
backtracking rule is employed.

Proof. (a) We will use the notation m(x,y) = f(y) + (Vf(y),x —y). For both
stepsize rules we have, for any n > 0 (see Remark 10.79),

PO < me X xx
Therefore,
F™1) = f(") 4 g(x™)
< mlx LX) + ) 4 TP
<m(x" 1 x™) + g(x" ) + L, B, (x" 1, x™), (10.94)
where the 1-strong convexity of w + dgom(g) Was used in the last inequality. Note

that
xtl — argminer{m()g X") + g(x) + L, B, (X, X")} (10.95)

Therefore, in particular,
m(x" T x™) + g(x" ™) + L, B (x" T, x") < m(x",x") 4+ g(x") + L, B, (x",x")
=fx") +9(x")
= F(x"),
which, combined with (10.94), implies that F(x"™!) < F(x"), meaning that the

sequence of function values {F(x™)},>0 is nonincreasing.
(b) Let k£ > 1 and x* € X*. Using the relation (10.95) and invoking the non-

Euclidean second prox theorem (Theorem 9.12) with 1(x) = %}L”(x), b = x",

and a = x" "1, it follows that for all x € dom(g),

x,x") —m(x""1,x") + g(x) — g(x"*1)
L, ’

(Vw(x”) _ vw(xn+l)’x _ Xn+1> < m(
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which, combined with the three-points lemma (Lemma 9.11) with a = x"*! b = x",

and ¢ = x, yields the inequality

m(x, x") —m(x""1 x") + g(x) — g(x"*1)
L, '

B, (x,x" ™)+ B, (x" ™! x")— B, (x,x") <
Rearranging terms, we obtain that

m(x" 1 x™) + g(x" ) + L, B, (x" T, x™) < m(x,x") + g(x) + L, B.(x,x")
- Lan(Xaanrl)a

which, combined with (10.94), yields the inequality
F(x") < m(x,x") 4+ g(x) + Lp B, (x,x™) — L, B, (x, x" ).
Since f is convex, m(x,x™) < f(x), and hence
F(x"") = F(x) < LnBu(x,x") = LB (x,x"*1).
Plugging in x = x* and dividing by L,,, we obtain

F(x"t) — F(x*)

T < By (x*,x") —Bw(x*,xn"'l).

Using the bound L,, < oL (see Remark 10.80),

F(x"t1) — F(x¥)

S Bw(X*vxn) - Bw(X*7Xn+1)7

oLy
and hence
F(x"™Y) — Fopy < aLpB,(x*,x™) — aL; B, (x*,x"11).
Summing the above inequality for n = 0,1,...,k — 1, we obtain that
k—1
Z(F(X"H) — Fopt) < aLB,(x*,x°) — aL; B, (x*,x*) < aL;B,(x*,x°).
n=0

Using the monotonicity of the sequence of function values, we conclude that
E(F(x®) — Fop) < aLyB,(x*,x°),
thus obtaining the result

aL¢B,(x*,x%)
F(xF) — Fope < —
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